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Preface

The study of the curvature and topology of Riemannian manifolds is main-
stream in differential geometry. Many of the important contributions in this topic
go back to the pioneering works by Cohn-Vossen in 1935-6, [19] and [20]. In
fact the study of total curvature on complete noncompact Riemannian manifolds
made by him contains many fruitful ideas. Many hints in his thoughts lead us
to the study of the curvature and topology of Riemannian manifolds.

The well-known Gauss—Bonnet theorem states that the total curvature of a
compact Riemannian 2-manifold is a topological invariant. Cohn-Vossen first
proved that the total curvature of a finitely connected complete noncompact
Riemannian 2-manifold M is bounded above by 27 x (M), where x (M) is the
Euler characteristic of M. Among many beautiful consequences of this result,
he proved the splitting theorem for complete open Riemannian 2-manifolds of
nonnegative Gaussian curvature admitting a straight line. The structure theorem
for such 2-manifolds was also established by him. He investigated the global
behavior of complete geodesics on these 2-manifolds and this gave rise to the
study of poles. The Bonnesen-type isoperimetric problem for complete open
surfaces admitting a total curvature was first investigated by Fiala [26] for the
analytic case and then by Hartman [34] for the C? case. Here the Cohn-Vossen
theorem plays an essential role. The total curvature of infinitely connected
complete open surfaces was discussed by Huber from the point of view of
complex analysis. Busemann considered the notion of total curvature on a
G-surface X (see Section 43, [12]), in which he suggested that Cohn-Vossen’s
results would follow on Busemann G-surfaces when the total curvature was
replaced by the Busemann total excess of X.

It took more than thirty years to obtain higher-dimensional extensions of
Cohn-Vossen’s results. They are the Toponogov splitting theorem [103] and the
structure theorem for complete noncompact Riemannian manifolds of positive
sectional curvature [30] and of nonnegative sectional curvature [17]. The total

vii



viii Preface

curvature of higher-dimensional complete noncompact Riemannian manifolds
of nonnegative sectional curvature was discussed in [69].

The purpose of this book is to study the geometric significance of the total
curvature of complete noncompact Riemannian 2-manifolds. The total curva-
ture c¢(M) of such a manifold M is not a topological invariant but is dependent
upon the choice of Riemannian metric. Therefore we may consider that c(M)
describes certain geometric properties of M. These phenomena are seen in the
asymptotic behavior of the mass of rays on M and that of the isoperimetric in-
equalities for metric balls and their boundaries. Moreover, the size of the ideal
boundary equipped with the Tits metric is determined by c(M) and the topology
of M. The global behavior of complete geodesics on Riemannian planes is con-
trolled by c(M). It is expected that many results will be extended to complete
noncompact Alexandrov surfaces with the Busemann total excess.

This book is written as a self-contained text including many examples, figures
and exercises. First-year graduate students will find this book very useful. The
reader will quickly acquire the tools necessary for the study of Riemannian
geometry.

In Chapter 1, the basic tools in Riemannian geometry are prepared. We
first use only local coordinates and introduce the Levi—Civita connection and
curvature tensor. We then use vector field notation to simplify the working. We
want to acknowledge two books which have been very useful in writing this
chapter. The discussion in Sections 1.4 to 1.7 is based on the book by Gromoll,
Klingenberg and Meyer [29]. The discussion on the Sasaki metric is based on
Sakai’s book [73].

In Chapter 2, the classical results by Cohn-Vossen and Huber on the total
curvature of complete open surfaces are introduced. All the ideas employed by
Cohn-Vossen in [19] and [20] are explained here. We deal with the Gauss—
Bonnet theorem for compact simplicial complexes on surfaces in such a way
that the Gauss—Bonnet theorem can be extended to them.

In Chapter 3, theideal boundary M (co) of acompletenoncompact Riemannian
2-manifold M with total curvature is obtained by using the idea of Ballmann,
Gromov and Schroeder [7], which they discussed using Hadamard manifolds.
New ideas are introduced. We establish the Gauss—Bonnet theorem for the
compactification M U M(oco) of M by attaching an ideal boundary equipped
with the Tits metric. A new triangle comparison theorem is established for
special triangles bounding domains having small total absolute curvature.
Furthermore, we prove that the scaling limit of M with finite total curvature is
the union of flat cones generated by M (oo) all having a common vertex. The
behavior of Busemann functions is discussed.
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In Chapter 4, the structure of the cut loci of circles on complete open surfaces
with (or without) total curvature is discussed. The classical Hartman theorem
on geodesic parallel circles is introduced. The topological structure of metric
circles is discussed in detail.

In Chapter 5, the isoperimetric inequalities for metric circles and for balls
around a smooth Jordan circle are discussed. The classical Fiala—Hartman
theorem is extended. The infinitely connected case is also considered.

In Chapter 6, the mass of rays emanating from a point on M is discussed.
Integral formulae for the mass of rays are treated in connection with the isoperi-
metric inequalities.

In Chapter 7, the classical result due to von Mangoldt is presented. The
set of poles on a surface of revolution homeomorphic to a plane is determined
explicitly: it consists of a unique trivial pole or forms a closed ball centered at the
vertex. We find a necessary and sufficient condition for a surface of revolution
to have many poles. The cut locus of a standard surface of revolution, such as
a two-sheeted hyperboloid, is determined explicitly.

In Chapter 8, the global behavior of complete geodesics on a Riemannian
plane M having a total curvature is discussed. The number of self-intersections
of complete geodesics away from a compact set (near the ideal boundary) is
estimated explicitly in terms of the total curvature of M. This involves the
Whitney regular homotopy of curves and the rotation numbers.

The authors would like to express their thanks to Takao Yamaguchi, Kunio
Sugahara, Qing Ming Cheng, Kazuyuki Enomoto and Yoshiko Kubo for reading
and criticizing the first draft of this book. We would like to thank Manabu Ohura
for typing the first draft.






1

Riemannian geometry

We introduce the basic tools of Riemannian geometry that we shall need as-
suming that readers already know basic facts about manifolds. Only smooth
manifolds are discussed unless otherwise mentioned. The use of a local chart
(local coordinates) will be convenient for readers at the beginning. Tensor cal-
culus is used to introduce geodesics, parallelism, covariant derivative and the
Riemannian curvature tensor. In Sections 1.1 to 1.3 the Einstein convention
will be adopted without further mention. However, it is not convenient for
later discussion, for example, the second variation formula or Jacobi fields. To
avoid confusion we shall use vector fields and connection forms to discuss such
matters as Jacobi fields and conjugate points.

1.1 The Riemannian metric

Let M be an n-dimensional, connected and smooth manifold and (U, x) local
coordinates around a point p € M. A point g € U is expressed as x(q) =
(x'(q), ..., x"(q)) € x(U) C R". The tangent space to M at p is denoted by
T,MorM,and TM := pem TpM denotes the tangent bundle over M. We
denote by w : TM — M the projection map. Let X(M) and X'(U) be the
spaces of all smooth vector fields over M and U respectively and C*°(M) the
space of all smooth functions over M. A positive definite smooth symmetric
bilinear form g : X(M) x X(M) — C*(M) is by definition a Riemannian
metric over M. The metric g is locally expressed in (U, x) as follows. Let
X; € X(U) be the ith basis-vector field tangent to the ith coordinate curve, i.e.,
X; :=d(x~")(3/3x"), where 8/3x' is the canonical vector field in x(U) C R”
parallel to the ith coordinate axis of R". Then T, M for every g € U is spanned
by X1(g), ..., Xn(q). If X, Y : U — TU are local vector fields expressed as



2 1 Riemannian geometry

X=Y.¢'X;andY = > ¥/ X; andif g;; := g(X;, X;) then

gX.¥)= > ¢'vig; (1.1.1)
i, j=1
where g;; = g;; and the g;; are smooth functions on U. Thus the length (or norm)
[lv]| of a vector v € T, M is defined by [|v]|:= g, (v, v)'/? = (X gi;(p)v'v/)/2,
where v := > v' X;(p). The angle /(u, v) between two vectors u and v in M
is thus defined by
(u, v)

cos /Z(u, v) := . (1.1.2)
[l vl

Here the angle /(u, v) takes values in [0, ] and (u, v) = g,(u, v).

The volume of a parallel n-cube in 7, M spanned by X (p), ..., X,(p) is
given by [ X(p)A--- A X,(p)| = (det g,-j(p))l/z. Thus the volume element dM
of M is expressed as follows:

dM = (detg;))"/?dx' A--- Adx". (1.1.3)

The manifold M equipped with a Riemannian metric g is called a Riemannian
manifold and denoted by (M, g) or simply by M.

By a smooth curve ¢ : [«, B] — M we always mean that there exists an open
interval I D [«, B] such that ¢ is defined over I and is regular at all points on /.
A piecewise-smooth curve ¢ : [«, 8] — M is a continuous map consisting of
finitely many smooth curves. Namely, there are finitely many points fp = @ <
t) < --- <ty = B such that cl[,,,,,iﬂ], foreveryi = 0,...,k — 1, is a smooth
curve. A piecewise-smooth vector field X along a curve ¢ : [«, ] — M is by
definition a piecewise-smooth map X : [«, 8] — T, M suchthatmo X (¢) = c(t)
for all ¢ € [«, B], where T,.M := U,E[a‘ﬁ] T.wM. A curve ¢ : [a, B] — U in
a coordinate neighborhood is expressed by x o c(t) = (x'(z), ..., x"(t)), for
t € [«, B]. Its velocity vector field is

n i

(=Y d_sz" o ¢(t).

i=l1

The length L(c) of a curve ¢ : [, B] — U is given by

B B n dxi dx/
L(c) = c|l de = ;ile(t))— ——dr. 1.14
(©) / llel / i;g‘,(c( Do (1.1.4)

If s(¢) for t € [«, B] is the length of the subarc c|jy ) of ¢ then ds(¢)/dt =
[le(®)]] > 0, and hence s(¢) has an inverse, ¢ = t(s). Thus c can be parameterized
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by its arc length s € [0, L], where L = L(c) is the total length of c. From the
relation ds(¢) = ||¢|| df we derive a quadratic differential form

ds® = ) gijdx’ du/,

i,j=1

which we call the line element of M.

1.2 Geodesics

From now on the Einstein convention is used. Once the length of a curve in M has
been established, we discuss a curve with the special property of having a local
minimum in length among the neighboring curves with the same endpoints.
This is referred to as the locally minimizing property. Such a curve, a geodesic,
is obtained as the solution of a nonlinear second-order ordinary differential
equation, (1.2.1) below, whose coefficients depend only on the g;; and their
partial derivatives. Thus geodesics are defined as the solutions of (1.2.1). The
set of all solutions with a fixed starting point p corresponds to a domain in 7, M
that is star-shaped with respect to the origin. Thus the exponential map and its
injectivity radius at that point is introduced here.

Definition 1.2.1. A unit-speed curve ¢ : [o, 8] — M is said to have the locally
minimizing property iff there exists forevery s € [«, 8] a positive number § with
[s — 8, s + 8] C I and a neighborhood A around c([s — 8, s + §]) such that
c([s — 8, s + 8]) has the minimum length among all the curves in A/ joining
c(s — 8) toc(s + 9).

We define the Christoffel symbols
F;k = 18"(0; g0k + 0kgje — 0egj),
where 9;ge := dgu/9x’ and (g") is the inverse matrix of (g;;), i.e.,
g gu = 5.

Here 8; is the Kronecker delta, i.e., 5,’; =1 fori =k and 8,i =0 fori # k.
With this notation we prove

Theorem 1.2.1. [f a unit-speed curve c : [, B] — M has the locally minimiz-
ing property, then the local expression

xoc(s) = (x(s), ..., x"(s))
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of c in a coordinate neighborhood U satisfies

d?x? ; dx/ dx*

e *dy ds =0. (1.2.1)
Proof. Since the discussion is local, we may restrict ourselves to the case where
c([a, B]) is contained entirely in a coordinate neighborhood U and write x o
c(s) = (x'(s), ..., x"(s)). A variation along c : [a, ] — U is by definition
a (piecewise-smooth) map V : (—&o, &9) X [a, B] — U such that

V@, s) = c(s) for all s € [a, B]

and V (s):=V(e, s) forevery ¢ € (—e&g, g9)isacurve V, : [o, ] > U.Ifx o
Ve, s) = (x'(e,s), ..., x"(s,s)) for (e, s) € (—eo, €0) % [a, B] then the vari-
ational vector field Y : [«, 8] — T.M associated with V is given by

0 axt
Y(s) =dV, (£> = (0, 8) X; o c(s).

The length L(¢) of each variation curve V, is given by

B ; ;
L(e) :=L(V,) = / \/gij dx ;i, s) 8xla(;;, s) ds.

Thus we have, by taking the arc length parameter 0 < s < L =: L(c),
ds

_/L a\/ axi(e, s) 0xi(e, 5)
5:0_ o 0¢& 8ij as as o
L

_ 1/ @ )Bxk ax’ ax’ 42 92xt 9xJ
=2 )y R0 as T 8 hs0e 0s

Since the second term in the integrand can be expressed as

0 dxt dx/ 0 dx/\ 9xk
as Sij de 0ds as Ekj as de

dL
de

ds.
e=0

we have
dL(0) ox' 0x’
=gji———0,9)
de de 0ds 0

ds.

/L 5 dx* 9x/ n 3%x/ la ax’ dx/\ ax*
o \"®9%s as T 8 T 2% s ) e | )

By setting 2[ij; k] := 9; gk + 9;8ix — Okgij» We see that Ff‘jgkg = [ij; ], and
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then the integrand can be rewritten as

a ds %94 ) 9
d?x/ j dx® dx™\ ax*
j —+Flﬂl—— a
ds? ds ds de

dxt dx/ d2x7\ 9xk
(81£ng + 0;8ke — 0k&ej) ——

Therefore we obtain

/ . L L d?x/ j dxt dx™ ‘
L'(0) =g, Vly — ; 8kj F—i_rl’”d O Y¥ds. (1.2.2)

The locally minimizing property of ¢ then implies that L'(0) = 0 for every varia-
tion V with V (g, 0) = ¢(0) and V (e, L) = c(L) for all ¢ € (—&q, &p). Therefore
g(e, Y)|(§ = 0 follows from Y (0) = Y(L) = 0. The proof is concluded since
the variation vector field Y can be taken as arbitrary. O

Now the differential equation (1.2.1) will be discussed. Changing the param-
eter via s = at for a constant a > 0, we observe that (1.2.1) becomes
d?x! ri dx/ dx*
@ TR A
Geodesics are always parameterized proportionally to arc lengths. The equation
(1.2.1) is equivalent to the following system of first-order differential equations:
dx’ dv'
ds
Because the F; « are smooth functions, the above differential equations satisfy
the Lipschitz condition and hence have a unique solution for given initial con-
ditions. Let p € U and & € T,M be expressed as x(p) = (p',..., p") and
& = £/ X;(p). Then (1.2.1) has locally a unique solution for the initial condi-
tions x'(0) = p’ and dx'/ds(0) = &' fori = 1,..., n. If y(s) := y(p, &;5)
for s € [0, sp) is the maximal solution of (1.2.1) with y(0) := y(p, §;0) = p
and y(0) = & then y(p, &;¢) = y(p,a&;t/a) = y(p, t&; 1). If we set

M, :={u e T,M;y(p,u;1) makes sense}

vi(s) =

+ /' =0. (1.2.3)

then M p is a domain in T, M that is star-shaped with respect to the origin of
.M
M.

Definition 1.2.2. The exponential map at p € M is a map defined on M p such
that

exp, u :=y(p,u;1).

Clearly exp,, is a smooth map.
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Theorem 1.2.2. There exists an open set U, C M p around the origin such that
exp, lu, : Up — M is an embedding. In particular, there exists an open set
Vy, C U, such that any two points in exp,, V,, can be joined by a geodesic.

Proof. It is clear from the definition of the exponential map at p that
d(exp,)lo = Ep.

where E, is the n x n identity matrix and u = ', ..., u™). Therefore we
can find a small neighborhood U, around the origin of T, M as desired. Let
TM = ,cyMp and ¢ := (7,exp): TM — M x M. Then the above
discussion shows that, at each zero sectiono € T M,

E, E
dolo =" ").
o= (5 &)
Therefore we can find an open set W C TM around the set of zero sections

such that ¢|y, is an embedding. Thus there exists an open set V,, C U, around
p such that V,, x V,, C ¢(W). This proves Theorem 1.2.2. O

Lemma 1.2.1 (The Gauss lemma). Ifu € M pandif A € T,T,M is orthogonal
to u then

(d(exp,)u A, d(exp,),u) = 0.

Proof. The conclusion is obvious if d(expp)uA = 0. Assume that d(expp),,
A # 0. We then choose a geodesic variation V : (—é&g, &) X [0, £] — M along
the geodesic y : [0, £] — M with y(0) = p, y(0) = u/||lu|| and £ = ||u|| such
that

Ve, t) = exp, tu/||ull + €A).

Then V,:[0,£]— M for every €€ (—e&g,&9) is a geodesic with length
01+ 2||A|2. If Y(¢) := dV|o,)(3/0¢) is the variational vector field asso-
ciated with V then Y(0) =0, Y(¥) = d(expp)uA and (1.2.2) implies that

L'(0) = (Y(1), y(1)) |6 = 0. 0

A geodesic polar coordinate system around a point p is defined by the
embedding exp, |y, : U, — M. Let B(0,r) := {u € R"; |lull < r} and
S"~1:= {u € R"; |lu|| = 1}. They are placed in T, M by a trivial identification.
If (8, ..., 6" 1) is alocal coordinate system of S"~! around a point u € §"~!
then exp,, |, is expressed locally by (exp,, |v,) " (¢) = (r(¢), 0'(g). ..., 6"
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(@) € U,. By setting u' := r,u? := 0',..., u" := 0", we see from the
Gauss lemma that the metric g can be expressed as

gijdu’ du’ = dr? + hy, d9“ d6°, (1.2.4)
where (h,p) is a positive definite symmetric (n — 1) x (n — 1) matrix.

Definition 1.2.3. The injectivity radius of exp,, at p is defined by
i(p) :==sup{r > 0; exp, |5, is an embedding}.

Lemma 1.2.2. Ifr < i(p) then every point q € exp, B(0, r) is joined to p by
a unique geodesic whose length attains the infimum of all the lengths of curves
Jjoining p to q. In particular every geodesic has the locally minimizing property.

Proof. Tt follows from Theorem 1.2.2 that in exp,, B(0,i(p)) there exists a
unique geodesic joining p to g withlengthr(g). Letc : [0, 1] — exp, B(0, i(p))
be a (piecewise-smooth) curve with ¢(0) = p and ¢(1) = q. There exists a lift
¥ [0,11 = B(0,i(p)) C T,M of ¢ such that c(t) = exp, o ¥(z) for all
t € [0, 1]. Then the lift can be expressed by ¥ (¢) = (r(t),0' (1), .. ., 0"=1(1)),
and hence

&(1) = dexp, )y ¥ (1) = d(exp, )y W (/W | + r AW},

where r(t) = |y @I, ¥ @)/ IOl = @' @), ..., 0" ') € Sp~" and A(t) is
the component of y/(¢) tangential to S;')‘l at ¥ (¢t)/|1¥(¢)||. Then we have

1 1
L(c)=1im/ ||C||dt=lim/ Jgiiiiide
e=0 J, e—0 J, ’

1 1
= lim 2 4 hap090b dr > /
e—=0 [,

&€

dt

dr

1
> / dr =r(g) — r(p) =r(q).

0

‘We now consider a (piecewise-smooth) curve ¢ : [0, 1] — M joining p to g that
is not contained in exp,, B(0, i(p)). Then there exists a point c(#o) such that the
subarc ¢, is contained entirely in exp, B(0, i(p)). The previous discussion
now implies that L(c|jo4)) = i(p) > r(g). This means that such a curve has
length greater than i(p) > r(q). ]
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1.3 The Riemannian curvature tensor

Newton'’s first law states that the motion of a particle is in a straight line at con-
stant speed if no force acts upon it. Geodesics on a Riemannian manifold are
understood to be subject to Newton’s first law: it is considered that the straight-
ness of a geodesic is equivalent to the existence of a parallel velocity vector
field along it. In view of equation (1.2.1), this idea leads us to the definition of
parallel fields along a curve.

Lemma 1.3.1. Let Z(t) = £ (1)X; o y(t) be a vector field along a curve y,
where y(t) = (x'(¢t), ..., x"(t)) in a coordinate neighborhood U. Then the
map

%—l
t— <d +ij$ — | Xioy(@)
is independent of the choice of local coordinates, and hence is a vector field
along y.

Proof. Let (V, y) be another set of local coordinates such that U N V contains
a subarc of y, which is expressed by x oy (t) = (x'(¢),..., x"(t)) and y o
y(@®) = '(@),..., y"(t)). The line element ds> is expressed in U NV as
ds? = g;;jdx'dx/ = haydy®dy”. We denote by (A9) = (dy“/dx") the Jacobian
matrix and by (B.) = (dx'/dy“) its inverse matrix. Clearly we have Z(t) =
E'X; 0 y(t) = nY, o y(t), where & = Bin“. By differentiating the relation
gij = A;‘Alj?hab with respect to x¥, we obtain

ah b 82ya aZyb
__ Aa pb pcTa b a
dusiy = AiA AT o <axkaxiAf  gakgxi A ) b

Also, by setting

Ty, o= 2h*@phae + dchpa — dahpe),
[be,al := ha Ty,

we get
82yd
lij. k1 = A?AS A [be, a] +o Al
It can be shown that
aZyd )
i ¢ pipa i
i, = A"A{BIT), + o9 Bir
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Therefore we have

dg! o odxk
- riel—\ x;
<dt MR Cr )
d i a b pc 82yd k e
{d—( )+<AABFbC+ajak f s' ACY,
xi a €+ + dy 861"
aay dt i i n bc

’7
d dr
9%y
]ka
+ 5 gk 0B B }

dn Ldy¢ 9%x' %ye . PR
U A¢ Y pigtyre )y,
{dt 'y (ayuay i T gxigak Da et lac

It follows from

9 9ve 9 k 32 e 82 k
0= Y )= 22 pighyoac
dye \ dxk 9yc dxkax dy°caya

that

dgl dx dne . dyc
(df jkgj dr ) X[ OC([) = <? +Fbc7’]b ar ) Yg OC(I). n

The above reasoning shows thatif Z is a vector field defined in a neighborhood
around p and if its restriction to a curve ¢ emanating from p = ¢(0) with a given
initial tangent vector v = ¢(0) € M, is expressed by Z o c(t) = EN(DX; oc(t)
then the vector (d&7 /dt + Fj. &7dx* /dt) X, (p) is independent of the choice of ¢
and depends only on v and Z. We write

dgi d
V,Z = (d”i Mg — a ) Xi(p) (13.1)

and call V, Z the covariant derivative of Z in v.

The covariant derivative also defines amap V : X(U) x X(U) - X(U) as
follows. If Y, Z € X(U) then a vector field Vy Z € X' (U) is obtained by setting
Y=¢'X;and Z = ¢’ X;:

k
VYZ—¢< zp)xk.

Exercise 1.3.1. Show that the covariant derivative of a vector field has the
following properties. If Y, Z : U — TU and «, 8 are functions defined
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on U then

VayZ IaVyZ,

Vy(BZ) =Y(B)Z + pVyZ

Xg(Y, Z) = g(VxY, Z) + g(Y, Vx Z),
VyY — VyX = [X, Y].

(13.2)

Here [X, Y] is the vector field defined by [X, Y]f := X(Yf) — Y(Xf) for a
smooth function f.

A vector field Z : [0, £] — T.M along a unit-speed curve c : [0, £] — U is
by definition parallel iff V.Z = 0. The geodesic curvature vector Kk(s) of c at
c(s) is defined by

ko= (4 SN
s) = — ;oc(s),
ds? *ds ds

where s is the arc length of ¢. The geodesic curvature k(s) of c is defined by

Kk(s) = [[K(s)]|.

Remark 1.3.1. The geodesic curvature vector k(s) at a point c(s) of a unit-
speed smooth curve ¢ has the following property. Let yy : [0, a+] — M for a
sufficiently small 4 > 0 be a unit-speed minimizing geodesic with y4(0) = c(s)
and yi(a+) = c(s £h)andlett : TM — T, M be the parallel translation
along the minimizing geodesics at c(s). Then

toc(s +h)—c(s)

lim p = Kk(s). (1.3.3)

To see this we define parallel fields & along y. that are generated by €1 (ay) :=
e(s£h).Ifxoc(s) = (x'(s),...,x"(s)) and x o yu(1) = (xj[(t), oL x(@)
and if £4(1) = £L.(t)X; o ya(t) for 0 < t < ay are local expressions then

dgl

Si(a:t) - Si(o) dr

), i=1,....,n

for some &ii € (0, ax). The ith component of the left-hand side of (1.3.3) is
expressed as

et o dri(s)\ 1 (dxis£h)  dxi(s) L - dxk
E(gi()_ ds )‘ﬁ( ds ds )’Lh<i Wk )

Taking the limit as & — 0, we see that y.(ay) converges to £¢(s) and that
limy,—,o(a+/h) = 1. This proves (1.3.3).
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Theorem 1.3.1. If Z and W are parallel vector fields along a curve c then the
inner product g(Z, W) is constant. In particular, a curve is a geodesic iff it is
auto-parallel (parallel to itself).

Proof. Setting Z(s) = £'(s)X; o c(s) and W(s) = n’(s)X; o c(s), we see that

4 o2 Wyocs) = gy ot + gy (S i 4619
— s oc(s) = i ii —_
dsg k8ij ds n 8ij ds’7 ds

xm

dx* . . . d . . dx™ .
=9 i__l Jj_ » I e I l Jj
k8ij g &M gj( [ St A N e )

dx* iej p q
= Ké & (akgij — 8l — giqrjk)
=0.
The rest is now clear. O

Now the Riemannian curvature tensor of M is defined. Letu,v,w € T,M
and choose a local coordinate system (U, x) around p such that x(p) is the
origin of R". At the origin in x(U) consider a parallelogram P, spanned by
a(dx),u and b(dx),v for sufficiently small numbers a, b. Let 7, : T,M —
T,M be the parallel translation along x~!(P,;) passing through py, p3, p»
in this order, where x~'(P,,) has corners at p, p1 = x Wau', ..., au™),
p2 = x~ Yo', ..., b)) and p3 = x Wau' + bv', ..., au™ + bv"). If
u:=u'X;(p),v:=vX;(p)and w := w' X;(p) then 7,,w — w is expressed as
w1 — wp, where w (resp. wy) is obtained by the parallel translation of w along
the subarc of x~'(P,;) from p to p3 passing through p; (resp. p»). By using
the equation for a parallel field in Lemma 1.3.1 and a Taylor expansion, the ith
component of 7,,w — w is expressed as

(Taw —w) = {a(T(p2) — T (p))u’ + b(Th(p) — Tl (p))v"
+ab(T}, (pOT i (p) — T (p)T T (p))u* v w/

neglecting higher-order terms. By using the mean value theorem in the first term
of the right-hand side of the above relation, we find points p| = x~! (a;(dx),u)
for some a] € (0, a) and p) = x~1(b/(dx),v) for some b, € (0, b) such that

F;‘k(P2) - F;"k(P) = baij.k(pé)v’"
and also

Th(p) = Tly(p1) = —ad Tl (p)u.
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Therefore, by setting
R jeg := 0Tl — 0T, + T}, % — 0, T, (1.3.4)

we have

TapW — W ; .

lim ”T = —R v wi X, (p). (13.5)

The R’ jke are understood as follows. In view of the definition (1.3.1) of the
covariant derivative, we see that Vy, X ; = Fl’.‘j X and hence

Ri ijXi = VX[vXkXJ - vXkVXin'

If Z, V, W are vector fields defined in a coordinate neighborhood U such that
Z(p)=u, V(p)=v, W(p)=w then R defines a multilinear map R : X(U) x
X(U) x X(U) - X(U) such that

R(Z, V)W := V;VyW — Vy VW — V7 W. (1.3.6)

Thus we observe that R(u, v)w = R(Z, V)W|, = R’ jpu‘v*w’ X;(p) is inde-
pendent of the choice of local coordinates around p. The quantity R is called
the Riemannian curvature tensor of M and plays an essential role in the study
of Riemannian geometry.

If 74 : T,M — T,M is a parallel translation along the reversed orientation
of x~1(P,) then ra_bl = Tp, and (1.3.5) implies that R(u, v)w = —R(v, u)w.
From (1.3.4) we observe that R jke = —R! jex- Other properties of R are
summarized in the following.

Exercise 1.3.2. Prove that the Riemannian curvature tensor R has the following
properties. If g;,, R™ jxe = R;j then

Rijke = 2(3;008ki + 0k0;8j0 — 3198 jx — 0;k&j¢)
+ 8ab (Fflkr,};e - Ffler,l/?k) )
Rijie = —Rijok = —Rjire = Ruuij,
Rijke + Rigej + Rigjx =0,
Rijre = (R(X¢, X0) X, X;).

Example 1.3.1 (Geodesics on a surface of revolution in R*). For a positive
smooth function f : R — R™ we define a surface of revolution with its profile
curve y = f(x) by M := {(f(u)cos v, f(u)sinv,u) e R® ueR, 0<v <
2m}. Then, setting u' := u, u? := v, we have ds?> = (1 + (f)*)(du')®> +
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£2(du?)? and
M =T =T} =0,
| f/f// P ff/ 2 f/

FHZT(J”)Z’ Fzz——T(f,)z» F12—7~

Computations show that R}, = ff"/(1 + (f)?)* If y(s) := (u(s), v(s)) is a
unit-speed geodesic on M then

du\? o (dU\? L,
(—) (1+(f))+(—> =1 (1.3.7)
ds ds

and equation (1.2.1) is written as

d2M f/f// du 2 ff/ dv 2_0
@*Tmz(a) ‘W(a) -

d’v 2f’ du dv

TR

(1.3.8)

We observe from the above relations that every profile curve v(s) equal to a
constant is a geodesic. Therefore y is not tangent to any profile curve if y(sg)
for some sy is not a tangent. The second relation in (1.3.8) reduces to

d /dv f2 —0
ds \ ds -
and hence (dv/ds) f? is constant. If 8(s) is the angle between y(s) and the

profile curve v = v(s) passing through y(s) then —7 < 6 < 7 and f sin6(s)
is constant. Thus we have proved

Theorem 1.3.2 (Clairaut’s theorem). If y(s) = (u(s), v(s)) is a geodesic on a
surface of revolution then the angle 0(s) between y(s) and the profile curve
passing through y (s) satisfies

f(u(s))sinfO(s) = const.
The general case of this theorem is proved later in Theorem 7.1.2.

Example 1.3.2 (The Sasaki metric over 7 M). We shall introduce the Sasaki
metric over the tangent bundle 7 M of a Riemannian n-manifold (M, g). Let
(U, @) be a local set of coordinates. Let 7y, : T M — M be the projection map.
Then U ::nA}l(U ) is a local coordinate neighborhood of TM and its coor-
dinate map v : U — R?" is expressed as follows. For a point (p, u) € U we
have ¢(p) = (x'(p), ..., x"(p)) and u = u'(3/9x")(p), and hence V¥ (p, u) =
(x'(p), ., XM (p), u', ..., u") e R™.
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The tangent space T;,,,,T M to T M at(p, u) € U contains the n-dimensional
linear subspace T, T, M, and this T,, T, M is naturally identified with T,M by
parallel translation. Since d(r)(p,.)A = 0O for every A € T, T, M, we observe
that the kernel of d(7s)(p,u) 18 T, T, M . This kernel T, T, M is called the vertical
space of T(, .,nT M at (p, u) and denoted by V.

In order to find vectors in ¢, ,,T M transversel to V,, we take a vector X €
T,M and acurve c : (—¢, &) — M fitting X. In local expressions we write ¢ o
c(t) = x'@),...,x"(1)), c(0) = pand X = X'(3/3x)(p). Let £ : (—¢, &) —
T M be the parallel field along ¢ generated by u = £(0) € T,M. Then ¢ >
(c(?), &£(r)) is acurve in T M emanating from (p, u), and its velocity vector v at
t = 0is expressed as v = (x', u’, X', dg'(0)/dr) = (x', u’, X', =T X/£").
This v is called the horizontal lift of X at (p, u). Clearly we have d(mw ),V =
X, and the set of the horizontal lifts of all vectors in T, M is isomorphic to 7, M.
Itis called the horizontal space of T(, ,,T M at (p, u) and denoted H,,. Thus we
have the decomposition T(, zTM =V, ® H,.

Ifa = X'(d/dx")+ Z'(3/0u’) € Ty T M then the decomposition of & into
horizontal and vertical components o« = «y, + «, is expressed in local coordi-
nates by o, = (x', u!, X', —F;kquk)andav = (', u, 0, Zi+Fj.kqu"). The
connectionmap K : TTM — T M is defined by K (@) := (p, Z' + Fj.kqu").
Then K |7~qu v T,T,M — T,M is clearly an isomorphism, by which V, is
identified with T, M. Also H, is identified with 7, M by d(7wp)(p,u)-

Making use of this decomposition we introduce the Sasaki metric G over
TM as follows. If o, B € T, ,yT M then

G(a, B) == gdm@m)p.uyotn,  d@r)(p.uyBr) + 8(K (), K(By)).

The Sasaki metric is also defined on the unit-sphere bundle SM over M by the
restriction of G.

1.4 The second fundamental form

Let (M, g) be a Riemannian n-manifold and N a smooth Riemannian
m-manifold. If f : N — M is an immersion then the induced Riemannian
metric 4 from g through f is defined as follows. If X, Y € X(N) then

h(X,Y) := g(df(X),df(T)).

To each pointg € N an (n—m)-dimensional linear subspace T, N* C Ty, M is
assigned such that it is orthogonal to d f, (T, N) in T, M with respect to g. We
then have an n-dimensional vector bundle f*T M and an (n — m)-dimensional
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normal bundle TN+ over N:
£ TM =) TppM,  TN' =] T,N"
qeN geN

The orthogonal decomposition of f*T M is given as
f*TM =df(TN)® TN*,

where d f(T N) is often identified with TN in localized contexts. A map X :
N — f*T M is by definition a vector field along f iff t o X = f. Amap & :
N — T N*is called a normal field along f iff t 0 & = f. We denote by X'y and
X Jﬂ- the spaces of all vector fields and normal fields along f. Every vector field
Y along f has a unique decomposition Y = ¥ T +Y*, where Y* € X+ and Y "
may be considered as a vector field over N by the identificationd f(Y ") = Y T.

The covariant derivatives of N and M are denoted by D and V respectively.
The covariant derivative along f is also denoted by V, where V : X(N)x X —
Xy. For a point ¢ € N and for vectors x,y € T,N we take the (local) field
extensions X, Y of x, y. By identifying X with d f(X), the covariant derivative
along f of Y in x is expressed as

V.Y = (Vi) + (VD
Here the first term is identified with
(VoY) = (Vudf(Y)" = df(D:Y),
and the second term is written as
B(X,Y), := (V.Y)t =V, Y —df(D,Y). (1.4.1)

Thus B : XpxX; — X j} is a symmetric bilinear form. The symmetric property
of B follows from that of the Christoffel symbols.

The tangential component of the covariant derivative along f of a normal
field & along f is written as

AgX = Vi — (Vi)™ (1.4.2)

The quantity Az : TN — TN is linear and is called the shape operator of f.
The symmetry property of A; is observed from

8(B(X,Y),8)=—g(A:X,Y) = —g(AeY, X). (1.4.3)

The normal component on the right-hand side of (1.4.2) induces a normal
connection along f. Thatis, V1 : Xy x X; — X} by the relation

Vi = V& — Agp X. (1.4.4)
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It can be shown that if o, € C*®(N) then Vx5, & = aVy& + BV € and
Viaé = X(@)§ + aVyE.

Let R and S be the Riemannian curvature tensors of M and N respectively.
The relation (1.3.6) then implies, by identifying X, Y, Z € X(N) with the
vector fields along f and by using (1.4.1),

R(X’ Y)Z = vayz — VyVXZ — V[X’y]Z

= Vx(DyZ + B(Y,Z2)) — Vy(DxZ + B(X, Z))
—(Dixv1Z + B(IX, Y], 2))
= S(X,Y)Z + B(X, DyZ) + Apy.2)X + V¥ B(Y, Z)
— B(Y, DxZ) — Apx.z)Y — Vy B(X, Z) — B([X. Y], 2).
If we set R(X,Y)Z = R(X,Y)Z" + R(X, Y)Z" then the Gauss and Codazzi
equations are obtained as follows:

{R(X, Y)ZT = df(S(X,Y)Z) + Apy.)X — Apx.2)Y, (145)

R(X,Y)Z+ = B(X,DyZ)— B(Y, DxZ) — B((X, Y1, 2)
+VxB(Y, Z) — Vy B(X, Z).
For anormal field £ : N — TN~ we have
R(X,Y)s = VxVy§ — VyVx§ — Vix y§
= Vx (AeY + V§£) — Vy (Ae X + Vi§)
— (AelX, Y1+ Vix y€)
= DxA:Y + B(X, AcY) + (Avse X + Vi Vi)
— (DyA¢X + B(Y, AcX) + Ay Y + Vi Vi)
— Ag[X, Y] = Vix pf.
If R(X,Y)E = R(X,Y)ET 4+ R(X, Y)&* is the orthogonal decomposition, we

then have

R(X,Y)ET = df(DxAgY — DyAeX) — A¢[X. Y]+ Agre X — AgpcY
(1.4.6)

and
R(X,Y)ET = RY(X, Y)E + B(X, AcY) — B(Y, A:X).  (1.4.7)
Here R* is the curvature tensor for the normal connection V+ and is given by

RH(X, Y)§ == VyVyE — VyVyé — Viy . (1.4.8)
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Note that (1.4.4) and (1.4.6) are equivalent. The relation (1.4.8) is called the
Ricci equation.

Definition 1.4.1. The sectional curvature K (X, Y) of M with respect to the
plane section 0 = o (X, Y) spanned by X and Y is
g(R(X, Y)Y, X)

Ko =K X’Y = '
oon = Rl 1= X08(r, ) — (X, V)2

Also, the Ricci curvature Ricp(X) with respect to a vector X at p € M is
defined as follows. Let {ey, ..., e,} be an orthonormal basis for 7, M such that
X/ X|| = en. Then

n—1

Ricy(X):=Y_ Kul(ei, en).
i=1

Moreover if dim M = 2 then the sectional curvature is called the Gaussian
curvature and denoted by G.
The Gauss equation, (1.4.5), implies that
(S(X, Y)Y, X) = (R(X, Y)Y, X) + B(X, X)B(Y,Y) — B(X,Y)".

If Ky and K, are the sectional curvatures of N and M respectively then the
above relation gives

B(X, X)B(Y,Y) — B(X, Y)>

Ky(X,Y)=Kyu(X,Y .
V)= KX+ X X0e(Y. ) — g(X. TR

(1.4.9)

1.5 The second variation formula and Jacobi fields

As discussed in Section 1.2, a curve having the locally minimizing property
is a geodesic. We now discuss whether a geodesic y : [0, £] — M possesses
the minimizing property among curves near y with the same endpoints. For
this purpose we establish the second variation formula for a variation in y.
Namely, a symmetric bilinear form, called the index form of y, is defined over
the space of vector fields along y by using the Riemannian curvature tensor.
The second variation formula is expressed in index form. A Jacobi field along y
is a vector field along y belonging to the kernel of the index form and is found
as the solution of a second-order linear differential equation. We then prove the
existence of convex balls around every point of M. Here we use the covariant
differential along a map.

Let V : (—e&o, &9) X [0, £] — M be a variation along a unit-speed geodesic
y : [0, £] = M. For the basis-vector fields 3/d¢ and 8/ds of R?, the covariant
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differentials along V are
Vasse = Vav(a/ae) Vasas = Vav(a/as)-

In particular the following relation is important:

a ad
Visge dV | — | = Vyp,dV [ — ).
3/de <8s> 3/d (88)
We denote by

P ad
T(e,5):=dV,y (g) , Y(e,5) :=dVy (&) .

the velocity vector of V. and the variation vector field associated with V. The
length L(e) of V, is given by

¢
L(e):/0 IT (e, s)| ds.

Theorem 1.5.1. Let V : (—&g, &0) X [0, £] — M be a variation along a unit-
speed geodesic y : [0, £] — M. We then have the first variation formula

L'(0) = (Y, T)(O, s)I¢.

IfY, :=Y — (Y, T)T then we have the second variation formula

¢
L"(0) = / ((Vajas Y1, Vajas Y1) = (R(YL, )7, Y1)) (0, 5)ds
0

+(Vayae Y1, TYO, 9)I§.

In particular, if V is proper, i.e., V(e,0) = y(0) and V (e, £) = y(£) for all ¢,
then

¢
L"(0) = / ((Vajas Y1, Vajas Y1) — (R(YL, )y, Y1)) (0, 5)ds.
0
Proof. We only need to prove the second variation formula. From

L'(e) = / (Vo ThE,s) |
“Jo TG 9

we have

L”(e)—/ei (Voo T, The, )\
e 1T (e, )]l
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Since 3/d¢ and 3/ds are basis vector fields on R?, we see that

0 B
\% T=V dv | — =V 3dV | — = VY =Y/,
3/de a/as{ <8s>} /s { (38)} /s

and the integrand in L” (&) can be rewritten as

9 (VaaeT. T) _ 9 (VaasY. T)
de Il de Il

(Va0 Vajas Y. T) + (Vajas Yo Vasae T)  (VajasY, T>2

Il [

Insert R(T, Y)Y = VyVyY—Vy VY and ||T(0, s)|| = 1into the above relation
to obtain

L"(0) = /Z (=R(T, Y)Y +VrVyY, T)+(VrY, VyT)
0 —(V7Y,T)?) (0, 5)ds.
The skew-symmetric property of R implies that
(R(T, Y)Y, T) =(R(T, Y)Y, T).

Wealsohave (VrVy Y, TY=T(VyY, T)—(VyY, V7 T). By setting ¢ = 0 we get
(VeVyY, T)(O, s)=(d/ds){(VyY, T)(0, s). Finally we observe from Y (0, s) =
{Y, + (Y, T)T}(O, s) that the following relation holds at (s, 0):

VY =VrY, +(TY, THT + (Y, T)VrT
d
= Vyas¥Y1 + E(Y, VY = Vajas Y1+ (VasasY. 9)y.

From (Y, y) = Oand the fact that y is a geodesic we see that (V5 Y1, ) = 0.
Therefore we have at (0, )

(V1Y VyT) = (V7Y T)?
= (VyY,VY) — (VrY, T)?
= (Vasas YL + (Vasas Y, 7)7, VasasYL +(Vasas Y. 7)7) — (VayasY, 37)2
= (Vasas Y1, Vaas Y1)
This proves Theorem 1.5.1. O

Remark 1.5.1. For a piecewise-smooth variation V : (—¢g, &) x [0, £] - M
along y we can also obtain the second variation formula as follows. Let 0 :=
S0 < 81 < --- < 8 := £ be chosen such that V; := V|(—&o, &0) X [8i, Si+1] —
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M foreveryi =0, ..., k — 1 is smooth, and set Y;(s) := dV;(9/0¢)|(0.s) and
Ti(s) := dV;(3/9s)l(0,s)- The continuity of V implies that Y;(s;—1) = Y;_i(si—1)
is tangent to a curve ¢ — V;_ji(e, si—1) = Vi(e, s;_1) at ¢ = 0 and also that
T;1(s;) = T;(s;); hence

(VajaeYior, Tia)(siz1) = (Vajae Y, T )(si—1).

Thus we have
k—1 Sitl
L"(0) = Z/ ((Vayas (YD) L\ Vajas(Yi)L) — (R(Y) L, )y, (Yi)1))(s)ds

+ (Va0 (Yo L, Ti)(€) — (Vasae(Yo) 1. To)(0)).

If V is proper then

k=1 Si+1
L"(0)= Z/ ((Vayas (YL, Vajas(Yi) L) = (R(YD) L, )Y, (Yi)1))(s)ds.

Definition 1.5.1. A vector field J along a unit-speed geodesic y is by definition
a Jacobi field along y iff J satisfies

J"+ R, y)y =0, (1.5.1)
where J' = Va/a_y.] and J' = Va/;)sVa/asJ.

Because y is parallel along itself and R(Y, Z)W is skew symmetric in ¥, Z,
we see that (as + b)y (s) for every pair of constants a, b is a Jacobi field along
y. If Ji and J, are Jacobi fields along y then (J{, Jo) — (Ji, J;) = const. In
particular (J’, y) is constant for every Jacobi field J along . Let 7, be the set
of all Jacobi fields along y. Then aJ; + BJ> € J, forall o, B € R, and hence
Jy is a vector space over R.

Lemma 1.5.1. Let y : [a, b] — M be a geodesic and ty € [a, b]. Then there
exists for givenu, v € T, )M aunique Jacobifield J along y suchthat J(0) = u
and J'(0) = v.

Proof. Let Py, ..., P, = y be an orthonormal parallel-frame field along y,
i.e., g(P;, Pj) = §;; and V, P, = 0. A vector field Y along y is expressed as
Y = n' P;, where i’ : [a, b] — R for each i is smooth. Then Y’ = (')’ P; and
Y” = (n')’ P;. If Y satisfies (1.5.1) then

a2

dr?
The existence and uniqueness of the solution for given initial conditions is now
clear. O

+n/R ;=0  foralli=1,...,n.
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Remark 1.5.2. From Lemma 1.5.1, 7, forms a 2n-dimensional vector space.
The variation vector field associated with a geodesic variation is a Jacobi field. In
fact, if V is such a geodesic variation and if 7 := dV(d/dt)and Y := dV(d/d¢)
then V7T = 0. Therefore Y’ = V4 V7Y = Ve VyT = Vy VT — R(Y, T)T,
and (1.5.1) holds for this Y. The converse is true: namely, for a given Jacobi
field J along y there exists a geodesic variation along ¥ whose variation vector
field is J.

Lemma 1.5.2. Let y : [0, ] > M be a geodesic with p = y(0) and u =
y(0) € T,M. For every vector v € T,M let J(t) := d(expp),utv. Then J is a
Jacobi field along y with

JO0)=0, J'0)=v.

Proof. Consider a variation V : (—é&g, &) x [0,€] — M along y such that
V(e, 1) :=exp, t(u + ¢v). Clearly each variational curve V; is a geodesic and
we see from the construction of V that if J(¢) = dV(d/9¢)|(0.r) then J(0) = 0
and J'(0) = V;,5,dV(3/9€)0,00 = Vasa:dV(9/31)0,0) = v. O

Definition 1.5.2. Let y : [0, £] — M be a geodesic. A point y (ty) is conjugate
to p = y(0) iff there exists a nontrivial Jacobi field J along y such that
J(0) = J(t) = 0.

In view of Lemma 1.5.2, y(#) is conjugate to y(0) along y iff exp, is
singular at 7y (0). In other words, a point y () is not conjugate to y(0) along
y iff d(exp p) has maximal rank at 7,y (0). Let j)?(to) be the set of all Jacobi
fields along y vanishing at y(0) and y (¢y). The j]f’(to) form a linear subspace
of J,,. If the dimension of j]f) () is positive then it is called the multiplicity of
the conjugate point y (fy). The rank of d(exp p),o}-,(o) is equal to n — dim j}ﬁ](to).

Lemma 1.5.3. Assume that a geodesicy : [0, £] — M has no point conjugate
to p = y(0) along y. Then y has the locally minimizing property.

Proof. 1t follows from the assumption that d(exp,) llas maximal rank at
ty(0), t € [0, £]. Therefore there exists an open set 2 C M j, around the segment
{t7(0); 0 < 7 < £} such thatexp,, | : 2 — M is regular. If V : (—e&o, &o) X
[0, £] — M is a variation of y such that V (e, 0) = y(0), V (¢, £) = y(£) for all
& € (—eo, &) then it is lifted into M p Via exp,, |o. Note that a geodesic polar
coordinate system around p is not defined on €, for exp,, | is not necessarily
one-to-one. The regularity of exp,, | then implies that y has only finitely many
self-intersections. Therefore 2 can be decomposed into finitely many domains
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on each of which geodesic polar coordinates around p make sense. Thus the
Gauss lemma 1.2.1 applies, giving L(¢) > L(0) for all ¢ € (—¢&p, g9) \ {0}. O

The geometric meaning of the sectional and Ricci curvatures are interpreted
with the aid of Jacobi fields. We take unit vectors u, v € §,(1) with u L v and
a geodesic y with y(0) = p, y(0) = u. If J is a Jacobi field along y such
that J(0) = 0, J'(0) = v and U := y and if V is the parallel field along y
generated by V(0) = v then we have

3
J(@)=1tV()— %R(V(I), U)U(t) + o(t®) (1.5.2)

for sufficiently small ¢. If S'(¢) is a circle with sufficiently small radius ¢ centered
atthe origin of the plane o spanned by u and v thenexp,, § 1(¢) has velocity vector
J (7). Therefore the length of exp, Sl@)is 2 | J ()| = 27wt(1 — (£2 /3K, +
o(t?)). Thus K, is interpreted as the divergence of the geodesics emanating
from p.

Next, we take an orthonormal basis ey, ..., e, = y(0) for T,M. Let do be
the volume element of S, (1). Let ¥; foreachi =1, ..., n — 1 be a Jacobi field
along y such that Y;(0) = 0, ¥/(0) = ¢;. Then

(exp,);, dM = (detd(exp,),,) do A dt.
Thus we have
detd(exp,)u = Y1 AYa Ao AY,p AP|(H).

Therefore Ricy (u) gives the limit as 1 — 0 of the ratio of the area element of
S (1) = exp, tS,(1) at the point exp, tu and the area element of S,(1).

We shall provide examples of Riemannian n-manifolds of constant sectional
(and Ricci) curvature.

Example 1.5.1 (Euclidean space). Let M := R". The canonical metric ds? is
expressed as ds? := §;;dx' dx/ for (x',...,x") € R". All the Christoffel
symbols are zero and R;jx, = O for all indices. Thus the sectional (and Ricci)
curvature of R” is zero.

Example 1.5.2 (Geographic coordinates on n-sphere). Let M :=S"(r) C R**!
be the standard n-sphere with radius r. Set

D:={x=Gx' ..., x")eR—nr/2<x', ..., x"V <nr/2,

—ar <x" <mr}.
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Let ¢ : D — S"(r) C R"*! be defined by setting ¢ = (¢', ..., ¢"),

k k=1 ¢

t X X
(p(x):zrsm—llcos— fork=1,...,n,

r =1 r

x!

n
o) i=r Hcos
=1

-
Then x := ¢! defines a coordinate map on a domain U := {x € S"(r); x" #
0, x"*! > 0}. Since X; = dp(3/dx") and

gij = dp(3/dx') dp(d/dx’)  fori,j=1,...,n,
we observe that

g =1, g =0 foralli =2,...,n,
i—1 xe
8ij = 0ij ncosz— foralli, j > 1
- : r
=1
and also
i—1 ¢
.. .. X
g’ =468 l_[cos’2 —.
=1 r
Further computations show that
My =T =0 foralli+#j#k#i,
F’,ﬁj = F,{k =0 forall j > k,
1 xk = xt
Mt =-tan— [Jecos® =  forallk < j,
r T r
I}, =—-tan—  forallk < j.
r r
Making use of
Rijie = 5(0;00gui + 0k0:8j¢ — 0;0¢8jk — 90k ie)
+ 8an (T F?z =T Fj}k)’
we see that
Rijte =0 and R;ji; =0 for all distinct indices.

Then Ry fori > k is expressed as

i )2 8ii 8kk
Risite = 30:0cgii + Zgaarfirlfk = &i(Mi) = —=5—

a<k

r
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Thus Rijxe=(1/r*)(gixgje — giegjx)» and hence R(Xy, Xp)X;=(1/r?) x
{gjx X¢ — gj¢Xk). Therefore we have, foru, v,w € T,M,

R(u, v)w = iz((v, whu — (u, whv).
r

In particular, the sectional and Ricci curvatures are constants, 1 /r2 and
(n — 1)/r? respectively.

Example 1.5.3 (Hyperbolic space). Let H"(—c?) be a Riemannian manifold

defined on an open half space {x = (x!,...,x") € R"; x" > 0} of R" with
metric
8;idxidx/
ds? = L —— .
§ (")

This is a complete Riemannian manifold. It can be shown that
F;k =0 for all distinct indices,
r,,=Tp =T, =T,=0I,;=0 foralli,j=1,...,n—1,
. 1 .
F;izFan—x—nz—Ffi foralli =1,...,n—1.
We see from
Rijie = %(3j8£gki + 0x0;gj¢ — 0;0¢gjx — 0;0k&ie)
+ 8ab (FflkF?e - Fflerfk)
that
Rijke =0 and R;j;; =0  for all distinct indices,
Ricik = 10018k + gun T T = ¢*giigue foralli > k.
Thus we have
Rijre = —c*(gingje — 8iegjx)s

and hence R(X,, Xp)X; = —cz(gijg — g;¢Xk). The sectional and Ricci
curvatures of H"(—c?) are therefore —c? and —(n — 1)c? respectively.

1.6 Index form

We now discuss the locally minimizing property of a geodesic admitting a
conjugate pair. The index form of a geodesic y is introduced as a symmetric
bilinear form on the space of vector fields along y. If y has no conjugate pair
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along it then Lemma 1.5.3 implies that it is locally minimizing. In this case the
index form of y is positive definite.

Definition 1.6.1. Let X" be the set of all (piecewise-) smooth vector fields along
afixed geodesic y : [0, £] — M andlet X' be the set of all (piecewise-) smooth
vector fields along y orthogonal to it. Define the index form I : X x X — R

of y as follows. Let X, Y e XY andO0 =1ty <t < ---, < tr = £ be such that
Xl mpand Yy, foralli =1,..., k — 1 are smooth. Then
IX,Y) —Z/ (X], Y)) = (RCX:, 707, V) dr.

Clearly I is symmetric and bilinear. If X and Y are smooth then

L
10X, V) = (X, V)], — fo (X" + R(X. )7 ¥)) dr

= (X, Yo - /0 W RO, 7 X
Therefore, if Y is a Jacobi field along y then
I(X.Y) = (X, Y]
forall X € X.

Lemma 1.6.1. Let y : [0, £] — M be a geodesic with a point y(ty) conjugate
to p = y(0) along it for ty € (0, £). Then there exists a piecewise-smooth
variation V : (—&q, g0) X [0, €] = M of v such that L(¢) < L(0) for ¢ > 0.

Proof. From our assumption about y we have a nontrivial Jacobi field J along
it such that J(0) = J(#p) = 0. Let P € X, be a parallel field along y generated
by —J'(ty) # 0 and let f : [0, £¢] — [0, 1] be a smooth function such that
f(0) = f(£) = 0and f(fy) = 1. For a small positive number # we define a
vector field Y, by

J@)+h(fP)t)  for0 =<t <t
Y(t) :=
h(f P)(t) forty <1t < .

Then Y;, € X and Y;,(0) = Y,(£) = 0. Therefore
1Yy, Yy) = (J, J')(t0) + 2h(J", fP)(1t0) + R*I(f P, [ P).
Because of J'(ty) = — P(ty) we have
1Yy, Yy) = =2h(J', J')(10) + > I(f P, fP) < O

for sufficiently small 2 > 0. O
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Now consider the set X| := {Y € X,; Y(0) = Y (£) = 0}. We will show
that the space of all Jacobi fields in X[ is characterized by the null space of I
in X.

Lemma 1.6.2. A vector field J € X' is a Jacobi field iff I(J,Y) = 0 for all
Y e X

Proof. If J € X/ is aJacobi field, itis clear that /(J, Y) = OforallY € X .If
J € X| satisfies I(J, Y) = OforallY € X[, wethenchoose0 =fto, ..., ty = ¢
sothat J; := J|j,_, . foralli =1, ..., kissmooth. Let f; : [t;_1, t;] — [0, 1]
be a smooth function such that f;(#;_;) = fi(t;) = Oand f; > Oon (¢;,_1, t;),
and set Z; := f;(J/'+ R(J;, y)y). Then setting Z(t) := Z;(¢) for t € [t;_, t;]
we see that

k t
0=1(J,2) = Z/ Fi 1+ RUi, p)y |12 de.
i=1 Yti-1

Thus J; foreachi = 1,..., k — 1 is a Jacobi field along y|,_, .- To prove
the smoothness of J we choose a vector field Z € X such that for each i =
1,..., k—1wehave Z(t;) = J/, (t;) — J/(t;). Then

k k—1
0=10,2)=Y (J, D, =) = JIP @) 0
i=1

i=1

Theorem 1.6.1. Letr y : [0, £] — M be a geodesic without a point conjugate
to y(0) along it. If J is a Jacobi field along y with (J,y) =0and if X € X,
satisfies X # J, X(0) = J(0) and X (£) = J(£) then

I(X,X)>I(J,J).

Proof. Since X —J € X| and X — J # 0, we have from the above observation
that I(X — J, X — J) > 0. Thus we conclude the proof with

IX—-J,X-0)=1X,X)=-2IX,)H)+1J,J)
= I1(X, X) = 2(X, I)5 4+ (J, IS
=I1(X,X)—I(J,J). ]

Remark 1.6.1. We observe from Theorem 1.6.1 that there exists for any given
0 <t < t; < £ and for any given vectors u € T,;yM and v € T),(y)M a
unique Jacobi field J such that J(f)) = u and J(#;) = v.

The above discussion yields a refinement in the statement of Lemma 1.5.3.
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Proposition 1.6.1. The index form of a geodesic y : [0,£] — M is positive
definite on X| iff y contains no conjugate pair.

Proof. Assume first that [ is positive definite on AX”|. Suppose that y(z) is
conjugate to p := y(0) along y for some 7y € (0, £). Lemma 1.6.1 then implies
that there is a Jacobi field Y € & such that I(Y,Y) < 0, a contradiction.
Assume that y contains no conjugate pair and set g:=y(£). Then
exp,, 10,170y and exp, l{—¢,017(¢) are regular. If ¥ eiq satisfies Y (¢y) # 0 for
some ty € (0, £), we then have a plane triangle in M, with edges £y (0) and
[d(exp p)w(o)]‘l(l/(to)) having a right angle at the corner £y (0). Also we have a
plane triangle in M, with edges —£¢y (£) and [d(equ)(ZU_g)y(g)]_l Y(ty). Asinthe
proof of the Gauss lemma 1.2.1, we can construct a broken geodesic proper vari-
ation V : (—¢, &)x[0, ] > M along y asfollows. If V : (—e, &) x [0, £] > M
is a proper variation along y associated with Y such that V (s, 1)) = V(s, 1)
for all s € (—¢, ¢) then the Gauss lemma 1.2.1 implies that L(V (s)) > L(V(s))
for all s € (—e¢, ¢) and that L(V(0)) = L(V(O)) ={. If J is the variation vec-
tor field associated with V then J is a broken Jacobi field such that J ) =
Y(0) =0,J) = Y®) = 0and J(t)) = Y (). From Theorem 1.6.1 it fol-
lows that I(Y,Y)=I(J,J) > 0. Then I(J, J) = L”(\N/(O)) follows from the
construction of V. ]

Finally we discuss the relation between the second fundamental form of
geodesic spheres in M and the index form.

For an arbitrary fixed point p € M and a vector ug € M such that exp, is
regular at u(, we choose a domain W € M such that ug € W and exp,, |w :
W — M is an embedding. Setting g := exp,, uo and £ := [lug||, we define a
piece of smooth geodesic £-sphere N around g by N := (expp lw)(S,(E)NW).
For every point x € N there is a unique geodesic y;, : [0, £] — M such that
¥x(0) = p, x(€) = x and £y(0) € §,(£) N W. A unit field £ normal to N is
defined by

§(x):=—p@), xeN.

For each v € T; N and for a smooth curve ¢ : (—¢, &) — N such that ¢(0) =
q,¢(0) = v we define a geodesic variation V : (—¢, ¢) x [0, £] — M along
Y = Y4 by

V(s, t) := yes)(t), (s,1) € (—e, &) x [0, £].

If Y is the variation vector field associated with V then Y must be a Jacobi
field along y such that Y (0) = 0, Y(£) = v. The second variation formula then
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implies that

0= L'Vlao = | WY = (RO 77, YD = (T
Since y(£) = —&(q) we see that
(VasaeY, 7)(0, £) = —(Agv, v).
Therefore we have
(Aev,v) = (Y, Y')(£) = I(Y,Y), wveT,N.

Thus the principal curvatures of A¢ are obtained from the index forms of Jacobi
fields along radial geodesics.

Example 1.6.1. Let M = R” be as in Example 1.5.1. Then Y (¢) = (¢/£)E(¢),
where E is the parallel field along y and is generated by v =: E(£). We then
have I(Y,Y) = ||v||?/€ and Ag = (1/€)E,_,. The principal curvatures of the
£-sphere are all equal to a constant, 1/£.

Example 1.6.2. Let M = S"(r) be a round r-sphere as in Example 1.5.2. Then

v < S/

o
= S (e/n) (1) and RY,y)yy ==Y

2
Thus we have I(Y,Y) = cot (Z/r)||v||2 and

A — cot({/r)E,—1 r#mr/2,
£ 0 r=mr/2.

Example 1.6.3. Let M =H"(—c?* be as in Example 1.5.3. Then Y(¢) =
(sinhct/sinh cl)E(t) and R(Y, y)y = —c2Y. It can be shown that I(Y, Y) =
lvl|? coth c£ and Az =cothcl E,_;.

1.7 Complete Riemannian manifolds

Riemannian manifolds carry the structure of metric spaces. First we will prove
the fundamental theorem in Riemannian geometry. Then, by using the index
form and Jacobi fields, we will prove the Whitehead convexity theorem [108]
and the completeness theorem due to Hopf, Rinow and de Rham. It will be
shown that the topology of every Riemannian manifold M is equivalent to that
of M as a metric space.



1.7 Complete Riemannian manifolds 29

First of all the distance function d on M is defined, as follows. To a pair of
points p, g € M a nonnegative number d(p, ¢) is assigned according to

d(p, q) :=inf L(c),

where the infimum is taken over all piecewise-smooth curves joining p to g.
In view of Lemma 1.2.2 it is not difficult to check that the above d defines a
distance on M. Thus M carries the structure of a metric space with distance
function d induced from g. A geodesic y : [0, £] — M is said to be minimizing
(or minimal) if its length realizes the distance between its endpoints.

We denote by B(p,r) = {x € M; d(p, x) < r} the open r-ball centered at
p,and by B(p, r) its closure.

Definition 1.7.1

(1) Anopenset A C M is said to be convex iff any points p, g € A can be
joined by a minimizing geodesic whose image lies entirely in A.

(2) The convexity radius conv p of p € M is the maximal radius of open balls
centered at p that are convex. The convexity radius conv A of a set
A C M is the infimum of conv over A.

(3) Aset A C M is said to be locally convex iff for every point p € A there
exists a small positive number r such that A N B(p, r) is convex.

(4) A function f : M — Riis said to be convex iff f o y is convex for every
geodesic y.

Theorem 1.7.1 (J. H. C. Whitehead). There exists a (Lipschitz) continuous
positive function conv : M — R such that, for any point g € B(p, conv p), if
B(g,s) C B(p,conv p) then B(q, s) is convex.

Proof. To show the existence of a convex ball around each point p € M, we
set

K = max |Ky|.
7(0)eB(p.i(p))
From Theorem 1.2.2 and (1.4.5), there exists a constant a(p) >0 with the
property that if J e X, is a Jacobi field with J(0) = O along a geodesic
y :[0,£]— M such that y(0)=p and ¢ <a(p) then (J,J')(£)>0. Set
a(p) := min{i(p)/2, a(p)}. From Lemma 1.2.2 we see that every point
q € B(p, a(p)) is joined to p by a unique minimizing geodesic. Let ¢ be a
geodesic with ¢(0) € B(p, a(p)) and let V : (—¢o, &) x [0, 1] = B(p, a(p))
be a geodesic variation defined by V (e, t) := exp,, t(exp,, |Up)_l o c(¢e). Then
L"(g) >0 for all ¢ with ¢(¢) € B(p,a(p)). This means that the distance
function to p is convex on B(a, a(p)). Therefore B(p, «(p)) is convex. To
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conclude the proof we only need to define conv as follows. Let convp be
the supremum of all «(p) that have the following property: if B(g,s) C
B(p, a(p)) then B(q, s) is convex. It follows from the definition of conv that
|conv p — conv ¢| < d(p, q), and hence conv p is Lipschitz continuous with
Lipschitz constant 1. O

The fundamental theorem in Riemannian geometry is stated as follows:

Theorem 1.7.2. The topology of a Riemannian manifold M is equivalent to
that of M as a metric space.

Exercise 1.7.1. Prove Theorem 1.7.2.

The completeness theorem due to Hopf, Rinow and de Rham is summarized
as follows. A Riemannian manifold M is called complete iff (M, d) is acomplete
metric space.

Theorem 1.7.3 (Hopf—-Rinow—de Rham). Let M be a Riemannian manifold
with distance function d induced from g. Then the following, (1)—(3), are equiv-
alent.

(1) M is complete.
(2) M, =T, M for all points p € M.
(3) M, =T,M for some point p € M.

In particular, if M is complete then any two points can be joined by a minimizing
geodesic.

Proof. (1) 1mphes (2) and hence (3). To see this suppose that there is a Vector
uel, M\M for some p01nt p € M.Thenthereisaty > Osuchthatru € M
forallz € (0, tp) and tou ¢ M If (1) := exp,, tu then we can find a Cauchy
sequence {exp,, t;u} for which lim;_, o t; = tp. The completeness of M then
implies that y,(ty) € M, a contradiction.

To prove the final statement, we set

C, :={x € B(p, p); x is joined to p by a minimizing geodesic }.

It follows from Lemma 1.2.2 that C, = B(p, p) for all p € (0, i(p)). Set-
ting po := sup{p >0; C, = B(p, p)}, we assert that C,, = B(p, po) and that
B(p, p) is compact for all p € (0, po]. Suppose that there is a sequence
{g;} of points in B(p, po) such that lim;_, . q; =g. Let y;:[0, £;]— M be
a minimizing geodesic with y;(0)=p, y;(£;) =¢q; and £; < pg. Clearly both
{7;(0)} C S,(1)and {£;} have convergent subsequences, say, limy_, o y4(0) = v
and limy_, o, £; = £. Since the solution for a geodesic depends continuously on
the initial condition, we have a geodesic y(y) = exp p1U, 1€ [0, €] such that
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y(0) = p and y(€) = g. The continuity of d now implies that y is minimizing
and that ¢ € C,,. The above discussion shows the sequential compactness of
B(p, p) for all p € (0, po].

We next assert that C,, = B(p, po) = M. Suppose that M \ B(p, po) # 9.
Then there is a point such that the distance from that point to B(p, pp)isa > 0.
The set 0 B(p, po) # ¥ is compact. Theorem 1.7.1 implies the existence of a
small positive number & < a such that & = convdB(p, pp). Let

we= |J B h/4).
x€dB(p,po)

For any point y € W we can find an x € d B(p, po) such that d(x, y) < h/4. If
z€09B(p, po)isapointsuchthatd(y, z) =d(y, B(p, po))thenz € B(y, h/2) C
B(x, h). Theorem 1.7.1 implies that z is joined to y by a unique minimizing
geodesic. Since z € B(p, pp) = C,,, it is also joined to p by a minimizing
geodesic. The union of these geodesics together forms a minimizing geodesic
withlength d(p, y).Clearly B(p, po+h/4) C B(p, po)UW,and hence we have
B(p, po + h/4) = C, 41/ This contradicts the choice of py, which proves the
final statement, (3).

It is now clear that (3) implies (1). ]

In the study of the curvature and topology of Riemannian manifolds, the
Alexandrov—Toponogov triangle comparison theorem is essential. We state it
without proof.

Theorem 1.7.4 (The triangle comparison theorem). Letr M be a complete
Riemannian manifold whose sectional curvature is bounded below by a con-
stant k for all plane sections. If A = A(aBy) is a triple of minimizing geodesics
forming a triangle in M then a corresponding triangle A = A(GB7) having
the same edge lengths as A can be drawn on the complete simply connected
2-manifold M?(k) of constant curvature k such that every angle of A is not less
than the corresponding angle of A.

1.8 The short-cut principle

In this section let M be a complete Riemannian n-manifold. A basic tool em-
ployed throughout this book is the short-cut principle.

Lemma 1.8.1 (The short-cut principle). Let y; : [0,a;] — M fori = 1,2 be
(minimizing) geodesics, with y,(0) = y2(0) = x such that y, and y, make an
angle 6 at x. If 0 < 1 then there exists for a sufficiently small h > 0 a geodesic
polygon P joining y(ay) to y»(ay) such that a; + a, — L(P) > hcos(6/2).
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Proof. Leta : [0, r] — M be a geodesic with «(0) = x such that &(0) bisects
the angle at x between y;(0) and y»(0). If at(h) c TomyM for small & > 0 is
the hyperplane orthogonal to ¢(#) and if conv is the convexity radius function
as in Theorem 1.7.1 then the point expa(h){o'zi(h) N B(0, conv «(h))} intersects
¥;10, a;] at a point p;. The distance function s +— d(p;, a(s)) is smooth con-
vex and takes its minimum at «(h), and the first variation formula implies
that

d 0
—d(pi, a(s))|s—o = —cos =  fori =1,2.
ds 2

Therefore we have

2 32

0
d(p;, a(h)) = d(pi, x) — hcos 2 + E@d(pi, a(n;h))

for some n; € (0, 1). The last term on the right-hand side of the above equation
is determined by the index form along geodesics in a convex ball. Thus we find
asmall 7y > 0 depending only on local invariants on a compact set A such that,
for every h € (0, hy),

2 32 h ]
—h —+ ——d(pi,a(nih)) < —=h —.
cos > + > 352 (pi, a(n;h)) > cos 5
If P:=yi(a;)p1 U p1p2U paya(ay) is a broken geodesic obtained by joining
yi(ai), p1, p2 and y»(ay) in this order then

2
a1 +a— L(P) = 3 (d(pi, ) — d(py, alh)} > hos 2.
i=I 2 O

Remark 1.8.1. Let A C M beaclosedsetand p ¢ A. If y : [0,¢] > M isa
minimizing geodesic with y(0) = p and y(£) € A such that L(y) = d(p, A),
we call y a minimizing geodesic from p to A. Then y |, ¢ for every s € (0, £)
is a unique minimizing geodesic from y(s) to A. Namely, two minimizing
geodesics drawn to A cannot meet in the interior of either geodesic. This fact
is a direct consequence of the short-cut principle.

Now let ¢ : [0, 1] — M be a curve with ¢(0) = p, ¢(1) = ¢g. By means of
the short-cut principle we can construct a homotopy between ¢ and a geodesic
in the space of all curves joining p to g such that the length of the homotopy
curves is decreasing.

Let A be a compact set containing the L(c)-ball around ¢[0, 1] and set 2r( :=
convA. For a small fixed positive number n and for a large fixed number m we
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take a partition 0 = ag < a; < --- < a, = 1 such that
n < L(clia;a;) < 370 forall j=0,....,m—1.

Lety;; : [aj,(1 —t)a; +taj4+1] — M be a unique minimizing geodesic with
)/_/J(aj) = c(aj) and )/,,((1 —Z‘)Clj + fa_j+1) =c((1- t)aj +Z‘Clj+1). Clearly Y0
is a point curve and y; ; is a minimizing geodesic joining c(a;) to c(a;+1). Let
P := pc(ay)Uc(ay)c(a) VU - -- Ucla,—1)g be a broken geodesic joining p to
q.Ahomotopy H : [0, 1]x [0, 1] — M between c and P is obtained as follows:

vii(s)  fors ela;, (1 —t)a;+taj),

H(t,s):=
c(s) fors € [(1 —t)a; +taji1, ajt1).

From the construction of H we observe that H(0, s) = c(s) and that the image
of H(1, -)is P. Then the short-cut principle implies that L(H (¢, -)) is strictly de-
creasing in ¢ unless c is a geodesic. This H will be called the length-decreasing
deformation of c.

Lemma 1.8.2. Let ¢ : [0, 1] — M be a curve joining p to q. Then there exists
a geodesic y having the same extremal points as ¢ such that y is homotopic to
cand L(y) < L(c).

Proof. Using the same notation as above, we set Py := P. The corners of
Py are expressed as poo := p, Po.1s---s Pom ‘= q. Let go; for every i =
1,..., m — 1 be the midpoint of an edge po ;_1po; of Po, and let goo := p,
qom ‘= q. Similarly, let p;; forevery i = 1,...,m — 1 be the midpoint of
an edge qo.;qo.;i+1 and set p1 o = p, p1.m := q. If P; is the broken geodesic
Py := pp1oVY---Upim_19, we then observe that P; is homotopic to a broken
geodesic pqop.1 U - - - U go,m—19 and that this curve is also homotopic to P via
a length-decreasing deformation. Thus a sequence {P;} of broken geodesics
joining p to g is obtained in a compact set A such that P; is obtained by a length-
decreasing deformation of P;_; for all j. Moreover the corners p;o, ..., pjm
of P; are in this order and d(p;;, pji+1) < ro/2 for all i and j. The Ascoli
theorem implies that there is a subsequence { Py } of { P;} such that { p; ; } forevery
i=1,...,m—1convergestoapoint ps ;. Let Poo := pPoo1U- - U Poom-19.
To see that Py, is a geodesic joining p to g, suppose that the angle 6; at some
COrner P ; of Po s less than r. By Lemma 1.8.1 we then find for a sufficiently
small fixed 4 > 0 a large number & such that

h 0;
d(Peo,j pk,j)<EcosE forall j=1,..., m—1,

L(P,) — L(Piyy) " os
k k+1 >2COS2.
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Then
h ;

L(Pxo) < L(Piy1) < L(PY) = 7 cos =

and also
m—1
2(m — Dh 0;
L(Px) > L(P) —2 ;d(poc,j, Prj) > L(P) = == ———cos —,

a contradiction. O

1.9 The Gauss-Bonnet theorem

In this section we prove the well-known Gauss—Bonnet theorem without using
the Green—Stokes theorem. Our proof does not require the orientability of sur-
faces and domains. It is very interesting to generalize it for closed Alexandrov
surfaces and Busemann G-surfaces as well.

Let M be a connected, compact (not necessarily oriented) Riemannian
2-manifold, dM the Lebesgue measure and G the Gaussian curvature. Let Q2 C
M be a domain whose boundary 92 consists of a finite union of piecewise-
smooth simple closed curves cy, .. ., ¢i. Let e be the inward-pointing unit nor-
mal field along the smooth pieces of d€2. The curvature measure over 2 is
written as

() ::/ G dM (1.9.1)
Q

and is called the total curvature of Q. Let w; 1, ..., w;,, be the inner angles of
the corners of ¢; and k; its geodesic curvature vector. Let I be a measurable set
on ¢;. The total geodesic curvature A(/) of I is given by

)\(I) = f(k,', e) ds + Z(JT — a),;j),
1 I

where the second term on the right-hand side is a sum over the corners lying
in /. The inner angles of <2 are independent of the orientation of 2. Thus we
observe that

k r
A09) = Z,\(ci) = Z H (k;, e)ds + Z(n ) (1.9.2)
i=1 i=1 Ve j=1

is independent of the orientation of 92; it is called the fotal geodesic curvature
of 92. With this notations the Gauss—Bonnet theorem will be stated as follows.
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The Gauss—Bonnet theorem. If x (2) is the Euler characteristic of Q2 then
c(2) + A(02) = 21 x (2). (1.9.3)
In particular if M has no boundary then
c(M) =2 x(M). (1.9.4)
The following two lemmas are needed for the proof of the above theorem.

These lemmas are independent of the orientation of M.

Lemma 1.9.1. Let A = A(pgr) C M be a geodesic triangle, with vertices
at p, q and r, that is contained entirely in a convex ball. If A, B and C are the
inner angles of A then

c(A)=A+B+C—m. (1.9.5)

Proof. If x and y are in a convex ball then there is a unique minimizing geodesic
xy joining x to y. For a sufficiently large number N the edges of A are di-

vided into N sufficiently small subarcs by taking points poo, ..., pyo On
qr, 4o, ----qo.ny onrp and rog, ..., ron on gp such that ¢ = poo = roo,
r=pno=qooand p =rony = qon.Foreachi,j=1,..., N —1 we set

Di.j = ppi,oNro,;qo,;-

Let O;; be the oriented rectangle with vertices at p; j, pit1,j, Pi+1,j+1 and
Di,j+1- Let 6;; be the oriented angle obtained by the parallel translation of
vectors at p; ; along O0;; and let u; and v; be unit vectors at p; ; tangent to the
geodesics p; jpi+1,j and p; ;p; j+1 Tespectively. If o is the angle between u;
and v; and if a; :=d(p; j, pi+1,;) and b; := d(p; j, pi,j+1) then (1.3.5) implies
(infinitesimally)

R( ) % {cos (71 + ) —l—s'n(n + ) L}
—nK(U;, V;)v; = - o) u; 1 - alu; ¢,
aib,- 2 2 !

where uf- is defined by v; := u; cosa + ul.l sin «. Thus we see that
G(p; ;) Areal);; = 6;;.

If t:T,M — T,M is the parallel translation along A then summing up the

above relationoveralli, j = 1,..., N and letting N — 00, we see that c(A) is
the oriented angle obtained by . If w € T, M is tangent to gr then Z(z(w), w) =
A+B+C—m. O

Lemma 1.9.2. Let D C M be a disk domain contained entirely in a convex
ball such that d D consists of two minimizing geodesics pq, pr and a unit-speed
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smooth curve c : [0, £] — M with ¢(0) = g and c(£) = r. Let e be the inward-
pointing unit normal vector field along c and K(s) the geodesic curvature vector
at c(s). Assume that all the interior points of pc(s) for all s € (0, £) are in D.
If A, B and C are the inner angles of D at p, q and r respectively then

¢
C(D)+f (k,e)(s)ds=A+ B+ C —m.
0

Proof. Let 0 = 59 < 51 < --- < sy = £ be a partition of [0, £] and set
pi = c(s;). We approximate c[0, £] by a broken geodesic Py := pop1 U
pip2U---Upn_inpN, Where s;1 —s; < £/N.If Dy is the disk domain
bounded by the geodesics pq, pr and Py then limy_..c Dy = D, and hence

c(D) = ng%o c(Dpy).

If w; is the inner angle of Dy at p; fori = 1,..., N — | then Lemma 1.8.1
implies that
N—1
(D) =A+B+C—m+ Y (w0 — 7).

i=I

Foreachi = 1,..., N — 1 we denote by o; : [0, 1] - M the minimizing
geodesic with 0;(0) = p; and 0;(1) = p;+. Since ¢ is smooth, there is a point
z; = c(§;) for §; € (s;,8i41) and fori = 1,..., N — 1 with the following

properties. If y1 : [0, a;] — M are minimizing geodesics with y(0) = ¢(5;),
vi(ay) = c(siy1) and y_(a—) = c(s;) then

[L(y4(ay), 6i(1) — L(y+(0), ¢(i))l

+1£(eGi), —y-(0) = £(6:(0), —yi(a-))l

< Area {A(c(s))e(i)e(sig))} sup |G| < Clsipr — i)’
D

Here C is a positive constant depending only on the set D. Let ty : T M|y r(x))
— Ty M be the parallel translation along minimizing geodesics from points on
the convex ball B(x, r(x)) to Ty M. Then (1.3.3) implies that

Iz, (eCsig1)) - cGHIl _ k. &)G:) + Csins — 50)

Si+1 — i

and

leGi) — 7z, (sl _

Si — 8

(k, e)(3;) + CGi — si).
Therefore, from

7T — wigr1 = L(Gi+1(0), ¢(siv1)) + L(E(sig1, 6i(1))
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and letting N — oo, we have

N-1 ¢
li —w;) = k, ds.
Jin 3= = [ e
This proves Lemma 1.9.2. O

Remark 1.9.1. We observe that M \ D is strictly convex in a small neighbor-
hood around c(s) iff (K, e)(s) < 0. Also D is strictly convex iff (K, e)(s) > O.

Proof of the Gauss—Bonnet theorem. We divide Q@ C M into finitely many
geodesic triangles Ay, ..., Ay and disk domains Dy, ..., D,, as in Lemmas
1.9.1 and 1.9.2, in such a way that each break point of 9<2 is a vertex of some
disk domain and 9€2 is simply covered by the union of all the nongeodesic
edges of all disk domains. Such a division is obtained by covering the closure
€ of Q by finitely many small convex balls. The vertices consist of the centers
of convex balls, the break points of d€2 and finitely many smooth points on 9€2.

If k is the total number of components of 92, and if v, e and f respectively
are the total numbers of vertices, edges and faces of the division of €2, then we
have

v—e+ f=x().

Let v, and e, be the total numbers of vertices and edges respectively on 9€2.
Since each component of 92 is a circle, we observe that v, = e;. Setting

v; :=v — vp and ¢; := e — e, We see that
3f =ep +2¢; = vp + 2e;. (1.9.6)
If wy, ..., w, are the inner angles at vertices on d<2 that are not equal to v then

there are v, — r vertices on d€2 at which the inner angles are equal to 7. By
means of Lemmas 1.9.1 and 1.9.2, we have

k L m k
c(Q) + Zj£ (ki,e)ds =Y c(A)+ Y (D)) + Zf (k;, e) ds
i=1Y¢ i=1 j=1 i=1 Y

r

=2nv; +7w(v, — 1) + ij — fm.
j=1
Making use of v; = v — v, = v — ¢, and (1.9.6), we have proved (1.9.3).
If M has no boundary then (1.9.4) is direct from (1.9.3). Thus the proof is
complete. O

Finally, we discuss the Gauss—Bonnet theorem for special connected compact
sets on M. Let A C M be a connected and compact set with the following
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Figure 1.9.1

properties (see Figure 1.9.1):

(a) int A is a disjoint union of finitely many domains;

(b) A\ int A is a finite union of piecewise-smooth curves;

(c) if A, C M is an e-ball around A then A, does not change its topology for
all sufficiently small ¢ > 0.

The decreasing sequence { A, } of domains has its limit A as ¢ | 0. The boundary
dA of A is considered as the boundary of the completion of M \ A. If x € A
satisfies B(x,e) NintA = @ for a small ¢ > 0 and if B(x, &) \ A has two
components then such a point x on dA is understood as a double point and
B(x,e)N 0A as a double curve with reversed orientation. Such a dA is called
the fine boundary of A. We say that such an A has a fine boundary.

Theorem 1.9.1 (The Gauss—Bonnet theorem). If A C M is a compact set with
a fine boundary 0 A then

c(A) + A0 A) = 27 x(A). (1.9.7)

Proof. We first note that A(d A) exists by the assumption for d A, that A(dA;)
exists and that c(A;) + A(0A,) = 27 x(A,) for all sufficiently small ¢ > 0.
If b is a curve in A passing through a point x € A such that B(x, €) \ b has
two components for a small ¢ > 0 then the total geodesic curvature of b near
x is counted twice with opposite signs along dA,. If a is a curve in d A joining
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p to g such that B(q, ¢) \ A is connected for all small ¢ > 0 and such that p
is a regular point of d int(A) then the sum of two exterior angles of A, near p
is —m and the geodesic curvature integral of a semi-circle around g in A, is
7. If c is a curve in d A joining two points of d int(A) at which 9 A is regular in
such a way that int ¢ does not meet other curves in d A then the sum of the four
exterior angles of A, near the endpoints of ¢ is —27. Summing up these cases
and letting ¢ — 0, we conclude the proof. O






2

The classical results of Cohn-Vossen and Huber

We shall introduce the classical results obtained by Cohn-Vossen in [19] and
[20] and Huber in [39] by exhibiting a simpler method under more general
assumptions. For this purpose we need to consider the curvature measure over
an unbounded domain, not necessarily oriented, with possibly noncompact
boundary. The boundary curves may be divergent and hence certain conditions
for them will be required. Our ideas will lead to the natural compactification
of complete open surfaces for which the Gauss—Bonnet theorem is valid. Some
examples on the total curvature of complete open surfaces in R? are provided.
From these examples, one can begin to see the geometric significance of the
total curvature of complete open surfaces.

2.1 The total curvature of complete open surfaces

From now on let M be a connected, complete and noncompact Riemannian
2-manifold either with or without a piecewise-smooth boundary. In general we
cannot expect the Gauss—Bonnet theorem to hold for such an M. However, it is
still of interest to consider the Gauss—Bonnet theorem for noncompact surfaces.
For this purpose we need to ascertain:

(1) how to define the Euler characteristic of M
(2) how to make sense of the curvature integral over M.

For point (1) we are led to consider the notion of the finite connectivity of M.

Definition 2.1.1. M is by definition finitely connected iff there exist a compact
2-manifold N and finitely many points py, ..., px € N for k > 1 such that M
is homeomorphic to N \ {p, ..., pr}. M is by definition infinitely connected
iff it is not finitely connected.

41
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If M is homeomorphic to N \ {pi, ..., pr}, if p1,..., p¢ € int N and if
Pe+ls - -+ Px € ON then the Euler characteristic x (M) of M is

x(M) := x(N) - ¢. (2.1.1)

In the above case we say that M has k ends. Furthermore we observe from
x(S!) = 0 that

xOM) =k — ¢,

where x(d M) is the number of unbounded components of d M.

From now on let M be finitely connected. In view of the definition of the
finite connectivity of M, with boundary or without, we can always choose a
compact set 2 C M such that

(1) all compact components of dM are contained in int €2;

(2) 02 is a disjoint union of finitely many simple closed piecewise-smooth
curves;

(3) M \ 2 has £ tubes (or half-cylinders) and k — ¢ half-planes.

Definition 2.1.2. A compact set 2 C M is called a core of M iff Q satisfies
(1), (2) and (3) above.

It is clear that M admits a monotone increasing sequence {C;} of cores
exhausting M. Then all the C; are homeomorphic to each other and

x(M) = x(C;)  foralli. (2.1.2)

Regarding point (2) at the start of this section, we have already defined
the total curvature of M and the fotal geodesic curvature of dM. The total
curvature of a complete open 2-manifold M is defined without assuming its
finite connectivity, as follows.

Definition 2.1.3. The rotal curvature c(M) of M is defined by taking an in-
creasing sequence {C;} of cores exhausting M; then

c(M) := lim ¢(C)). (2.1.3)

The total curvature c(M) exists iff the improper integral [ 1y G dM exists in
[—o0, oo]. Namely, c(M) exists iff

/G+dM<oo or fG_dM<oo,
M M
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where G := max{G, 0} and G_ := G — G.If ¢(M) is finite then there exists
for every ¢ > 0 a number i(¢) such that

le(M) —c(C))| < & for all i > i(e), (2.1.4)

and in particular
f |G| dM < ¢ for alli > i(e). (2.1.5)
M\C;
If ¢(M) = —o0 then

/ G, dM < ¢ foralli > i(e). (2.1.6)
M\C;

The boundary condition for M will be discussed now. The boundary of M
may contain a divergent curve; here, a curve ¢ : [0, 1) — M is by definition
a divergent (or proper) curve iff for every compact set A there is a number
ty € (0, I)suchthatc(t4, 1) C M\ A. If c : R — 9M is anonclosed boundary
curve then both ¢|(_x,0) and c|o,«) are divergent. For a break point x; € 9 M
of dM, the inner angle at x; of dM is denoted by w; € (0, 27). Let e be the
inward-pointing unit normal to d M and k the geodesic curvature vector of M.
Let {/;} be a monotone increasing sequence of compact sets of dM such that
U;’i 1 1; = 0 M. With this notation the fotal geodesic curvature of d M is defined
as follows. The total geodesic curvature A(dM) € [—oo, +00] of IM is well
defined iff

AOM) = lim (1)) 2.1.7)
Jj—>o0

exists and is independent of the choice of {/;}.

Remark 2.1.1. If M has k ends as before then M \ C; has £ tubes and k — ¢
half-planes having divergent boundary curves cyyy, ..., cx. If [M(OM)] < oo
then so are all of A(cg41), ..., Alcy). If A(0M) = oo then A(c;) > —oo for all
J=4+1,... k,andif A(0M) = —oothenA(c;) < ocoforall j =£+1,..., k.

Now some examples of total curvature are provided.

Let M C R? be a complete noncompact surface without a boundary. The
total curvature of M is obtained by the Gauss normal map v : M — S?(1) as
follows. Let D := {(u', u*) € R?} be a domain and X : D — M be a local
expression for M C R®. By setting X; := dX(d/0u’) we have g;; = X; - X
fori, j = 1,2, and the area element dM of M is given by

dM = || X; x X»| du' du®.



44 2 Classical results of Cohn-Vossen and Huber

Let n be the unit field normal to M in R?. Then v(p) for p € M is defined by
the parallel translation of n(p) to the origin of R®. The structure equation gives

Xij=TiXe+hyn  fori, j=1,2,
n = —h;jg’* X, fori = 1,2,
where X;; = 9°X/(du'0u’), n; = dn/du’ and the h;; are the coefficients in
the second fundamental tensor of M. We then have
det hij

det dv = |In; X mp|| =
det 8ij

X1 % Xaf|.

If dX is the area element of S?(1) then the above discussion implies that v*d¥ =
KdM. Therefore

(M) :/ G dM = dx. (2.1.8)
M v(M)

This relation is employed to find the total curvature of M C R3.
Example 2.1.1. For a plane M = R? we have ¢(M) = 0.
Example 2.1.2. For a hyperbolic plane M = H?(—c?) we have ¢(M) = —oo.

Example 2.1.3 (Rotation surface of parabola). For a positive constant &, the
surface of revolution generated by a parabola y = kx?/2 is given as

M = {(rcos@,rsin@,kr2/2) eR:r>00<06< 2}
Setting u' := r and u? := @, we have ds? = (1 + k*r?) (du')? + r*(du?)* and
F112 = F121 = F%z =0,

1 -r 1 kr 2
= 1+ k2r?’ M= 1+ k2r?° Mo = r
Therefore we get

. —k2r2

Ron =g a7
(1 + k%r?)
and hence
k2
G=——7—=.
(1 + k222

Clearly v(M) covers the northern hemisphere of S?(1). Also, a direct compu-
tation shows that

) 2r pr k2r
C(M)z lim A /0 mdrd@:b‘r

r—o0



2.1 Total curvature of complete open surfaces 45

Example 2.1.4 (Two-sheeted hyperboloid). For a component of the two-
sheeted hyperboloid M = {(r cos 8, rsinf, Vk2r2 +1) e R r > 0,0 <0 <
2}, we have
K2(k* + Dr? 41
2 _ N2 4 203,242
ds —W(du) +r (du ) s
where u' :=r, u? := 6 and also

1
2 2 2
F1'2=F” =I5 =0, F12=;’

rl, = K P _rert
TR+ DR + Dr2 4+ 1) 2R+ Dr2+ 1

Thus we have
—k4}’2
IR ERSE

1
R 712

and
k4
K = .
(kK2(k* + 1)r2 + 1)

If we set tan ¢ = k then v(M) is the ¢-ball around the north pole, and hence
c(M) = 2 (1 — cos ¢). This can be shown by direct evaluation also:

2w r k4r
M) =1
C( ) ,g{,‘o 0 /0 (k2r2(k2+ 1)+ 1)3/2(1+k2r2)1/2

k2 k2r2 4+ 1
= JT —_—_—
202 + 1) + 1
0

) = 2n(1 — cos ).

dr do

1
-2 (1-
Example 2.1.5 (One-sheeted hyperboloid). By setting
F0) =V 41,
a one-sheeted hyperboloid is given as
M = {(f(t)cosO, f(t)sin,1) e R}, t e R,0 < 6 < 2x}.

Then
PR+ D2+ 1

ds* = ——5 o @Y + (@ + D ()
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and
F112 = F121 = F%z =0,
e () . K
2T RE+ DR+ 274y
_— k*t
k22 + DR K2 + D2 + 1)
This gives
: K2(k*t2 + 1)
R 71p =
(K2(k2 + D2 + 1)
and

—k2
KU+ D>+ 17
Setting tan ¢ := k for ¢ € (0, 7/2), we see that v(M) omits (/2 — ¢)-balls
around the north and south poles of 8%(1) and hence that ¢(M) = —4x sin .
Again, using direct evaluation,

2w t _k2
¢(M) = lim f dr do
oo fo o (G2 4+ D2 1)
4 k 47 si
= 47 = —47 sin @.
Vk? +1

2.2 The classical theorems of Cohn-Vossen and Huber

The classical well-known theorem due to Cohn-Vossen will be stated under
more general assumptions. We show here that the Huber theorem is derived
directly from the Cohn—Vossen theorem.

Theorem 2.2.1 (compare Satz 6, [19], Theorem 10, [39] and Section 3.4, [93]).
Let M be a connected noncompact finitely connected complete Riemannian
2-manifold. If M admits a total curvature and OM a total geodesic curvature
and if c(M) = —X(0M) = %00 does not hold then

2 x (M) — (c(M) + A0M)) > w x(IM). 2.2.1)

Theorem 2.2.2 (Huber [39]). If a connected, infinitely connected, complete
Riemannian 2-manifold M without boundary admits a total curvature c(M ) then

(M) = —co. (2.2.2)
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The following definitions of special geodesics are used throughout.

Definition 2.2.1. A unit-speed geodesic y : [0, oc0) — M is called a ray from
a compact set A iff d(y(s), A) = s for all s > 0. A unit-speed geodesic
y : R — M is called a straight line iff d(y (s), y(¢)) = |s — t| for all s, € R.

Note that if 0 M = () then there exists at least one ray emanating from every
point of M and that if M has more than one end then M admits a straight line.

Let H C M be a half-plane and let its boundary curve ¢ : R — 9 H admit
a total geodesic curvature. The inner distance py of H is induced from that of
M as follows:

pu(x,y):=inf{L(c) : cisacurve in H joining x to y}.

It follows from the length-decreasing deformation that every pair of points
X,y € H can be joined by a curve y in H whose length realizes the inner
distance py (x, ¥). Such a curve will be called a segment in H joining x to y. A
unit-speed curve y : [0, o) — H is called a py-ray iff every subarc of it is a
segment in H. A py-straight line is defined in a similar manner. The following
proposition, 2.2.1, is a direct consequence of the short-cut principle. The proof
is left to the reader.

Proposition 2.2.1. Let H C M be a half plane such that its boundary curve
admits a total geodesic curvature. If y : [0,a] — H is a unit-speed segment
in H then the following statements are true.

(1) Each component of y[0, a] Nint H is a geodesic in M.
(2) If the geodesic curvature vector K(so) of y at an interior point y (so) of y
exists and if y(so) € 0H then

(kr e)(SO) = 0.

(3) If'the geodesic curvature vector of y at an interior point y(sy) does not
exist and if y (so) € 0 H then the inner angle between — limg4,, v (s) and
limg 5, ¥ (s) is not less than 7.

(4) Each segment, pg-ray and pg-straight line in H admits a total geodesic
curvature.

Let ¢ : R — 9 H be the boundary curve of H and let p, : [0, 00) — R™ be
defined by

pe(8) == pu(c(=s),c(s)), s =0.

Clearly p,. is Lipschitz continuous, with Lipschitz constant 2, and hence is
differentiable almost everywhere. Let y; for every s > 0 be a segment in H
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joining c(—s)toc(s). Let Ay C H fors > 0be acompact set with fine boundary
ys U c[—s, s]. If y, does not meet d H at its interior then A; is a closed 2-disk
domain. If y; intersects d H atits interior then int A; may have at most countably
many disk domains. Moreover, the e-ball for sufficiently small & around Ay in
H is a disk domain. Then the Gauss—Bonnet theorem 1.9.1 implies that

c(Ay) + A(0Ay) = 2m,

and if the total geodesic curvature of y, is measured with respect to A, C H
then Proposition 2.2.1 implies that y; is convex with respect to A and that

A(ys) = 0.
With this notation we prove

Lemma 2.2.1. If a(s) and B(s) for s > 0 are inner angles at c(—s) and c(s) of
the compact set A, C H whose fine boundary is y; U c[—s, s] then

lim inf (e(s) + B(s)) < 71, (2.2.3)
and
lim sup p.(s) > 0. (2.2.4)
5§—>00

Proof. The first variation formula implies that if p. is differentiable at s then
dpc(s)

ds
Suppose that (2.2.4) is false. Then there is an ¢ > 0 such that limsup,_, ., o.(s)

< —e¢. We can find a sufficiently large number sy such that p/(s) < —e/2 for
all s > s¢. It then follows from

= cos a(s) + cos B(s). 2.2.5)

51
Pc(81) — pc(s0) = / po(s)ds for s > o

So

that
e e
Pc(s0) = pe(s1) + E(Sl — 50) > E(sl — 50).

Thus a contradiction is obtained for sufficiently large s; > s9. The rest is now
clear from (2.2.4) and (2.2.5). O

Lemma 2.2.2 (see Proposition 3.4.2, [93]). Let H C M be a half-plane ad-
mitting both c(H) and M(0H). If c(H) = —A(0H) = =00 does not hold then

c(H)+AM0H) <mx(0H)=m. (2.2.6)



2.2 Classical theorems of Cohn-Vossen and Huber 49

Proof. Let ¢ : R — 0H be a unit-speed boundary curve. For a monotone
divergent sequence {s;} of positive numbers with lim;_, o 5; = 00 we choose a
monotone increasing sequence {C;} of cores exhausting M, such that 9C; N H
for every i is a piecewise-smooth curve joining c(—s;) to c(s;). Let {¢;} be a
strictly decreasing sequence of positive numbers converging to 0. From Lemma
2.2.1 we find for every i = 1,..., a large number s; > s; and a segment y;
joining c(—s;) to c(s}) in H \ C; such that c[—s], s/] U y; forms the fine boun-
dary of a compact contractible set A; C H. If o; and §; are inner angles at
c(—s;) and c(s/) of A; then

o +Bi <m+eg for all i. (2.2.7)
Further, the Gauss—Bonnet theorem 1.9.1 implies
c(A;) + A0A;) =27 for all i.
Here we note that
MOAD) = Melog.) + 27 — a; — B + A(0). (2.2.8)
Since y; is convex with respect to A;, we have A(y;) > 0 and
c(Ap) + Mel—y.51) < o + Bi. (2.2.9)

Because lim;, oo ¢(A;) = c¢(H) and lim; -, oo A(cl[—y;,5;)) = M3 H) and because
c(H) = —M(0H) = o0 does not hold, we see that the limit as i — oo on the
left-hand side in (2.2.9) exists in [—o0, 7 ]. This proves Lemma 2.2.2. O

Corollary 2.2.1 (compare Satz 1 and Satz 2 in [20]). In addition to the assum-
ptions in Lemma 2.2.2, if p. is bounded above then

c(H) + MOH) = nx (3 H). (2.2.10)

Moreover, if p.(s) > 2s — L for a constant L > 0 and for all sufficiently large
s then

c(H) +AMOH) < 0. (2.2.11)

Proof. 1f p. is bounded above then there exists a monotone divergent sequence
{s;} with lim;_, o s; = 0o such that lim;_, «, p.(s;) = 0. This proves (2.2.10).
If p.(s) > 25 — L then limsup,_,  p.(s) = 2. In particular, there is a mono-
tone divergent sequence {s;} with lim;_,,, s; = oo such that lim;_, (ct(s;) +
B(s;)) = 0. This proves (2.2.11). O
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Lemma 2.2.3 (see Proposition 3.4.3, [93]). Let U CM be a half-cylinder
whose boundary is a piecewise-smooth circle. If c(U) exists then

c(U) 4+ AdU) < 7x(U) = 0.

Proof. Let U be a half-plane obtained by cutting open U along a geodesic ray
y : [0,00) — U from dU, and let 7 : U — U be the Riemannian covering
projection. Let 1, 7, : [0, 0c0) — aU be the lifted images of y. Then 7, [0, co)U
7~ 1(@U) U [0, o) forms the boundary of U and A(30) is finite. Lemma
2.2.2 then implies that ¢(U) + A(d0U) < m. If « and B are the inner angles
of U at the corners 71(0) and 7,(0), we can see from the construction of U
that

AB0) = AU) = (r —a) + (7 — ) — (7 — (a + B)) = .
This proves Lemma 2.2.3. O

Example 2.2.1. Let M C R® be arotation surface generated by a parabola, as in
Example2.1.3,andletU :={p € M;r(p) > 1}and D :={p € M;r(p) < 1}.
The parallel r-circle S(r) of M has a positive constant geodesic curvature «,
such that lim,_, » k£, = 0 and has length 27r. Since c(M) = 27, we observe
that lim,_, o, 27k, = 0. The universal Riemannian covering H of U has the
property that c(H) = —A(3dH) = oo. Then the limit of the left-hand side of
(2.2.9) as i — oo depends on the choice of {A;}. Let « > m be an arbitrary
fixed number and {6; } a fixed monotone increasing sequence of positive numbers
such that lim,_, ., 6; = co. We then choose for these constants a sequence {r;}
of increasing positive numbers such that the geodesic curvature of S(r;) is
(¢ —m)/(2r;6;). Let C; C H for every i be a compact set such that C; := {p €
H;1 <r(p) <ri,—0; <60(p) <06;}and set y; := 9C; \ 0H. Then {C;} is
strictly increasing and | J; C; = H. Moreover, y; for every i is convex with
respect to C; and «; = B; = 7 /2. Therefore A(y;) = « holds for all i. Thus the
limit on the left-hand side of (2.2.9) does not exist.

Example 2.2.2. Let M C R3? be a two-sheeted hyperboloid as in Example
2.1.4. Then every parallel r-circle S(r) has a positive constant geodesic curva-
ture k, and k, satisfies

lim ., =0 and lim 27rk, = 27 sin 6.
r—>o00 r—00

IfU :={p € M; r(p) > 1} and if H is the universal Riemannian covering
of U then c(H) = —A(0H) = oo. If D; is a monotone increasing sequence
of locally convex disk domains exhausting H, then lim;_, o, A(dD;) = —o0.
Thus we have lim;_, (c(D;) + AM(0D;)) = oo. We exclude the case where
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c(H) = —A(d H) = oo, for the compactification discussed later is not obtained
in general.

Proof of Theorem 2.2.1. Let Q2 C M be acore of M such that M \ 2 consists of

£ tubes and k — ¢ half-planes. Let Uy, ..., U, be all the tubes and Hy 1, ..., Hy
all the half-planes of M \ 2. We may assume without loss of generality that
2 is chosen such that if ¢; for each j = £ + 1, ..., k is the component of 92

touching d H; then the two corners ¢; N9 H; N dM of ¢; are smooth points of
OM.If a; and B; are the inner angles at these corners with respect to €2 then
the total geodesic curvature of ¢; with respect to €2 satisfies

Mcej)=AMc;NOIM)+(r —oj)+ (r — Bj) + Ac; NIH)),

where e is taken to be inward pointing with respect to 2. Thus we get

4 k
MOQ) =Y —r@U)+ Y (le; N M)+ A(c; NOH;) + 2 — at; — B;).
i=1 Jj=t+1

The Gauss—Bonnet theorem 1.9.1 and Lemmas 2.2.2 and 2.2.3 imply that

c(Q) + MOQ) = 27 x (M),
¢

> (e + M3U) <0,
i=1
k
> (c(H) + M0H)) < (k- O,

j=t+1
where
MOH) = —A(c; NOH) +M0H; NOM) +oj + B;.
Thus the proof of Theorem 2.2.1 is complete. O

Remark 2.2.1. We note that, in Theorem 2.2.1, 27t x (M) — {c(M) + A0 M)} is
independent of a change in the Riemannian metric on any compact set. Let M
be as in Theorem 2.2.1. By eliminating all the compact components of d M, we
can construct from M a new surface M, such that M, coincides with M outside
a compact set. Namely, d M, has k — £ components each of which is a divergent
curve and M, has £ tubes. Such an M| is obtained by pasting a disk domain
on-to each component of d M. Let g be a complete Riemannian metric on M,
such that g = gy on M \ C; for some i > 1. If follows from the first sentence
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of this remark that

2w x (M) — (c(M) + M(0OM)) = 2m x (My) — (c(My) + L(IM1))
> 7w x(IMy), (2.2.12)
where x(0M;) = x(dM) is the number of (unbounded) components of 9 M.

We see from this fact that we need only to discuss the noncompact components
of OM.

Theorem 2.2.1 has many consequences, as obtained in [19] and [20]. They
are stated as follows.

Corollary 2.2.2 (compare Satz 7, [19] and Theorem 11, [39]). In addition to
the assumptions in Theorem 2.2.1, if every half-plane H of M \ Q2 has the
property that py : [0, 00) — R is bounded above then

(M) + MOM) = 27 x (M),

where every tube is cut open along a ray from 2 lying with in it.

Corollary 2.2.3 (Satz 8, [19]). If a complete Riemannian 2-manifold without
boundary has everywhere positive Gaussian curvature then M is diffeomorphic
to a sphere, a real projective plane or a plane.

Corollary 2.2.4 (Satz 10, [19]). If M is homeomorphic to a plane (such an M
is called a Riemannian plane) and if G > 0 everywhere then M admits no
closed geodesic (either with self-intersection or without).

Corollary 2.2.5 (Satz 5, [20]). If a Riemannian plane M admits a straight line
and if c(M) exists then

e(M) < 0.

In particular, if G > 0 everywhere on M then M is isometric to a flat plane R>.

It was pointed out by Huber that the Gauss—Bonnet theorem holds for com-
plete noncompact Riemannian 2-manifolds with finite total area.

Theorem 2.2.3 (see Theorem 12, [39] and Corollary, [82]). Let M be a finit-
ely connected complete noncompact Riemannian 2-manifold with finite total
area. If M admits a total curvature then

(M) = 21 x(M).
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Theorem 2.2.3 is given later by a Bonnesen-type isoperimetric inequality for
sufficiently large metric balls (see Chapter 5).

Exercise 2.2.1. Prove Corollaries 2.2.2-2.2.5.

Generalizations to higher dimensions for Corollary 2.2.3 were obtained by
Gromoll and Meyer in [30]. They proved that a complete noncompact Rieman-
nian n-manifold without boundary of everywhere positive sectional curvature
is diffeomorphic to R". Also, Cheeger and Gromoll proved in [17] that a com-
plete noncompact Riemannian n-manifold without boundary of nonnegative
sectional curvature admits a compact totally geodesic submanifold S such that
M is diffeomorphic to the normal bundle over S in M.

Corollary 2.2.5 was generalized by Toponogov in [103] as follows. If a
complete Riemannian n-manifold without boundary of nonnegative sectional
curvature admits k independent straight lines then M splits isometrically into
a Riemannian product N x R¥, where N is a totally geodesic submanifold of
nonnegative sectional curvature and admits no straight line. The Alexandrov—
Toponogov triangle comparison theorem plays an important role in the proofs
of these generalizations.

For the proof of Theorem 2.2.2 we need the following lemma on the existence
of Morse exhaustion functions on noncompact manifolds.

Lemma 2.2.4. Let M be an n-dimensional connected and noncompact mani-
fold without boundary. There exists a Morse function f : M — R such that
f~ (=00, al for every a € R is compact and such that if pg, ..., Pm, ..., are
all the critical points of f then f(p;) =i foralli.

Proof. By means of the Whitney embedding theorem we can find a proper
embedding E : M — R*"*! such that E(M) C V := {g € R¥t!; Y7 (¢')?
< 1, qZ’“rl > 0}. Let v := (0,...,0,1) and choose a monotone divergent
sequence {f;} with lim;_, ., ; = oo such that ¢; for every j is a regular value
of the height function in v. Let V; := {g € V; t;_; < ¢*"*' < 1,}. The
Sard theorem for the Gauss normal map of E implies that if M; C M is a
submanifold with E(M;) = E(M) N V; then there is a sequence {v;} of unit
vectors for which each v; lies sufficiently close to v that the height function 4
for v; has no degenerate critical points on M ;. Clearly the gradient vector field
of h; is transverse to 0 M;, and hence there is a sufficiently small positive 7;
for every j such that & ; has no critical point on O; := {p € E(M); ptl e
(tj_] — nja_tj—l + 77/‘) U (tj — Nt + T)j)} Setting Wj = Vj U 0]' and
Y; :=V;\ Oj, we take a partition of unity {¢;} subordinate to {W;} such that
@j = lonY; and suppp; C W;. Then h := Z;’il @jh; is a well-defined
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Figure 2.2.1 The submanifold M; comprises the surfaces within the vertical region shown.

Morse function having no critical points on Ujozl O;. Itis not hard to construct
the desired f from A. This proves Lemma 2.2.4. O

Proof of Theorem 2.2.2. Let f : M — R be a Morse exhaustion function as
obtained in the previous lemma, and let {¢;} be a monotone increasing sequence
of regular values of f such that lim;_,, ¢; = o0o. The sublevel set M j o=
f~!(—o0, t;] for every j has as its boundary a finite union of circles. Then
£ t;, 0o) consists of a finite union of compact surfaces, tubes and noncompact
surfaces that are not tubes. Let M; be the union of M ; and all the compact
surfaces and tubes in f’l[tj, 00) (see Figure 2.2.1). We observe that M; for
every j is a connected, finitely connected, noncompact (or compact) surface
with compact boundary. We then choose a subsequence { My} of {M;} with the
following properties (see Figure 2.2.1):

(1) {M,} is strictly increasing and U;il M, =M,
(2) {x(My)} is strictly decreasing;
(3) dM; for every k is a finite union of circles.

For an arbitrary fixed k > 1, we can replace d M by simple closed geodesics
as follows. Let ¢ 1, ..., ck.m be since redundant the simple closed curves in
d M. Since each ¢y ; is the boundary of an unbounded component of f “tx, 00)
that is not a tube, there exists foreachi = 1, ..., m a closed nonnull homotopic
curve b; C M such that if ¢ is a closed curve freely homotopic to ¢, ; then
b N ¢ # B. A length-decreasing deformation can be applied to each ¢ ; to
obtain a simple closed geodesic oy ;, whose length attains the minimum of
all closed curves freely homotopic to ¢ ;. Thus the boundary curves of M
can be replaced by simple closed geodesics oy 1, . . ., Ok.m, and hence we may
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consider that M} = oy U - U ok . Now apply Theorem 2.2.1 to each My
to get c(My) < 2w x(My). This proves Theorem 2.2.2. ]

Exercise 2.2.2. Let M be a connected, infinitely connected, complete Rieman-
nian 2-manifold with nonempty boundary. If ¢(M) and AL(d M) exist such that
c(M) = —A(0M) = oo does not hold then does the Huber theorem hold?

2.3 Special properties of geodesics on Riemannian planes

We shall introduce some interesting results on the global behavior of geodesics
that were proved in [20]. Throughout this section let M be a Riemannian plane.
Namely, M is called a Riemannian plane iff it is homeomorphic to R2. Poles,
simple points and special properties of geodesics on M will be discussed.

A geodesic is called a complete geodesic iff it is defined over the whole real
line. A geodesic y : [a,b] — M is called a geodesic loop iff y(a) = y(b)
and y|[a, b) is injective. The point y (a) = y(b) is called the base point of the
loop.

Definition 2.3.1. A point p € M is called a simple point iff it is not a base
point of any geodesic loop. Define the following sets:

So 1 = {p € M; p is a simple point of M};
S1 : = {g € M; no geodesic loop passes through g};

P :={q € M;q is not a corner of any nontrivial geodesic biangle}.

From the definition we observe that
PcS cS.

It is proved in Theorem 2.3.7 below that every point g on P has the special
property thatexp, : T, M — M is injective. Such a point is called a pole of M.
If a complete geodesic has a self-intersection then it contains a geodesic loop.
Let y : [a, b] — M be a geodesic loop, D C M the disk domain bounded by
yla, b] and w the inner angle of D at the base point y(a) = y(b). Then the
Gauss—Bonnet theorem implies that

cD)=n+w

and hence that

/ Gy dM > .
M
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Thus M does not admit any geodesic loop, or equivalently no complete geodesic
of M has a self-intersection, if

M

Remark 2.3.1. Does there exist a geodesic loop on M if

f GidM > n?
M

No such loop does exist. In fact, a counter-example is constructed as follows.
Remove a disk from a plane and place a low hill D to cover the hole such that
/, p G+dM = a > 0, where « is a sufficiently small positive number. Place
m such low hills, disjoint on the plane M, in such a way that ma > 7 and
the distance between any two hills is sufficiently large. Then there exists no
geodesic loop on M. In this case it has zero total curvature.

An example of the proof technique used often in this section is as follows.

Let A C M be a closed disk bounded by a geodesic polygon. For a point
q € M \ A and for a point p € A let pg be a geodesic segment such that it
does not meet int A. The set A := A U pq has as its fine boundary pg U dA.
A is called locally concave iff all the inner angles of A are not less than 7;
also, A is called locally concave iff the inner angles of all the corners of its fine
boundary are not less than 7 (see Figure 2.3.1). If A is locally concave then
a length-decreasing deformation proceeds to its fine boundary. We then obtain
a geodesic loop at p that has the minimum length among all closed curves in
M \ int A with base point at p and freely homotopic to d(int A) in M \ int A.
If A is locally concave then we find for every point p ¢ A a geodesic loop at p
that has the minimum length among all the loops in M \ int A with base point
at p and freely homotopic to d A.

The following theorem shows that Sy is a bounded nonempty set on a
Riemannian plane with total curvature greater than 7.

Theorem 2.3.1 (see Satz 6, [20]). Assume that the total curvature of M is
greater than 1. For every bounded set A C M there exists a bounded set
N C M containing A such that all points of M \ N are the base point of some
geodesic loop and the disk domain bounded by such a geodesic loop contains
A in its interior.

The following proposition is useful for the proof of Theorem 2.3.1.

Proposition 2.3.1. Let A C M be a closed disk in a Riemannian plane M such
that d A consists of a geodesic polygon. Let c,, for every p € M \ int A be a
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p P p

Figure 2.3.1 Each compact set with a fine boundary is locally concave.

closed curve with base point at p that has the minimum length among all the
curves in M \ int A with base point at p and freely homotopic to d A. Then we
have the following.

(1) The function p — L(c) is Lipschitz continuous with Lipschitz constant 2.

(2) Leto : [0,£] — M \ int A be a minimizing geodesic from A to a point
q € M\ Aandlet f; : [0, £] — R be defined by f,(t) := L(co()). Then
f is Lipschitz continuous with Lipschitz constant 2.

(3) Lety : [0, 00) = M \int A be a ray from A such that ¢, N A # 0 for all
sufficiently large t. Then there exists for any ¢ > 0 a monotone divergent
sequence {t;} such that the angle at y(t;) of the curve cy ;) is less than e.

Proof. If pq for points p, g € M is a minimizing geodesic segment in M \ A
from p to g, then pg U ¢, U gp is freely homotopic to ¢, in M \ A and
L(cp) < L(cg) + 2d(p, q). This proves (1).

The proof of (2) is straightforward from (1).

We argue for the proof of (3) by deriving a contradiction. Let 6(¢) be the angle
at y(¢) of the disk domain D, bounded by ¢, (;y. By construction D; contains A.
Suppose (3) is not true. Then there exists a small &g > 0 and a large number £,
such that 6(¢) > g, for all t > 1.

The triangle inequality implies the asymptotic behavior of f, at infinity.
Namely,

| £,(t) —21] < L(BA)  foralls > 0.

Clearly D, contains y [0, ¢) inits interior. Thus the angle 6(¢) is divided by —y (¢)
into a(¢) and B(¢). If f, is differentiable at  then f; (t) = cosa(t)+cos B(t) <
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2 cos(6(t)/2). By means of (2) we have

fr(t) — f,(t0) < / ] 2 cos ?dt <2(t — to)cos%O

fo

for all #; > #,. This contradicts the asymptotic behavior of f,. |

Proof of Theorem 2.3.1. Suppose that there is a monotone divergent sequence
{p;} of points such that no p; is the base point of geodesic loops that are freely
homotopic to A in M \ int A. Let y; : [0, £;] — M \ int A for every j be
a minimizing geodesic from A to p;. We then choose a subsequence of {y;}
converging to a ray y from A. Because p; = y;({;) is not the base point of
geodesic loops freely homotopicto dAin M \ int A, we can see thatc, NA # @.
Clearly every point x on y; has the same property as p;,i.e.,cy N A # @. This
fact implies ¢, ;) N A # @, since y(¢) is the limit of {y;(z)}.

Setting a := c¢(M) — & > 0, we can choose a sufficiently large disk domain
B bounded by a geodesic polygon such that B D A,

¢(B)>7m+%  and / Glam < 2.
2 M\B 4

It follows from what we have supposed that there is a large number #(B) such
that p; for every j > t(B) is not the base point of any geodesic loop that is
freely homotopic to d B in M \ int B. Therefore (3) in Proposition 2.3.1 applies
toaray 7 : [0, 00) - M \int B from B. We then obtain a convex disk domain
D, bounded by ¢, for our choice of B and for ¢ sufficiently large that 0(¢) <
a/4. Then the convexity of D, implies that c¢(D;) + (m — 6(¢)) < 2m. However,
it also follows from our choice of B and from D, D B that

e(D,) = ¢(B) + ¢(D; \ B) > ¢(B) —/ IG| M > ¢(B) — =.
M\B 4

Thus a contradiction is derived. O

Example 2.3.1. Consider the rotation surface of the parabola defined in
Example 2.1.3. If y(s) = (r(s), 6(s)) is a unit-speed geodesic then

k2r

1+ k2r2

r

m(e/(s))2 =0,

r'(s) + (r'(5))* =
" 2 / ’
0"(s)+ —0'(s)r'(s) =0.
r
For an arbitrary fixed positive number ry, the initial conditions for y are set as

ol
y(0) = (ro, 0), y(0) = ﬁ("o, 0)/v/822(r0, 0).
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The modified Clairaut theorem (Theorem 1.3.2) then implies that

0'(s)r*(s) = rocos <;‘/(0), %(70, 0)) = ro.

Since y is parameterized by arc length,
Iy I = ¢ PA+Er?) + @) =1,
do? r* = ds? rg.
Eliminating ds? from the above relations, we have for r > rq
%_eray+ﬂﬂ)>
dr r2 (r2 — rg)

We observe that both 6(s) and r(s) are strictly increasing in s > 0. Thus we
have along y

o rov1+ k2r?

— >0 fors > 0.
dr rr?— rg
By using the inequality
1 k2 2
K2 — + r2 <0,
r2—r;
we obtain
do
o ro
dr r

Integration gives
"o r
Q(rl)—e(ro)>/ k—dr = klog —,
ro r ro

and hence

lim 6(ry) = +oo.

r—>0o0
Summing up, we see that the following are true.

(1) The image of y has infinitely many self-intersections.

(2) There exists a subarc y|[_,, 4 that is a geodesic loop with the property
that neither of the subarcs y|(;, ) and ¥ |(—oo,1,) has a self-intersection or
meets the 10op ¥ |[—s.1]-
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Moreover, since 6(s) is monotone increasing in s > 0, there exists aunique num-
ber R(r9) > 0 such that 6(R(rg)) = 7 or, equivalently, y (R(rg)) = (R(ro), ).
From +/1 + k2r2 < 1+ kr, we get

do ro(1 + kr) kr ro
- < = +

dr r\/r2 —rg \/rz —rg r\/rz—rg
7R V R(ro)* — re
(o) +tan ' ———

ro ro

We then have

T = 6(R(ry)) < krglog

Because R(r() is bounded below by the convexity radius around the pole of the

paraboloid, we see that
1\/R(r0)2_r§ T

lim tan™ ——— =
ro—0 ro

0|

Also, from

lim inf (kro log 2R(ro)) > —
ro—0 2

we see that liminf, .o R(rg) = oo.

Note that inf, .o R(rp) is attained at some r,. > 0. Let y, be the geodesic with
initial conditions

d
¥5(0) = (ry, 0), 7:(0) = @("*’ O)/V 822(r,.,0)-

Then the point y,(—R(ry)) = y«(R(r4)) is conjugate to itself along y, (see
Figure 2.3.2). Note also that Sp = {(r, 8); r < R(r,)} and that the set S| = P
is simply the origin of R>.

Example 2.3.2. Consider one component of the two-sheeted hyperboloid de-
fined in Example 2.1.4. Let y(s) = (r(s), 6(s)) be a unit-speed geodesic with
initial conditions

0
‘}/(O) = (r()vo)’ V(O) = %(FO,O)/V g22(r070)'
‘We then have
r"(s) + T}, (s))* + Tp(0'(s))* = 0,

0"(s) + gr/(s)é‘/(s) =0.
r
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1iry)

Figure 2.3.2

By the same method as in the previous example, we get for » > ry

o rg | K214k +1
dr — r (r2 — rg)(kzr2 +1)

Using the inequality

rid>+1)+1

K+l1l—-—— 5,
* 2+l
we get
do  rovkr+1
— < ——
d
oy r2—r§
and hence
S . =g
0(r1) —0(ro) < / roVk2 41— =Vk2 4+ 1tan™' ¥———.
7o rr2—r To
0
Thus we have
. V2 +1
lim 6(r) < ————.

r1—00 2
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It follows from

2.2 2 ,
%zﬁﬂ_k%gﬁ
that
%>\/k2+1_ k? 1 .
dr ~ k2r§+1rm
This gives
2 __ 2
9(7’1)—6’(r0)3\/k2+1_k2}§%tan—l%’

and therefore we have

T k?
lim 6 > k241 - ———.
r11—>moo (r) = 2\/ + kzrg +1

Summing up, we see that the following are true.

(1) Ifk < /3 (or equivalently if ¢(M) < ) then y has no self-intersection
for lim,, .o 6(r1) < .

(2) Ifk > /3 (or equivalently if ¢c(M) > m) then y has at most finitely many
self-intersections. Here the number of self-intersections of y is at most
(k* +1)/2 = m /2w — c(M)) if r is sufficiently far from the origin.

(3) &) contains a neighborhood around the origin.

The behavior of the complete geodesics in Examples 2.3.1 and 2.3.2 holds
for Riemannian planes of positive curvature. This is the simplest case. More
general properties of complete geodesics on Riemannian planes are discussed
later, in Chapter 8.

Theorem 2.3.2 (see Sitze 7, 8, [20]). Assume that M has positive Gaussian
curvature and c(M) > 7. If a complete geodesic y has a self-intersection then
the following are true:

(1) y(R) contains a unique geodesic loop y|[a, b];

(2) each of the subarcs y |(p,o0) and V| (—oo.a) Of v is divergent, has no
self-intersection and does not intersect the loop y|a, b] except at the base
point.

Furthermore, if o : [0, 00) — M has a self-intersection then:
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Figure 2.3.3

(3) o]0, o0) contains a unique geodesic loop, say o [a, b], such that
o0, a) U o (b, 00) does not meet the loop and o [b, 00) has no
self-intersection;

4) olb, 00) is divergent;

(5) o[0, oo) has at most finitely many self-intersections.

Proof. We choose a subarc y |, of y that is a geodesic loop.

We will prove that y|j5 ) has no self-intersection and does not meet the
geodesic loop except at y(b). Suppose that y |;5. o) has a self-intersection. We
can then find a subarc y | 4) With b < ¢ < d < oo that is a geodesic loop also.
Let D, D’ be the disk domains bounded by y[a, b], y[c, d] respectively. Three
cases occur.

First of all, if DN D" = @ then c(M) > ¢(D) + ¢(D’) > 27, a contradiction.

If DN D’ # ( then we can find parameters b’ € [a, b] and d’ € [c, d] such
that y(b') = y(d') € aD N ID’. Thus y |y 4 is a geodesic loop whose inner
angle at its base point is greater than 7, a contradiction.

Suppose finally that one disk is contained entirely in the other. Let D C D'.
Then the angle at ' (c) = y(d) of D’ is greater than 77, and hence ¢(D’) > 27, a
contradiction. The uniqueness of a geodesic loop in y[0, co) is now clear. This
reasoning also proves the injectivity of y|[5,o0) as well as of o |, o).

For the rest of the proof of Theorem 2.3.2, we need only to verify that every
geodesic y : [0, co) — M isdivergent. Suppose y thatis notdivergent. Then we
can find amonotone divergent sequence {¢;} such that {y(¢;)} converges to a unit
vector u € T, M for some point p € M. We now find a disk domain bounded
by a subarc of y and a geodesic of small length meeting the subarc almost
orthogonally (see Figure 2.3.3). Fixing a point ¢ ¢ D and a neighborhood
U, C M \ D, we can choose a small geodesic segment bounding D such that
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(D) > 2w — ¢/2, where ¢ := c(U;) > 0. This contradicts the Cohn-Vossen
theorem 2.2.1. O

Remark 2.3.2. The divergence property of geodesics is also proved by the
convexity of Busemann functions on n-dimensional complete noncompact Rie-
mannian manifolds of positive sectional curvature. This property shows that the
exponential map at every point on M is proper (see [30]).

Corollary 2.3.1. If M has positive Gaussian curvature and if the total cur-
vature of M is greater than w then every complete geodesic of M without
self-intersection is the boundary of a half-plane.

Proof. Let N be the north pole of S?> and H : M — 8? \ {N'} a homeomorph-
ism. From Theorem 2.3.2(2), the image under H of the two-point compactifi-
cation of a complete geodesic y : R — M is a simple closed curve passing
through A/, and hence it divides S? into two disk domains. This concludes the
proof. O

Theorem 2.3.3 (see Satz 10, [20]). Let M have positive Gaussian curvature.
If y1, y» are complete geodesics on M then they have at least one point of
intersection.

Proof. The proof is discussed into three cases.

Assume first of all that each of the y; has a self-intersection. Then Theorem
2.3.2(1) implies that y; for i = 1,2 contains a unique geodesic loop that
bounds a disk domain D;. Clearly ¢(D;) > 7 and ¢(M) < 2m. Thus we have
Dy N D, # 0.

Assume secondly that y;, but not y», has a self-intersection. Then Corollary
2.3.1 implies that y;(R) is the boundary of a half-plane of M. Let H; U H, =
M \ y1(R) be half-planes bounded by y;(R), thus A(0H;) = 0 fori = 1, 2.
Suppose y1(R) N y2(R) = @. Then a geodesic loop lying on y»(R) is contained
entirely in one of the half-planes. If H contains the geodesic loop then c(H;) >
7, contradicting Corollary 2.2.1.

Assume finally that neither y| nor y, has a self-intersection; further, suppose
that they do not intersect. Then y;(R) bounds an open half-plane H; in M such
that the intersection H := H; N H, forms an open strip homeomorphic to
{(x,y) € R?; 0 < x < 1}. We now apply (2.2.1) in Theorem 2.2.1 to H and
obtain c¢(H) < 0, a contradiction. O

Theorem 2.3.4 (see Satz 11, [20]). Assume that M has positive Gaussian cur-
vature. Then, passing through every point of M there exists a complete geodesic
without self-intersection.
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Note that if M has a positive Gaussian curvature and if ¢c(M) < m then no
complete geodesic on M has a self-intersection. Thus we consider only the case
where c(M) > m. We see from Theorem 2.3.1 that M admits geodesic loops. If
a complete geodesic y has no self-intersection then the technique developed in
the proof of Theorems 2.3.2 and 2.3.3 implies that y (R) passes through a point
on every fixed geodesic loop. Therefore we see that every complete geodesic
without self-intersection passes through a point of the disk domain bounded
by a geodesic loop. This phenomenon is easily seen in Examples 2.3.1 and
2.3.2.

Proof of Theorem 2.3.4. We discuss only the case where c(M) > w.Letp e M
be an arbitrary fixed point and choose a complete geodesic y : R — M with
10(0) = p. Assume that y, has a self-intersection. Let €, := yy[a, b] be the
unique geodesic loop in yp(R) and Dy the disk domain bounded by &,. Choose
an orthonormal-frame field {e, e;} along &, such that e;(y(t)) = yo(¢) and
ex(yo(t)) is inward pointing with respect to Dy for ¢ € [a, b]. The orientation
of (ey, e>) is coherent with that of M. The unit circle S,(1) C T, M has the
arc length parameterization 6 : [0, 2] — S, (1) such that 6(0) := y(0). Thus
the unit vectors at p are identified with values in [0, 27). Let y, : R - M
for u € [0, 2m) be a complete geodesic with y,(0) = p and y,(0) = u for
u € [0,2m).

Suppose that there is no complete geodesic without self-intersection through
p-Then y, : R > M forevery u € [0, 21) contains a unique geodesic loop &,
bounding a disk domain D,,. The continuity property of geodesics in their initial
conditions implies that there is a small positive number ~ with the property that
{e1, ez} can be chosen continuously along &, for all u € [0, &) in such a way
that e (y,(¢)) = y,(t) and e>(y,(¢)) is inward pointing with respect to D,,, while
the orientation of (e}, e;) is coherent with that of M. However, it is impossible
to choose such an orthonormal frame field continuously along y,, ! Let A be the
set of all parameters {u € [0, )} with the property that there is an orthonormal-
frame field along €, such that e; = y,, e, is inward pointing with respect to
D, and the orientation of (ej, e;) is coherent with that of M. Clearly 0 € A
and hence A # (J. Moreover, A contains an interval I = [0, a). It follows from
what we have supposed that y, has a self-intersection. A continuity argument
implies that

¢, =1lim¢,, D, = lim D,.
u—a

u—a

Thus we see that a € A and, in particular, / is open. Therefore we get w € A,
a contradiction. O
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The following theorem 2.3.5, shows the existence of a maximal geodesic
loop at a point on M.

Theorem 2.3.5 (see Satz 12, [20]). Assume that M has positive Gaussian cur-
vature and that c((M) > m. Let p € M be the base point of a geodesic loop.
Then there exists a geodesic loop €, with base point at p having the following
property: if D, is the disk domain bounded by €, then the closure D » of Dy
is totally convex. Namely, every geodesic segment joining any points on D, is
contained entirely in D,,.

Remark 2.3.3. A set A is called totally convex iff every geodesic segment
joining two points in A is contained entirely in A. The geodesic loop &), is
maximal in the following sense. If € is a geodesic loop with base point at p
and if D’ is the disk domain bounded by & then D’ C D,,.

Proof. Let € be a fixed geodesic loop with base point at p and D the disk
domain bounded by €. If « is the inner angle at p of D, we observe that o < 7.

Fix as anticlockwise the orientation of S,(1) and let [a, b] := S,(D) be the
tangent unit vectors to D at p. Then

a=>b—a, a<b<a+m.

Let {€&, },ca be the set of geodesic loops at p, where A is an index set. Let D,
and i, forevery A € A be respectively the disk domain and its inner angle at p.
Setting

lay, bi] :=S,(Dy), AEA,
we observe that
o, = b, — ay, a, < b, <a; +m,
and also (see Figure 2.3.4)
b—nm<a,<b<a+m, b—m<a<b, <a+m.
Note that
D, ND, #9, D, ND #0, forall A, u € A.

The proofs of a; < b and a < b, can be checked by supposing otherwise; then
D N D, = @ (see Figure 2.3.5).
In order to find the maximum geodesic loop at p we set

ap = inf,\eAa,\, b() = supkeAbA.
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Figure 2.3.4
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Figure 2.3.5

If ay is attained by some a; then €, is the maximum geodesic loop at p. In fact,
suppose that b, < b, for some p € A. We then find, by using the short-cut
principle, a geodesic loop ¢ at p whose disk domain contains D, U D, (see
Figure 2.3.4).

Thus we assume that

ap = liminfay,.
rEA

We then have the following assertion.

Assertion 2.3.1. If ag = liminfycp a; then there exists a geodesic loop €,
at p that is tangent to ay. Moreover, if by is the other tangent vector to
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(1)

ao

Figure 2.3.6

&, at p then

by = sup b, = limsup b;.
reA reA
Proof. Let y(t) := exp, tap be a complete geodesic. Suppose that y has no
self-intersection. Then Corollary 2.3.1 implies that it divides M into half-planes.
From b, < ag + 7 for all A € A, there is a half-plane H containing D, such
that 9 H = yy (R). Then a contradiction is derived from Lemma 2.2.2.

Thus we see that y; has a self-intersection. Theorem 2.3.2(1) implies that
1o (R) contains a unique geodesic loop, say &j. Let Dy be the disk domain
bounded by €&, and s its base point. Then €, N €, # @ for all L € A. In
fact, if it is supposed otherwise then a contradiction is derived from 27 <
c(Dg) + c(Dy) < c(M).

We next assert that p € €. Suppose p ¢ &,. Clearly &, N €, # @ for
all A € A. Let £ > 0 be such that y[0,£) N D, = @ and yp(£) € €, for
some A € A (see Figure 2.3.6). We can then find a geodesic biangle consisting
of %[0, £] and the subarc of &, between p and yy(£). Since the inner angle
at y(£) of this biangle is greater than 7, a length-decreasing deformation of
this biangle with base point at p provides a geodesic loop €, with base point
at p bounding the disk domain D, that contains D, U Dy in its interior. Let
[a., bi] :== S,(D,). Then a, < ay, a contradiction to ay = infyecp a,. If £ < 0
then the disk domain D, bounded by &, is obtained in the same manner. Then
b, > ay + m, a contradiction to the relation b, < ay + 7 for all A € A. This
proves p € &. O

We shall assert that D, N Dy # @ for all A € A. Recall that

ap < a,, by —1m <ayg<a,+, forall A € A.
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ap > )

ay | < by

Figure 2.3.7

We then observe that positions of the two geodesic loops in which they have
two points of intersection with €, as in Figure 2.3.7, do not occur. Also, there
is no geodesic loop €, having three points of intersection with &. In such a
case a contradiction is derived from a; + 7 < ag orag < by — 7.

Now suppose that D, for some A € A is not contained entirely in Dy. We
can then find a point ¢ € &, N &, and subarcs of &, and &, between p and
q that form a geodesic biangle whose angle at g is greater than 7. Thus the
length-decreasing deformation of this geodesic biangle with base point at p
provides a geodesic loop &, at p such that the disk domain D, bounded by
€, has the following property: if we set [ay, b.] := S,(Dy) then a, < ao; this
is a contradiction. Thus we have proved that all the geodesic loops at p are
contained entirely in Dy, and so

D, C Dy forall L € A.

Finally, let £, be the length of &,. Suppose that there is a subsequence {¢;}
such thatlim;_, o, £; = co.Choose a parameter 7, such that p = yy (fo). Theorem
2.3.2(2) implies that yy(#p) € M \ Dy and in particular that yy (fo+1) € M\ Dy.
Since lim;_, o, @; = ag, we have expp(to + 1)a; € Dy for all i with £; > ty + 1.
Then a contradiction is derived from yy (fp + 1) = lim;_, », €xp p(to + 1a;.

The above argument shows that {¢;} is bounded above. Therefore we can
choose a convergent subsequence {{;}. Letting £ := limy_, o, £, we see that

p = lim exp, {ra; = yo(to).
k—o00

Now the second statement of Assertion 2.3.1 follows from the maximal
property of the disk domain Dy bounded by &;. Suppose that there exists
a geodesic segment B joining two points x, y € & lying outside Dy. Sup-
pose, further, that the geodesic biangle consisting of § and a subarc of &
bounds a disk domain E containing p. Then c(E) > 2m follows from the
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Gauss—Bonnet theorem, a contradiction. Thus E does not contain p. The length-
decreasing deformation proceeds to the geodesic triangle with edges px, py
and B, and eventually a geodesic loop at p is obtained that contains the maximal
disk domain Dy, a contradiction to the choice of ag. By setting €, := &g and
D, := Dy we conclude the assertion.

The total convexity of D, has also been proved in the above paragraph. [

The following theorem, 2.3.6, ensures that the set S; is nonempty.

Theorem 2.3.6. Let M have positive Gaussian curvature and c(M) > m. If
o : R — M is a complete geodesic without self-intersection then there exists
a point g € o(R) that is not the base point of any geodesic loop.

Proof. Suppose that every point on o (R) is the base point of some geodesic
loop. Let €, for every x € o(R) be the maximal geodesic loop with base point
at x, as in Theorem 2.3.5.

We first assert that €, N o (R) is a single point {x}. If it is supposed otherwise
then there exists a geodesic loop at x that contains &, in its disk domain, a
contradiction (see Figure 2.3.7).

Setting x; := &, N(oc(R)\{x})and, fori > 1, using induction on the maximal
geodesic loop €; at x;, which is the unique intersection &;_; N (o (R) \ {x;_1}),
we see that the disk domain D; bounded by €&; is contained entirely in D;_;
and that x; lies in the interior of the subarc of o (R) between x;_; and x;_,. If
«; is the inner angle at x; of D; then ¢(D;) = m + «; implies that {«;} is strictly
decreasing. A contradiction is derived from the positivity of the convexity radius
over a compact set bounded by €&,. In fact, for any small positive number n
there are large numbers i > j such that d(x;, x;) < n. Clearly x; is an interior
point of &;_; and &; makes an acute angle at x; that is less than o;. Therefore
¢, intersects €;_; near x;, a contradiction. This proves Theorem 2.3.6. O

The global behavior of complete geodesics on M with positive curvature and
c¢(M) > m is now discussed. As is seen in Example 2.3.1 for a paraboloid,
there are two distinct geodesic loops with the same base point. This can be seen
by liminf, o R(ro) = oc. In fact this relation shows that if a point p on a
parabola, as in Example 2.3.1, is sufficiently far from the origin then there are
two geodesic loops with base point at p, one of which passes through a point
close to the origin.

From Theorem 2.3.5 we see thatif p € M is the base point of some geodesic
loop then there exists a maximal geodesic loop €, at p. Let D, be the open
disk domain bounded by €,. The inner angle of D, at p is less than 7. Thus
the set of all unit vectors at p tangent to D, forms an open interval S,(D,) of
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Figure 2.3.8

the unit circle S,(1) C T, M. Set
J,:=1{y :R—> M; y(0)=p, £7(0) ¢ S,(D),)}.

Then Corollary 2.2.1 (and see also the proof of Theorem 2.3.5) implies that
any y € J, cannot be the boundary of a half-plane and hence has at least
one self-intersection. Let € be the unique geodesic loop lying on y (R), D the
corresponding disk domain and s € & the base point of €. The total convexity
of D p implies that D, C D. Therefore every geodesic y € J, has a unique
geodesic loop containing D, in its disk domain (see Figure 2.3.8).

We next discuss complete geodesics emanating from p and passing through
points in D). Set

Jp={y :R—> M; y(0) € S,(D,)}.

We then observe that the following possibilities occur.

In the first case there exists a complete geodesic y € J, that has no self-
intersection. This occurs if P # ¥ and if y passes through a point on P
(Definition 2.3.1).

In the second case, y € J, has a self-intersection. Let € C y be the unique
geodesic loop with base point at s and D the disk domain bounded by € (see
Figure 2.3.9). Three possibilities occur for the point s:

(1) s ¢ Dp;
(2) s=pand D C Dp;
(3) se Dyand D C D,.

Now the properties of the special sets Sy, S; and P will be discussed.
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Figure 2.3.9

Theorem 2.3.7 (see Sitze 14, 15 and 16, [20]). Assume that M has positive
Gaussian curvature. Then the following statements are true.

(1) For every point p € P, the exponential map exp,, : T,M — M isa
diffeomorphism.

(2) No complete geodesic emanating from a point on Sy has a
self-intersection.

(3) Every geodesic joining any two points on Sy lies in Sy.

4) If c(M) > 7 then every geodesic joining two points on P lies in S;.

Proof. Clearly no geodesic y : [0,00) — M with y(0) = p € P has a
self-intersection; then y has no conjugate pair on it. In fact, if it is supposed
otherwise then a subarc y |y, for sufficiently large # > 0 is not minimizing,
and hence y(t) is joined to p by a minimizing geodesic. Thus p is the corner
of a geodesic biangle, a contradiction to the choice of p. This proves (1).

For (2), suppose that a complete geodesic y with y(0) = p € &) has a self-
intersection. Let y [a, b] be the unique geodesic loop at y(a) = y(b) and D,
the corresponding disk domain. Since p € &), we may consider that a > 0.
Clearly y[0, b] is the fine boundary of the compact set [0, a] U D_y(a). The
length-decreasing deformation applies to this fine boundary with base point at
p and provides a geodesic loop at p. This contradicts the choice of p € §; and
proves (2).

For (3), suppose that there is a geodesic segment g;g, joining g1, g2 € Si
such that a point r € g1¢; is the base point of some geodesic loop. Theorem
2.3.5 implies that there is a maximal geodesic loop &, at r. As was seen in
the proof of (2), the complete extension o of g;¢g; has no self-intersection. We
then observe that &, N (o (R) \ {r}) is a single point, say ;. We may consider
that the points are either in the order gy, r, r{, g or in the order qy, r, g2, r1.
In both cases we observe that g;» U €, forms the fine boundary of a compact
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set and hence obtain a geodesic loop at g;, a contradiction to the choice of
q1 € Si.

For (4), suppose that there exists a geodesic segment p; p, with py, p» € P
such that a point ¢ € p;p, lies on a geodesic loop bounding a disk domain
D. Let y be the complete extension of p; p, and let s be the base point of the
geodesic loop. Then y divides M into two half-planes, say H; and H,. We may
assume that s € H, and hence that H; \ D has all its corners on y (R), with all
the inner angles less than 7. We then observe from g € p; p, that at least one of
the two points pj, p; is not contained in D. In fact, suppose p;, p» € D. Then
H; N D has at least two components Dy, D, such that p; € D, and p; ¢ D,.By
the length-decreasing deformation procedure, we can find a geodesic joining
p1 to a point, away from D, on y and lying in H; \ D,, a contradiction to the
choice of p;.If p; ¢ D, we can then find a geodesic joining p; to a point on y
by the same manner. Thus a contradiction is derived. O

Remark 2.3.4. In the proof of the statement (1) we have used only the length-
decreasing deformation method, and hence (1) is valid for all Riemannian
planes.

At the end of this section we introduce a result by Bangert (see [10]) that
generalizes Theorem 2.3.4. The proof uses the Lusternik—Schnirelmann method
for the length-decreasing deformation of homotopy curves.

Theorem 2.3.8 (see [10]). Every complete Riemannian plane admits at least
one complete and divergent geodesic without self-intersection.






3
The i1deal boundary

The concept of a (geometric) ideal boundary was originally invented by Gromov,
see [7], and he defined Hadamard manifolds and nonnegatively curved comp-
lete noncompact 2-manifolds. In this chapter, we will present the ideal boundary
M (o0) of a noncompact manifold M admitting a curvature at infinity A (M),
this was first defined in [91] and is a very powerful tool to with which study the
global geometric properties of such an M. Some new aspects and theorems will
be included in this chapter, in particular a detailed study of the topological struc-
ture of the ideal boundary M (co) and the compactification M =MUM (00),
which were introduced briefly in [93, 97]. We will establish a triangle compari-
son theorem for triangular domains having small total absolute curvature. This
will be applied to prove that the scaling limit of M is isometric to the Euclidean
cone over the ideal boundary M (oco) with Tits metric, provided that the curva-
ture at infinity of M is finite. A variant of the triangle comparison theorem was
given in [98] with the aim of studying the limits of two-dimensional manifolds
under an L? curvature bound, p > 1. In the last section, we will study the
asymptotic behavior and exhaustion property of Busemann functions, which
have been treated in [78, 79, 91].

3.1 The curvature at infinity

Letc : I — M be a piecewise-smooth curve in a two-dimensional Riemannian
manifold M, where I C R is an interval. We fix a side of ¢ to determine the
normal vector field e and the inner angles w; at the vertices x; of c. Let x(s)
be the geodesic curvature of ¢ at c(s), s € I, with respect to the normal vector

75
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field e, and define

ey = [wpads+ Y G- o,
A

x;€c(A)
e = [ W) ds+ Y o,
A x;€c(A)
for any Borel subset A of I, where (x); := max{x, 0} and (x)_ := —min{x, 0}

for x € R. It is easy to verify that A are positive Radon measures on c([).
Therefore A := Ay — A_ is a signed Radon measure on c({). If ¢ C M
then A(c) := A(c(1)) is compatible with the total geodesic curvature defined in
Section 1.9 and in (2.1.7). Set Agps := Ay + A_.

Definition 3.1.1 (The curvature at infinity). Let M be afinitely connected com-
plete two-dimensional Riemannian manifold, possibly with piecewise-smooth
boundary. The curvature at infinity of M is defined to be

hoo(M) := 21 x (M) — 7w x (AM) — c(M) — A(OM),

which exists only when at least one of
/ G dM + A (0M) and / G_dM + A_(dM)
M M

is finite.

The Cohn-Vossen theorem says that Lo (M) > 0if Ao (M) exists. The Gauss—
Bonnet theorem says that Ao.(M) = 0 if M is compact. When A, (M) exists,
both fM G, dM and A (0 M) are finite, because of A.(M) > 0.

Example 3.1.1
(1) For the Euclidean plane R? we have
roo(R?) = 277
(2) If M is a paraboloid then A (M) = 0.
(3) For the hyperbolic plane H*(—1) we have A (H*(—1)) = +o00.

(4) If M is the universal covering space of {(x, y) € R?; x> + y > 1} then
Aoo(M) = 400.
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Figure 3.1.1 Riemannian half-plane

Lemma 3.1.1

(1) If C is a core of a noncompact M for which Ao.(M) exists then

hoo(M) =D " hoo(V),
Vv

where V runs over all connected components of M \ C.

(2) If a Riemannian half-plane V is split into Riemannian half-planes V;,
i =1,...,k bydisjoint proper curvesa; : [0, +00) > V,i=1,...,k—1
(see Figure 3.1.1), and if Aoo(V) and the Ao (V;) all exist, then

)\oo(v) = )\oo(vl) +-- 4+ )"oo(vk)

(3) If a Riemannian half-cylinder V is split into Riemannian half-planes V;,
i =1,...,k, bydisjoint proper curves o;: [0, 400) — V,i=1,...,k
(see Figure 3.1.2), and if Loo(V') and the Ao (V;) all exist, then

)\oo(v) = )\oo(vl) + -+ )‘oo(vk)

Proof. The proofs are straightforward (cf. the proof of Theorem 2.2.1). O

Proposition 3.1.1. If M, M' and M" are such that their curvatures at infinity
all exist M = M UM" and M' " M" C 9M' N OM" then
Aoo(M) = )\oo(M/) + )\oo(M”)-

Proof. There exists a core C of M suchthat C' :=CNM andC" :=CNM"
are cores of M’ and M” respectively. For any connected component V of M \ C,



78 3 The ideal boundary

a2

V1 V2

Vs V3

Qs V4 Qg

Figure 3.1.2 Riemannian half-cylinder

we can find all the components V;,i = 1,2,...,of M'\ C’ and M” \ C” that
are contained in V. Then, since V and the V; together satisfy the assumption in
either (2) or (3) of Lemma 3.1.1, we obtain

ooM) = " Aao(V) =YY hoo(Vi) = hoo(M') + hoo(M").
Vv Vv i

Exercise 3.1.1. Prove the following.

(1) The curvature at infinity Ao (M) of M is an invariant of any deformation
inside a compact set.

(2) Let M be such that A, (M) exists, and let « : [0, +00) — M be a curve
such that A(«) exists and is finite and M \ « is connected. Then the
curvature at infinity of the completion of M \ « exists and is equal to
Aoo(M).

(3) If M and M’ are such that their curvatures at infinity exist, and if M’ is
isometrically embedded into M, then

Aoo(M') < Aoo(M).

3.2 Parallelism and pseudo-distance between curves

From now on, let M be a finitely connected complete noncompact two-
dimensional Riemannian manifold, possibly with boundary, for which the cur-
vature at infinity A, (M) exists. For any curve : [ — M from an interval I of
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R to M, we put

E(a) :={t € I; a|in[t—e,1+<) for any € > 0 is not a minimal segment}
and

Cy = {a : [0, +00) — M; « is a simple proper piecewise-smooth curve

such that Aps(| @) < 400}
Obviously, if « N IM = @ then M| g)) = Ala).

Remark 3.2.1. Any piecewise-smooth curve «: [0, +00) — M entirely con-
tained in dM is an element of Cy, because A(c|g)) = A+(a) < AL(OM) <
+ oo with respect to a suitably chosen side of «.

We say that curves c;: I, — M,i =1, ..., k, together bound a region D of
M fif there exist lifts ¢;: I; — 0D of ¢;, i = 1, ..., k, into the fine boundary
aD of D (see Section 1.9) such that each ¢; is an into-homeomorphism and
UL, &) = dD.

Two curves « and B in Cy, are said to cross each other (or simply cross) if
both «(¢) and B(¢) tend to a common end of M as t — +o0 and if there exists
no curve joining «(0) and B(0) that, together with « and B, bounds a region
of M in the above sense. Two curves « and B in Cy, are said to cross each
other near infinity (or simply cross near infinity) if o4 +o0) and By +oc) for
any a, b > 0 cross each other.

Let « and 8 be two curves in Cy; such that «(¢) and (¢) tend to a common end
of M and do not cross near infinity, i.e., &|[4,+o0) and B|[p.+o0) for somea, b > 0
do not cross each other. Then there exists acore C of M suchthata|; +00) N C =
{a(a)} and B|p.4+00) N C = {B(b)}. Let V be the connected component of
M \ C containing both &|[4 +00) and By, +o0)- When V is a Riemannian half-
cylinder then o4 100y and By, +o0) together divide V into two closed regions,
say D(a, ) and D(B, o), where the orientation of D(w, 8) (resp. D(B, «))
induced from V is compatible with the direction of the parameter of S5 4+
(resp. o|a,+o0)); see Figure 3.2.1.

When V is a Riemannian half-plane, then o4, +00) and Bl(p.+00) together
divide V into three closed regions, one of which, say D, touches both & and 8.
We define only one of D(«, 8) and D(8, ) by

D(«, B) if the orientation of D is compatible
D =: with the direction of the parameter of 8,

D(B,a) otherwise;

see Figure 3.2.2.
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D(o, 3)

I(8.a)

D(A. o)

Figure 3.2.1 The case where V is a Riemannian half-cylinder.

Now set 1(&, B) := D(@, ) N aV for any (&, B) € {(«, B), (B, @)}. In the
case where o|[4, +00) = Bl[p,+00), WE agree that

D(a, p) := ala, +00) = B[b, +00) and I(a, p) := {a(a)} = {B(D)}.

Note that although for given o and § we have many choices of D(«, 8), de-
pending ona, b > 0and the core C, we will pick up just one of them. Of course,
this notation is defined when M is a Riemannian half-plane H or a Riemannian
half-cylinder N.

For a Riemannian half-plane H, a relation < on Cy is defined by the fol-
lowing: for two curves «, B € Cy, @ < B is true if there is a core C of H for
which D(«, B) is defined. Note that both « < § and 8 < « hold iff & and 8
have a common subarc in Cy. The relation < is reflexive and transitive but not
antisymmetric.

Definition 3.2.1. A functiond,: Cy x Cpy — R U {400} is defined as follows.
Leta, B € Cy be two curves. If a(¢) and B(¢) tend to different ends as t — +o00
then d (o, B) := +00. Assume that they tend to a common end. If « and g
cross near infinity then d (e, 8) := 0. If they do not, we can find a V as above
corresponding to « and B. If V is a Riemannian half-plane then

roo(D(a, B))  ifa < B,

doo(a, B) =
@R =B ay Bz

Ifa < Band B < a then D(w, B) = D(B, o) is just the image of acommon sub-
arc of o and B, and we agree that doo (o0, §) = Loo(D(, B)) = Aoo(D(B, @) =
0. If V is a Riemannian half-cylinder then

doo(et, B) = min{doo(D(a, B)), hoo(D(B, a))}.
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Figure 3.2.2 The case where V is a Riemannian half-plane.

The function d, is obviously nonnegative and symmetric, and will later be
proved to be a pseudo-distance function on Cy, (see Theorem 3.3.1 below).

Lemma 3.2.1. If a sequence {c;}i=12... of piecewise-smooth curves (point-
wise) converges to a piecewise-smooth curve c then

(D liminf;_, o0 Aaps(ci) = Aans(c),
(2) liminf;_, o0 Aabs(ci |E(c,-)) > )"abs(C|E(c))-

Proof. (1): We first claim:
Sublemma 3.2.1. The following, (i) and (ii), hold:

(1) There exists a smooth approximation ¢; of c; tending to ¢ as i — 00 such
that for, any two numbers a < b,

lim inf Aaps (i lja,57) = iminf Agps(Ci la,51)-
1—00 =00

(i) In addition, for any two numbers a < b there exist a; and b;, with
a <a; <b; <bforeveryi, suchthatlim;_, . a; = a, lim;_, , b; = b and

,IEBO MCilas,bi1) = McClia,py)-
If the sublemma is assumed to be true then (i) and (ii) together imply that
lim inf Aans(Cil{a.61) = 1A (C]ia.b))] for any two numbers a < b,
1—> 00

which proves (1) of the lemma on noting the arbitrariness of a and b.
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Oi,t

éi(t)

Figure 3.2.3

Proof of Sublemma 3.2.1. (1): The proof of (i) is easy and will be left to the
reader.

(ii): For any t € [a,b] andi = 1, 2, ..., denote by o0;, a minimal segment
from c(t) to ¢;(¢), and set

8 := sup d(c(t), ¢i(1)),
rela.b]

0,(t) := L(&(1), 6;,(0)),  Bi(1) 1= L(&i(1), =61 4(L(07,1)));

see Figure 3.2.3.

We can choose ¢; in such a way that &;(#) # c(¢) for any ¢. Then o, is
nontrivial, so that 6;(¢) and 0;(¢) are defined for all # € [a, b]. Assume that i is
sufficiently large. We now prove

Sublemma 3.2.2. For any € > 0 andt € [a, b] there exists T = T(e,t) €
[a, b] such that |t — T| < 8; /€ and | cos 6;(T) + cos 6;(T)| < e.

Proof of Sublemma 3.2.2. Tt suffices to prove that if three numbers #; < , and
€ > 0 satisfy |cos 6;(¢) + cos 6;(t)| > e for any t € (t;, ) thent, —t; < §; /€.
Since i has been assumed to be sufficiently large, o;, is uniquely determined,
so that 6;(¢) and 6, (¢) are continuous in ¢ € [a, b].

In the case where cos6;(t) + cosb;(t) > € for any t € (1, 1), the first
variation formula implies that

d(c(t2), ¢i(t2)) — d(c(ty), Ci(t1)) = / 2(0059,-(1) + cos 6;(1)) dt

> e(fh — 1),
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c(a;)

Figure 3.2.4

the left-hand side of which is less than or equal to §;, and thus
h—1n < 5,‘/6.

In the case where cos 6;(t) + cos6;(t) < —e for any t € (¢, 1), a similar
discussion also yields

h — 1 <(Si/€. O

Let us continue the proof of part (ii) of Sublemma 3.2.1. We can find a
sequence {¢;} of positive numbers such that lim; . €; = lim; o 6;/€¢; = 0.
Applying Sublemma 3.2.2 we set a; := T (¢;, a) and b; := T (¢;, b) and obtain

a <a;, l1m a, =a, b, <b, hm b, =0b,
11— 00

1—>00

- - (3.2.1)
lim (6;(a;) + 6;(a;)) = lim (6;(b;) + 6;(b;)) = 7.

We now find a point p (resp. g) so close to c(a) (resp. c(b)) that a minimal
segment joining p and c(a) (resp. c(b)) is unique. Let &, &, n;, #i; be four
minimal segments respectively from p, p, q, g to c(a;), ¢;(a;), c(b;), €;(b;), and
let A; and B; be the domains bounded respectively by the triangles o; ,, U§; U g
and o; 5, U n; U 7j;; see Figure 3.2.4. We can find a curve ¢ joining p and ¢ in
such a way that the two quadrangles c U& U ¢ Un; and & U & U ¢ U #j; each
bound a disk, say D; and D; respectively. As i tends to infinity, D; and D; tend
to the same limit disk D, whose boundary is a quadrangle with vertices c(a), p,
q and c(b). It follows that lim;_, oo (£c(a)Ai + L&,a)Ai) = T, Where /, R denotes
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the inner angle of a region R at a point x € 9 R. By this and (3.2.1) we have
11m Zc(ai)Di = hIIl ZE,-(a,)Di = ZC(H)D,
11— 00 1—>00
as well as
hm Zc(b,-)Di = hm Zéi(b,)bi = Zg(b)D.
1—> 00 1—> 00

By lim;_, o, /,A; = 0 and lim;_, o, /, B; = 0, we obtain
lim ZpDi = lim ZPDi = ZPD’

i—00 i—00

lim /,D; = lim /,D; = /,D.
11— 00

1—00
Moreover
lim ¢(D;) = lim ¢(D;) = c(D).
1—> 00 1—> 00
Thus, applying the Gauss—Bonnet theorem,
AMcliap) = ll_lglo Aclg; b)) = ll_lglo MCilia; b))
which completes the proof of Sublemma 3.2.2. O

Thus the proof of part (1) of Lemma 3.2.1 is complete.

Let us show part (2) of Lemma 3.2.1. Since lim; .o, ¢c; N M C c N IM,
we obtain lim; o Ci|E(;) D ¢lE(), Which together with (1) proves (2). This
completes the proof of Lemma 3.2.1. O

Definition 3.2.2 (Proper convergence). Let «: [0, +00) — M be a curve, and
let {o; : [0,a;) = M};—1 ... be asequence of curves such that each A(c;)
exists and lim;, o, a; = +00, where 0 < a; < +o00. We say that {¢;} properly
converges to o if {o;} converges to o as i — oo and the following, (P1) and
(P2), hold:

(P1) lim;—, 1 oo liminf; oo d(p, tti|(t.0) = +00 for a fixed point p € M,
(P2) lim;—, 100 limsup;_, o Aabs(@|1r,0)nE@)) = 0.
This notion of convergence is called proper convergence.

Example 3.2.1

(1) Letw € Cpy and o; := a|p,4,1, ai — +00. Then {«;} properly converges
to .

(2) When a sequence of minimal segments converges to a ray, this is a proper
convergence.
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Proposition 3.2.1. If a sequence {«;: [0, a;) — M} of curves properly con-
verges to a curve «: [0, +00) — M then o € Cy.

Proof. (P1) implies that « is proper. (P2) and Lemma 3.2.1 together prove the
existence and finiteness of A(c|g(a)). O]

Definition 3.2.3 (Parallelism). Two curves «, 8 € Cy are said to be paral-
lel if there exist two sequences {«; : [0, a;]— M} and {B; : [0, b;] — M} of
piecewise-smooth curves properly converging respectively to & and § such that
ai(a;) = Bi(b;) foreach i.

Obviously, if two curves «, 8 € Cy; are parallel then both () and B(¢) tend
to a common end as t — +00.

Let X be a (not necessarily two-dimensional) Riemannian manifold possibly
with boundary.

Definition 3.2.4 (Asymptotic relation). A ray o in X is said to be asymptotic
to aray T in X if there exist a sequence {o; : [0, s;] — X} of minimal segments
tending to o and a sequence {¢;} of positive numbers tending to +oo such that
o;(s;) = 1(;) for each i. We call such aray o a coray of t.

It follows that when a ray in M is asymptotic to another ray in M they are
parallel. Notice that the asymptotic relation is not necessarily symmetric.

Proposition 3.2.2. Ifa sequence of rays o;,i = 1,2, ..., in X asymptotic to a
ray T in X converges to a ray o in X then o is asymptotic to t.

Proof. Assume that a sequence of rays o; in X asymptotic to a ray 7 in X
converges to aray o. Then, for each i, there is a sequence of minimal segments
0. 10,81 - X, j=1,2,...,such that lim;_, . 0; ; = o0; and 0;(s; ;) =
7(t;,;) for any j, where 1; ; is some sequence tending to 0o as j — oo. If we
take a sufficiently large j(i) against each i then o; ;) converges to o and #; ;)
toooasi — o0. O

Let H be a Riemannian half-plane for which the curvature at infinity exists.

Lemma 3.2.2. Let ¢ be a compact arc in H, and let {p;}i=1.2..... be a sequence
of points in H tending to infinity (i.e., d(p;, c) tends to +00). Assume that given
curves o; and B;, i = 1,2, ..., all connect ¢ to p; and that a subarc of ¢, «;
and B;, for each i, bounds a compact contractible region D; (see Figure 3.2.5).
If the sequences {a;} and {B;} properly converge to two curves o and B in Cy
respectively then the inner angle of D; at p; tends to zero as i — 00, and we
have do(a, B) = 0.
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o

Figure 3.2.5

Proof. The limit region D := lim;_, , D; is bounded by «, the subarc of ¢ from
a(0) to B(0), and B. Thus, it follows that lim;_, o(AM0D;) — (w — £, D;)) =
A(d D), which, together with the Gauss—Bonnet theorem, shows that for any
compact subset K of H,
c(DNK)= lim ¢(D; N K) = lim (c¢(D;) — c(D; \ K))
11— 00 11— 00

= lim 27 — A(@D;) — ¢(D; \ K))

lim (7 — A(dD) + /,, D; — ¢(D; \ K)).
11— 00
Since c¢(D; \ K) < fH\K G, dH,

7'[—c(DﬂK)—)L(E)D)—i—limsup[piDi5[ G, dH.

i—00 H\K

If K is increasing and tends to H then ¢(D N K) converges to ¢(D) and
fH\K G, dH to zero. Thus

doo(at, B) +limsup £, D; < 0. O

i—00

Proposition 3.2.3. If o, B € Cy are parallel then d(a, ) = 0.

Proof. If o and B cross near infinity, the conclusion is trivial. Assume that «
and B do not cross at infinity and that « < §. We can find a compact subarc
c: [0, £] — 0 H of d H such that the direction of the parameter of ¢ is compatible
with the orientation of d H and then assume «Nc¢ = {«(0)} and BNc = {B(0)} by
extending or cutting o and 8. Since « and § are parallel, there exist sequences
{a;: [0,a;] — H} and {B; : [0,b;] — H} of curves properly converging to
o and B such that «;(a;) = Bi(b;)) =: pi, o Nc = {«;(0)} = {«¢(0)} and
Bi Nc = {B;(0)} = {B(0)} for every i (see Figure 3.2.6). Denote by H; the
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Figure 3.2.6 The case p; ¢ H;.

Di = D

¢(0) c(l)

Figure 3.2.7 The case p; € H;.

completion of H \ A(¢; U B;), where A(A) denotes the union of a subset A of
H and of all bounded connected components of H \ A. Let p; be a point in
dA(; U B;) such that

du,(pi,c) = (egmax dp,(x,c) when p; ¢ H,

where dp, denotes the interior distance function on H; (i.e., dy, (x, y) is the
infimum of the lengths of all curves in H; joining x and y) and

pi:=pi  whenp; € H,

(see Figure 3.2.7). Now find a minimal segment ¢&; : [0, a;] — H; (resp. ,3,- :
[0, Bi] — H;) in H; joining c(0) (resp. c({)) to p;. Note that ¢, & and B,-
together bound a compact contractible region in H containing A(c; U S;).
Substituting a subsequence we assume that {¢&;} and { Bi) converge to two curves
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@, B: [0, +00) — H respectively. It follows that @ < o < B < B. Let us show
that lim;_, oo & = @& and lim;_,~, B; = B are properly convergent. Condition
(P1) in Definition 3.2.2 is easily checked, so let us verify only condition (P2).
Let &, n: [0, +00) — 9 H be the two curves respectively emanating from c(0)
and c(£) such that & |9, +o0) and 170, +o0) are the two components of 0 H \ c. Since
{o;} and {B;} properly converge to « and B, there exists a sequence {s;},>0 of
positive numbers tending to +o00 as t — oo such that, for all sufficiently
large i and for all ¢ > 0,

Q;lt,a; 1N (o UBUEUNR)
C o;ls, a;]U Bilsy, bi] U ELsy, +00) U nls;, +00),

and hence

Aabs(@i lir,a0nE@)) < Aabs(@ilis,a1nE@) + Aavs(Bills, a;1nEB:))
+ Xabs(€ I s, +00)nEE®)) T Aabs (M (s, +00)nEM))-

Since lim; o, ¢; = & and lim;_, o, B; = B are properly convergent and since
&, n € Cy, we obtain
lim lim sup Aas (& l11.0,1nE@;)) = 0.
=+ 00
Thus {&; } properly converges to &. A similar discussion yields that { 8;} properly

converges to f.
Applying Lemma 3.2.2 yields that do(&, 8) = 0, and hence

doo(@, B) = oo(D(a, B)) < hoo(D(@, B)) = doo(&, B) = 0. 0

Lemma 3.2.3. Forany two curves o, B € Cy crossing each other near infinity,
there exist two curves o_, 04 € Cy such that

o_ S a, ﬁ S U+ Clnd doo(aiv (X) = dOO(Ui’ ﬁ) = 0

Proof. Extending o and B if necessary, we assume that «(0) and B(0) both lie
ondH.LetdH: R— 9 H denote a unit-speed parameterization that is positive
with respect to the orientation of H, and let H' be the closure of the component
of H \ (a U B) containing d H(—t) for all sufficiently large r > O (see Figure
3.2.8). Since both & and B are simple, there exist p; € H' NaeNB,i = 1,2, ...,
tending to infinity. For each i, we can find a minimal segment o; in H' from
a fixed point py € dH' to p;; we denote by D; the compact region in H'
bounded by o;. The closure of | J; D; is aregion in H’ bounded by the limit ray
limii)oo O; =.0_.
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Figure 3.2.8

A discussion similar to that in Proposition 3.2.3 shows that o; properly con-
verges to o_. Applying Proposition 3.2.3 yields o € Cy and

doo(0_,a) = dx(o_, B) = 0.
The existence of o is proved in the same way. O
Lemma 3.2.4

(1) If three curves a, B,y € Cy satisfy o < B < y then

doo(t, y) = doo(@, B) + doo(B, ¥).

(2) Iffour curves a, B, y—, y+ € Cy satisfy that « and B cross near infinity
and that y_ < o, B < y4 then

doo(Ol, Vi) = doo(ﬂv Vi)

(see Figure 3.2.10).
(3) If three curves a, B, y € Cy satisfy that o and B cross near infinity and
that so do B and y, and if @ < y, then

d(a, y) =0
(see Figure 3.2.9).
Proof. (1): Obvious (cf. Lemma 3.1.1).

(2): Applying Lemma 3.2.3 for « and 8 in D(y_, y+) for some core, we
can find o1 such that y_ < o < o, 8 < oy < y; and do(0x, ) =
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Figure 3.2.9

Figure 3.2.10

dso(o+, B) = 0. Hence, by (1),

doo(0t, Y1) = doo (01, Y1) = doo(B, V).

(3): By Lemma 3.2.3, there exist 0_, 0, € Cy suchthato_ <, 8,y <oy
and doo(0—, &) = doo(0_, B) = doc(B. 0+) = doo(y, 01) = 0. Hence

doo(at, y) = doo(0-,04) =ds(0-, B) + dw(B,04) = 0. O

Proposition 3.2.4. The function dy: Cy x Cy — R U {400} is a pseudo-
distance function.
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Proof. It suffices to prove the triangle inequality
doo(av V) Edoo(a, 13)+d00(131 V) fOr any Ol, IBaV € CH

If doo(ar, y) =0 then the inequality is trivial. We can assume without loss of
generality that do(or, y) >0 anda <y. [f B<a <y, a<B<pyora<y <P
holds then applying (1) of Lemma 3.2.4 yields the triangle inequality. If none
of these hold, (2) and (3) of Lemma 3.2.4 prove the triangle inequality. O

3.3 Riemannian half-cylinders and their
universal coverings

Let N be a Riemannian half-cylinder for which the curvature at infinity exists.
Lemma 3.3.1. If Aoo(N) = 0 then doo(ar, ) = 0 for any a, B € Cy.

Proof. Let a, B € Cy be two curves. If @ and 8 cross near infinity then the
conclusion is trivial. Otherwise,

doo(@, B) < Aoo(D(@, B)) + Aoo(D(B, @) = Loo(N) = 0. O]

Let pr: N — N be the universal covering. For any curve a € Cy, denote by
a" for n € Z all the different lifts in N of « such that --- < ™! < o <
a! < ....Leto be arayin N such that 0 N N = {o(0)}. Then the o for
all n € Z do not intersect each other and in particular do not cross each other.
For m < n, let I(c™, ¢") be the subarc of N from o (0) to o”(0), and let
D(o™, o) be the Riemannian half-plane in N bounded by o, (¢, ¢") and
o™; see Figure 3.3.1. (The boundary dN could be considered to be a core
of N.)

Exercise 3.3.1. Prove that any two curves o, 8 € Cpn on), N < 1, satisfy
doo(pr o Ol, pr © /3) E doo(av ﬂ)

Lemma 3.3.2. For any two integers m < n and for any curve c in D(¢™,c")
connecting o™ and ", we have

MO = (1 — m) <—M8N) - / G+dN> .
N

Proof. Applying the Gauss—Bonnet theorem to the compact region, say D, in
D(c™, o") that is surrounded by ¢™, I(c™, 0"), 6" and ¢ yields

(n— m)f GidN > c(D)> —m — AMc) — (n —m)AL(ON)
N

with respect to a suitable side of ¢, which completes the proof. O
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Figure 3.3.1

Lemma 3.3.3. If Aoo(N) > O then there exists a Riemannian sub-half-cylinder
N' of N such that

—A(BN’)—/ G.dN > 0.
N

Proof. Let N’ be any Riemannian sub-half-cylinder of N such that 9 N’ inter-
sects o perpendicularly at only one point. Then N’ is a neighborhood of the
end of N, and it suffices to prove that if N’ is decreasing and N \ N’ tends to
N then —A(ON’) — fN/ G dN tends to Aoo(N). In fact, if Aoo(N) < +o00 (or
equivalently if c¢(N) is finite) then

—M(ON") —/ G dN = As(N) —/ G_dN,
N’ N’
and the right-hand side of this tends to Ao (V). If Lo (N) = +o00 (or equivalently
if ¢c(N) = —00) then
—AON") = —A(ON) —c(N \ N'),
which tends to +o00 and, besides, f et dN tends to zero. O

Lemma 3.3.4. If Aoo(N) > O then any curve @ : [0, +00) — N with proa €
Cy is entirely contained in D(¢™, o") for integers m < n.

Proof. Let N’ be as in Lemma 3.3.3, and let @ : [0, +00) — N be a curve such
that proa € Cy. Then there exists anumber ¢ > O such that prod|;, ;o) C N'.
It follows that

(@11 400 < K (—,\(azv’) - / G+dN> —n

’

for sufficiently large & € N, so that Lemma 3.3.2 completes the proof. O
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Proposition 3.3.1. The function dy: Cy X Cy — R U {+0o0} is a pseudo-
distance function.

Proof. By Lemma 3.3.1, it suffices to consider the case where A,.(N) > 0. To
prove the triangle inequality

doo(a7 y) = dOO(av 18) + doo(,Ba V) for any «, ﬂa Y € CN

we find aray o from d N. By Lemma 3.3.4, there exist two integers m < n and
lifts @, B, 7 in D(¢™, 6™) of a, B, y such that

doo(@, B) = doo(@, )  and  doo(B, ¥) = doo(B, 7).
Applying Proposition 3.2.4 to H := D(c™, o") yields
doo(@, V) < doo(@, 7) < doo(@, B) + doo(B, 7) = doo(@, B) + doo(B, y). O

For a finitely connected 2-manifold M admitting a curvature at infinity, we
obtain the following:

Theorem 3.3.1. Thefunctiond,: Cp XCp — RU {400} isapseudo-distance
function.

Proof. Since Cy; splits into components Cy for all connected components V of
M \ C, where C is a core of M, the theorem follows from Propositions 3.2.4
and 3.3.1. ]

Lemma 3.3.5. Assume that Aso(N) > 0, and let {@;: [0, a;) — N} be a se-
quence of piecewise-smooth curves converging to a curve & € Cg. If {pr o &}
properly converges the to pr o @ then there exist two integers m < n, indepen-
dent of i, such that the &; for all i and & are entirely contained in D(c™, o™).

Proof. By Lemma 3.3.3, substituting a sub-half-cylinder of N we may assume
that

€ := —A(ON) —/ G, dN > 0.
N

From Lemma 3.3.4, there exist two integers m’ < n’ such that & is contained
in the interior of D(¢™', o). Define two integers m and n to satisfy

m —m=n—n"=min{k € N; k > 7/e}.

Suppose that there exists a subsequence {&@ g} of {&;} such that no «; is
contained in D(0™, o"). Assume without loss of generality that every &g
intersects both o™ and ™ (see Figure 3.3.2). Since & ;) tends to @ as i — 00,
each &) has a subarc &;;)l[,, ;) connecting ™ and o™ such that #; and ¢ both
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a
Figure 3.3.2
tend to infinity. Lemma 3.3.2 implies that
Mabs(@ ) 11.a,0)) = M@ iy |g,n)| = (m" — m)e — > 0,
which contradicts (P2), Definition 3.2.2, for pr o & ). O

Theorem 3.3.2. If o, B € Cy; are parallel then dy (o, B) = 0.

Proof. When Ay (N) =0, the theorem follows from Lemma 3.3.1, so assume
that Aoo(N) > 0,andleta, S € Cy be parallel. Find two sequences {«; : [0, ;] —
N}and {B;: [0, b;] - N} of piecewise-smooth curves properly converging to
o and 8 such that «;(a;) = B;(b;). There exist lifts &;, @, B;, B of a;, o, Bi, B
for every i, such that {@;} and {f;} properly converge to & and f respectively
and @;(a;) = Bi(b;). By Lemma 3.3.5, there exist two integers m < n in-
dependent of i such that &;, &, B i ,3 are all contained in D(c™, ™). Since
{@;} and {B;} properly converge to @ and 8, applying Proposition 3.2.3 yields
ds(@, B) = 0. O

3.4 The ideal boundary and its topological structure

Let us now give the definition of the ideal boundary of a finitely connected
2-manifold M for which the curvature at infinity exists.

Definition 3.4.1 (Ideal boundary). The ideal boundary M(c0) of M is defined
to be the quotient space of Cy modulo d (-, -) = 0. The pseudo-distance func-
tion d on Cy, induces a distance function on M (oc0), which we call the Tits
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distance and also denote as d,. Denote by «(c0) the class in M (co) represented
by @ € Cy.

The ideal boundary M (co) has the decomposition

M(o0) = J V(o0),
\4

where V is any connected component of M \ C for a fixed core C of M.

Lemma 3.4.1. For any x € M(00) and any compact subset K of M, there
exists a ray o from K such that o(00) = x.

Proof. Let K C M be a compact subset, and x € M(oco0). We can find a curve
a € Cy such that a(00) = x. For a sequence {t; — o0} of positive numbers,

leto; fori = 1,2, ..., be minimal segments from K to «(¢;). Then there exists
a subsequence {0} of {0;} converging to aray o from K. Since @ and o are
parallel, we obtain o (c0) = x. O]

Set M~ := MUM(x) (a disjoint union) and call it the compactification of
M. We will define a topology of M. Let D be any finitely connected closed
noncompact region in M such that dD \ Cp for a core Cp of D consists of the
images of finitely many curves in Cy,. Then the curvature at infinity of D exists,
and D(o0) is defined. There is a natural embedding D(co) C M(00), so that
D :=DU D(00) is embedded into M. In the same way, the curvature at
infinity of D’ := M \ D exists and we have D’ = D' U D'(c0) C M " and
DTUD T =M.

Let {V, }1eum be a canonical fundamental neighborhood system of M and, for
X € M(00), let N} be the family of all 500, where D is as above and satisfies
x ¢ D’(00).

Definition 3.4.2 (Topology of M™). A topology of M is defined to have
{N:i}, 7> as a fundamental neighborhood system. We usually employ the
restricted topology of M on M(c0).

Trivially, the inclusion map M — M is an into-homeomorphism. For a
Riemannian half-plane H admitting a curvature at infinity, the relation < on Cgy
induces a total order relation on H(c0), say < also, which is compatible with
the restricted topology on H (c0). Note that the Tits metric d, is not necessarily
compatible with the topology of M (c0) defined here (see Example 3.5.1 below).

Once the canonical topology of M "™ has been defined, any curve o € Cy
naturally extends to a curve defined on [0, +-00] continuously, i.e., a(¢) tends
to a(00) =: a(+00) as t — +o00o. Note however that, since we do not know
at present whether M is a Hausdorff space, the limit of «(¢) as t — 400
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is not necessarily unique. We will prove later that M is a two-dimensional
topological manifold with boundary.

Acurvea: [0, +00] — M~ is called apiecewise-smooth curve if a|jp +oc) €
Cuy and a(+00) = a(00).

Lemma 3.4.2. Let {«;: [0, a;] — Moo}i:],z,w be a sequence of piecewise-
smooth curves, where 0 < a; < 4+00. If {&;|[0.4,)} converges to a curve a € Cy
then

lim o;(a;) = a(00).
1—> 00

Proof. Find any fixed neighborhood D™ € Ny (o). It will suffice to show that
o;(a;) € D for all sufficiently large i. Suppose the contrary. Since «[#y, +00)
C int D for some large #y > 0, there is a sequence b; — 0o such that «;(b;) €
int D for all sufficiently large i. Since «; (a;) ¢ 5°O,we have o;[b;, a;)NoD # @
for all sufficiently large i, so that « is parallel to a curve contained in 9D =
d D’ that belongs to Cp. This proves that a(co) € D’(c0), which contradicts

500 € Na(oo)- O

Let C be a core of M. The set dM \ C consists of finitely many disjoint
curves in Cy;. Denote these boundary curves by 9y, ..., 9 : [0, +00) — IM.
We set

Rc :={all raysin M from C} U {0y, ..., di}.

For any p € M \ C denote by Ry » the set of minimal segments from C to p,
and put

R Re » if p lies on none of the 3;,
Cop = ’ e .
! Re. p Y0iplo,em} if p lies on 0;(, for some i(p),
where £(p) > 0 is a number such that p = 9;(,)(€(p)). Note that R¢ and R¢ ),
are sequentially compact with respect to the pointwise-convergence topology.
The following lemma is important.

Lemma 3.4.3. Let 0,7 € R¢ be two different curves for which D(o, T) is
defined with respect to the core C (see Section 3.2) and contains no curves
in Rc¢ except o and t. Then there exist a sequence {p;} in D(o, T) with
lim;_, o d(p;i, C) = +00 and two sequences of curves o;,t; € Rc p, that
converge to o and T respectively.

Proof. Find a continuous arc ¢ : [0, £] — D(o, T) connecting o to t that does
not intersect o and 7 except at ¢(0) and c(£). Let € > 0 be a small number.
We first claim that there exists a connected neighborhood U, C D(o, t) of the
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end of D(o, t) such that any curve in R¢ , with p € U, does not intersect
cle, £ — €]. In fact, if not there are sequences p; € D(o, 1) and y; € Rc p,
such that lim; d(p;, C) = +o00 and each y; intersects c[e, £ — €]. A limit of y;
intersects c[€, £ —e] and is an element of R ¢, which contradicts the assumption
of the lemma. Thus the above claim has been proved.

We now set

E, (resp. F¢) := {p € U,; some curve in Rc¢ )

intersects c[0, €] (resp. c[€ — €, £])}.

It then follows from the claim that E. U F, = U,. Since any limit of minimal
curves intersecting a compact set A is a minimal curve intersecting A, both
E. and F, are closed in U.. Therefore, from the connectivity of U,, we have
E.NF.#0Q.

Lete; — 0be asequence of small positive numbers. Without loss of general-
ity we may assume that d(C, U,,) — oo. Take a point p; in the nonempty inter-
section E, N F, for each i. Then for every i there exist two arcs 0;, T; € Rc,),
such that o; intersects E,, and 7; intersects F¢,. This completes the proof. [

Leto, T € Re, pi € D(o,t)and o;, 7; € Rc,p, be asin Lemma 3.4.3. Then
the union o; U 1; divides D(o, 7) into two closed domains, one of which is a
compact subset, say D;, with | J; D; = D(o, 7). Lemma 3.2.2 (cf. Proposition
3.2.3) implies:

Corollary 3.4.1. The inner angle of D; at p; tends to zero. The curves o and
T are parallel in D(o, t), and A»(D(0, 7)) = 0.

Let o, for x € M(0c0) denote a ray from C to x, i.e., d(o,(t),C) = t and
0,(00) = x. The existence of o, follows from Lemma 3.4.1. A closed region
D, in M for x € M(o0) is defined as follows. For each x € M(00), if the
component V of M \ C with V(0c0) > x satisfies Aoo(V) = 0 then D, := V.
Otherwise,

D, = U{D(a, 7); 0, T € R are such that o(c0) = 7(00) = x,
D(o, t) is defined and A.(D(o, 7)) = 0}.

By Lemma 3.4.2, there exist o, ox* € R¢ for any x € M(oo) such that

D, = D(o, o) provided that the component V corresponding to x satisfies

* X

Aoo(V) > 0.
Lemma 3.4.4. We have

D, =M\C.
xeM(o0)
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Proof. Let p € M \ C be a point. If some curve in R¢ passes through p then
obviously we have p € D, for some x € M(0c0). Assume that no curve in R¢
passes through p. Then there exist o, T € R¢ such that p € D(o, 1)\ (0 U 7).
The sequential compactness of R¢ shows that we can choose ¢ and t such that
D(o, t) is minimal with respect to the inclusion relation. This D(o, t) satisfies
the assumption of Lemma 3.4.3, so that 0 (c0) = 7(00) =: x. Thus we obtain
p € D(o, 1) C D,. O

Define a map [1¢c: M \ C — M(oc0) by the following: for any p € M \ C,
we can find a point x € M(oco) with p € D, and set [1¢(p) := x. Note that,
for a given point p € M, an x € M(oco) with p € D, is not necessarily unique,
because a ray may branch at a boundary point of M. For the definition of I1¢
we choose one such x. In the following lemma, we are concerned with the
uniqueness of x. Setting dM(c0) = {09;(00), ..., dk(c0)}, where a1, ..., O
are defined as in the proof of Lemma 3.4.2, we have:

Lemma 3.4.5. For any neighborhood U in M(c0) of dM(00), there exists a
compact subset Ky of M with the following property: for each p € M \ Ky, if
a point x € M(co) with p € D, belongs to U then such a point x is unique.

Proof. If the property does not hold then there exists a sequence {o;} of rays
from C such that o; N 9 M is nonempty and tends to infinity asi — oo and such
that o;(0c0) ¢ U. Replacing the sequence by a subsequence, we assume that o;
tends to a ray o. Then o is parallel to at least one of 9, ..., d;. Applying
Theorem 3.3.2 yields o(co) € dM(c0). On the contrary, however, the fact
oi(00) ¢ U and Lemma 3.4.2 together imply that o (c0) ¢ intU. O

Theorem 3.4.1

(1) If A\oo(H) = 0 then H(00) consists of a single point.
(2) If A\oo(H) > 0 then H(00) is homeomorphic to a nontrivial line segment.

Proof. (1): Any curves a, 8 € Cy with @ < B satisfy
doo(@, B) = Loo(D(@, B)) = Aoo(H) = 0.

(2): Let z,w € H(oco) be any fixed points such that 0H(—o0) < z <
w < dH(400), where d H(—00) and d H(+00) are defined to be the points
in 0 H(oco) such that 9 H(—o0) < dH(+400). It suffices to prove that [z, w],
the set of all x € H(oo) with z < x < w, is homeomorphic to [0, 1]. For
a fixed core Cy of H, set D,,, := D(o,, avj) and let Ky be as in Lemma
3.4.5 for U := H(00) \ [z, w]. We can find a curve c: [0, 1] — D, ,, \ Ky
connecting 0" to o, in such a way that IT o ¢ is monotone nondecreasing in
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the sense of the order relation < on H(oo), where I1 := Il¢,: H\ Cy —
M (00). We will construct a homeomorphism f: [0, 1] — [z, w]. Let us first
define f(j/2k) forallk=0,1,...,and j =0,1,2,3, ..., 2k inductively. Set
f(0) := z and f(1) := w. For an integer k > 0 we assume f(j/2¥) for all
j=0,1,2,3, L2k to be defined. For all j =0, 1, 2, 3,...,2Kk — 1, define

2j +1
r(3%5)
j+

=11 lfl—[ -1 1 1 Inl -1 J
= OC(EIH( oc) f( o )_ESUP( oc) f<?>>

Since {f(j/2%); k > 0,0 < j < 2%} C [z,w] is dense and f preserves the
order relations, f is extended to a homeomorphism from [0, 1] to [z, w] by
taking completion. O

Let pr: N — N be the universal covering of a Riemannian half-cylinder N
admitting a curvature at infinity, and let o be a ray such that c N 9N = {o(0)}.
Set H, := D(c™", 0")forn € N (see Section 3.3). For any two natural numbers
m < n we have H,, C H,, which induces a natural embedding H,,(c0) —
H, (00) preserving the topology and the Tits distance d,. Therefore { H,(c0)}
is an inductive system. Denote by N (co) the inductive limit of {H,(c0)}, and
define the map pro, : N(co) — N(oo) as follows. For x € N(oo), we find
an n € N with x € H,(o0) and take an o« € Cp, such that a(co) = x,
so that proo(x) := (pr o a)(o0). It can be easily checked that pry, is open,
continuous and d..-nonincreasing. Setting N * := N U N(oc0) we have the
natural projection pr ©: N N N, defined by

e prx) forx € N,
pr(x) = -

Proo(X) for x € N(o0).
Let G := m(N) (& Z). There exists a go € G such that gy o 6" = o"*! for
any n € Z. It follows that G is generated by go only. An action of G to N(00)
is defined by

g - a(00) := (g oa)(00)

for any g € G and any a(00) € N(oc0), o € Cjy. This action is continuous and
d~--isometric.

Proposition 3.4.1. If N(oco) contains different two points then proy: N(00) —
N(o0) is a covering map with transformation group G and is a de-local
isometry.
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Proof. The map ¢: N(co) — N(oo)/G, o(00) > {a"(00)},ez is a homeo-
morphism and a d-isometry, and ¢ o prs is just the projection N(co) —
N(00)/G. Moreover, G is fixed-point free unless N(oo) consists of a single
point. This completes the proof. O

Theorem 3.4.2

(1) If Aoo(N) = 0 then N(00) and N(c0) each consist of a single point.
(2) If \oo(N) > O then N(o0) is homeomorphic to R and N(c0) to S'.

Proof. (1): Assume that A,o(N) = 0. Then Lemma 3.3.1 implies that N(co)
consists of a single point. Since the Riemannian half-planes H, C N,n € N
satisfy Aoo(H,) = 2nio(N) = 0, Theorem 3.4.1 implies that each H,(c0)
consists of a single point and that so does N (00).

(2): Assume that Ao(N) > 0. Since, by (2) of Theorem 3.4.1, each H,(c0)
is homeomorphic to a nontrivial line segment, so is N(co) to R. Proposition
3.4.1 completes the proof. O

Since each connected component of M \ C is either a Riemannian half-plane
or a Riemannian half-cylinder, Theorems 3.4.1 and 3.4.2 together determine the
topological structure of M (o0o) completely and lead to the following theorem.

Theorem 3.4.3. The compactification M of M is a two-dimensional compact
topological manifold with boundary.

3.5 The structure of the Tits metric d,

Let us consider a Riemannian half-plane H admitting a curvature at infinity.
Lemma 3.5.1. Let Cy be a core of H. Assume that a sequence {o;} of rays
from Cy converges to a ray o and that sup; j d(0, 0j) < +00. Then we have

1lim dy (07, 0) = 0.
1—> 00

Proof. Without loss of generality, it may be assumed that H' := D(oq, o) is
defined and contains every o; entirely. It follows that for each i and any compact
subset K of H',

d(01,0)) =7 — M0D(01,0;) N K) — c(D(o1,0;) N K)
—A0D(o1,0:)\ K) — c(D(oy1,07) \ K).
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Here, we have
—A-(@H"\ K) < MdD(01,0;) — K) < 2+ (0H"\ K),
—/ G,dch(D(ol,a,»)\K)S/ G, dH,
H\K H\K
il_i)rg)k(aD(o],ai) NK)=A0H NK),
il—iPo]oC(D(Ul’ 0)NK)=c(H NK).
Therefore
7 —A0D(o1,0)NK)—c(D(o1,0) N K)
—A+(8H/\K)—/ G.dH

H\K

< liminfdy (o1, 0;) < limsupdux (o1, 0;)
=00 i—o00

<7 —AMdD(o1,0)NK)—c(D(o1,0)NK)
—l—k,(BH/\K)—i—/ G_dH. (3.5.1)
H\K
As K tends to H’, the first formula in (3.5.1) converges to dy, (07, o), so that

deo(o1, 0) < liminfdy (o1, 07),

which is finite by the assumption above. This relationship implies that
A_(0H') + fH, G _ dH is finite, and hence that the last formula of (3.5.1) also
converges to du (o1, o) as K tends to H'. This completes the proof. ]

Proposition 3.5.1. The metric space (H(00), dy) is complete.

Proof. Let {x;} be a Cauchy sequence in H(co) with respect to d, and find rays
oy, from Cp to x;. Then there exists a subsequence {0y, } of {0y, } converging
to aray o from Cy. Applying Lemma 3.5.1 shows that d(x (), 0 (00)) tends
to zero as i — oo, which implies that d(x;, 0 (00)) tends to zero also. ]

Theorem 3.5.1

(1) If A\oo(H) < 400 then (H(00), doo) is isometric to the compact line
segment of length Lo (H).

(2) If \oo(H) = 400 then each connected component of (H(00), doo) is
isometric to a closed interval of R and moreover the one-dimensional
Hausdorff measure of (H(00), d) is

H' (H(00), ds) = +00.
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Proof. For any x € H(00), define a map
i Iy = {y € H(0); doo(x,y) < 400} - R
by

doo(x,y) ifx <y,
L(y) = ,
—doo(x,Y) ifx >y,
forany y € H(00). Obviously, this is isometric and preserves the order relation.
Since d, is complete, the image ¢, (I,) for any x € H(oo) is a closed subset
of R.

Let us prove that (1, d,) for any x € H(oo) is connected. In fact, if (1, dx)
foran x € H(oo0) is disconnected then there exists a nonempty interval (a, b) of
Rsuchthate,(I;)N(a, b) = Panda, b € 1,(I,). Therefore L;l(a) < L;l(b) and
(L;l(a), L;l(b)) = {J, which contradicts the fact that H(co) is homeomorphic
to a compact interval of R (see Theorem 3.4.1).

Thus, ¢, (1) for any x € H(0c0) is a closed interval of R. This proves (1) and
the first assertion of (2).

We will prove that H!'(H(00), dy) = 400 if Aoo(H) = +00 as follows.
Suppose that Ay (H) = 400 and H' (H(0), ds,) < +00. Note that the family
of connected components of (H(00), doo) is just equal to {I,; x € H(oc0)}. By
H'(H(00), ds) < +00, each connected component of (H(00), dy) is isomet-
ric to a compact line segment. The fact that H(co) with its canonical topology
is homeomorphic to [0, 1] shows that, for any two components [x;, y;] and
[x2, y2] of (H(00), dx) for which y; < x;, there exists a point z € H(oco) such
that y; < z < x;. Therefore the cardinal number of the set of components of
(H(00), ds) is notless than 2%, which contradicts H' (H(00), ds) < +00. O

For a Riemannian half-cylinder N admitting a curvature at infinity, we have:
Theorem 3.5.2

(D) If0 < Aoo(N) < 400 then (N(00), dso) is isometric to R and (N (00), dso)
to the circle of length Aoo(N).

(2) If h\oo(N) = +00 then each connected component of (N(00), ds) is a
closed line segment, and moreover

HY(N(00), ds) = +00.

Proof. (1): Assume that 0 < Lo (N) < +o00. Recalling the Riemannian half-
plane H, = D(oc7",0") C N, n € N, defined in Section 3.4, we have
Aoo(Hy) = 2nieo(N) < +00. Theorem 3.5.1 then implies that (H,(00), doo)
for any n € N is isometric to the compact line segment of length 2ni..(H).
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Hence (H(00), dy) is isometric to R and (N(00), ds) to the circle of length
Aoo(N) (see Proposition 3.4.1).

(2): Since Aoo(N) = Ao (D(c?, 61)) and D(6°, 6')(00) \ {o'(c0)} is a fun-
damental domain of the covering pro.: N(co) — N(oc), applying Theorem
3.5.1to H := D@6, o) proves (2). l

Combining Theorems 3.5.1 and 3.5.2 implies:

Theorem 3.5.3. Each connected component of (M (00), dwo) is a complete one-
dimensional Riemannian manifold, possibly with boundary unless it consists of
a single point. Moreover

H (M(00), doo) = hoo(M).

In general, the topology of M(oo) is not compatible with the Tits distance
dw, as is seen in the following example.

Example 3.5.1

(1) Let M be the hyperbolic plane H*(—1). Then on the one hand we have
dso(x, y) = +o0o for any different x, y € M(00). On the other hand,
M (c0) is homeomorphic to S'.

(2) Let M be a nonpositively curved Riemannian cylinder that contains a
simple closed geodesic dividing M into two Riemannian half-cylinders
N; and N; such that N is of curvature < —1 outside some compact
subset and N, is isometric to S! x [0, +00). Then the universal covering
space M of M is a Riemannian plane with nonpositive curvature, and its
ideal boundary M (00) is isometric to the disjoint union of the interval
[0, ] and a discrete continuum.

Remark 3.5.1. If M is a two-dimensional Hadamard manifold, i.e., a Rieman-
nian plane with nonpositive curvature, then the topology of the ideal boundary
M (00) of M as defined here is equivalent to the sphere topology defined in [7],
and the Tits metric defined here is equivalent to that in [7].

Lemma 3.5.2. The canonical topology of H(00) is stronger than the topology
induced from the Tits distance function dx,.

Proof. Suppose that there exist a pointx € H(co) and a sequence {x;} of points
in H(o0) such that d(x;, x) tends to zero as i — oo but x; does not tend to x.
We can find rays o,, from Cy to x; and we assume that o,, tends to a ray o as
i — oo by taking a subsequence. Then Lemma 3.5.1 proves that do (x;, 0(00))
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tends to zero, which implies that

doo(x, 0(00)) < limsup (doo(x, X;i) + doo(x;, 0(00)) = 0,
i—00
i.e., x = 0(00). On the contrary, however, Lemma 3.4.2 shows that x; tends to
o (00), a contradiction. O

Lemma 3.5.2 extends easily to the following theorem, the proof of which is
omitted.

Theorem 3.5.4. The canonical topology of M (00) is stronger than the topology
induced from the Tits distance function dw.

We shall next establish the Gauss—Bonnet theorem for M . Although the
Gaussian curvature on the (nonsmooth) boundary of a convex body in R? is not
defined in general, the notion of the curvature measure is defined instead, as
the integral of the area of the image of the Gauss map, where the Gauss map is
defined here as a multivalued map to S?(1). Similarly, the set functions A(-)
can be extended to be measures on the piecewise-smooth boundary d M. So, on
the one hand it is natural to call A(-) = A(-) — A_(-) the (geodesic) curvature
measure on d M. On the other hand, we can define the notion of the curvature
measure on M (oo) naturally as follows. The (geodesic) curvature measure A
on M(00) \ dM(c0) is defined to be the one-dimensional Hausdorff measure
of (M(00),dy). If V is any component of M \ C for a fixed core C of M
then we have L(V(00) \ dM(00)) = Ao(V). Let x € dM(oc0) N V(oc0) be any
point. When A,,(V) > 0, we consider x to have inner angle 7 /2 and define
A({x}) := /2. When A.(V) = 0 and V is a Riemannian half-plane, then we
consider x to have inner angle zero and define A({x}) := 2z. This convention
defines the (geodesic) curvature measure over BMDO, which satisfies

MOM ™) = AOM) + Aoo(M) + Y (T — ),
where the 6; are the inner angles of M™ atoM (00).

Consider any interior point of MTinM (00) to have total (Gaussian) curva-
ture 27, so that

C(MOO) =c(M) + 2m - #{x € M(00); x is an interior point ofﬁoo}.
Then follows
Theorem 3.5.5 (The Gauss—Bonnet theorem for Moc). We have

cCMY+ My =21 x(M™).
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Exercise 3.5.1. Prove Theorem 3.5.5.

3.6 Triangle comparison

In this section, we study the relation between the angles and the lengths of the
edges of almost-flat triangles in M ; this relation will be almost equivalent to that
in Euclidean space (see Theorem 3.6.1 below). A more refined and advanced
version of Theorem 3.6.1 is seen in [98]. Results from the present section will
be needed in the final section of this chapter to prove that if M is contracted by
the scaling of its metric then it converges to the cone over the ideal boundary
with Tits metric (see Theorem 3.7.2 below).

Notation 3.6.1. Let w: R* — R denote some function such that

lim --- lim w(eq, ..., ) =0,

e—0 e—0

and let w be used like Landau’s symbol; for example, we have

(1) limg, o w(er, ..., ) = w(er, ..., €—1),

2) w(e)f = w(e) if f is a bounded function,
3) sin(f + w(€)) = sin 6 + w(e),

4) cos(f 4+ w(e)) = cos O + w(e),

&) w(€) f + w(€)g = w(e)(| f1+ 18D,

where the left-hand side reduces to the right-hand side in each of (1)—(5).

Let AABC denote a triangle in M with vertices A, B, C € M and edges
a, B, y that are minimal segments in M respectively joining B to C, C to A,
A to B. Note that, since M may have a nonempty boundary, the edges «, 8
and y are not necessarily geodesics. Assume that «, § and y together bound a
contractible region in M, denoted also by AABC. Seta := d(B, C) = L(x),
b:=d(C,A)=L(B)and c := d(A, B) = L(y) and denote by ZA (resp. /B,
£C) the inner angle of AABC at A (resp. B, C). Such a triangle AABC is said
to be e-almost-flat, € > 0, if the following condition holds:

/ |G1AM + davs(@) + Aaps(B) + Aabs(y) < €. (AF)
AABC

Note that a 0-almost-flat triangle is Euclidean. Under (AF), the Gauss—Bonnet
theorem for AABC implies that

|/A+/B+ /C —m| <k,
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Ty

o (h(1) o

Figure 3.6.1

and, although «, 8, y may have break points at the boundary, we have
L@ —0),a+0) <e for any t € (0, a);

the same inequalities hold for B and y .

Assume now that an e-almost-flat triangle AABC satisfies /A < 7 and
/B < m/2. Leto, fort € [0, c] be a minimal segment in AABC from y(c —t)
to o, and let h(¢) := L(o,); see Figure 3.6.1. Denote by 6(¢) the inner angle at
y(c —t) of the region, say D;, bounded by ¥ |[c—:.c], 0: and a subarc of « from
B to o,(h(t)), and denote by ¢(¢) the inner angle at o,(h(¢)) of D,. The domain
D, is monotone increasing in 7. Note that the first variation formula implies that
o(t) = /2 provided that o, (h()) is an interior and nonbreak point of . There
exists a ty € [0, c] such that

#C for any ¢ € [0, o),
=C for any t € (%, c],

o (h(1)) i

and in particular,

o =m/2 4+ w(e) for any t € [0, 1),
¢ >m/2 for any ¢ € (1, c].

By setting o, := lim, ~ 05, o,

. 1= limy; o it follows that

L6, (h(10)), &) = /2 + w(e) and otj(h(to)) =C.
Lemma 3.6.1. We have

h(t) = tsin(/B + w(e)) foranyt € [0, to].
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Moreover, if /C < /2 + w(e) then
h(c) = csin(/B + w(e)).
Proof. The Gauss—Bonnet theorem and the condition (AF) show that
| /B 40(t)+ @) —m | < w(e) for any ¢ € [0, c].
For any ¢ € [0, #y), we have ¢(¢) = 7/2 4+ w(¢) and hence
0()=mn/2— LB+ w(e).

From the first variation formula,
t
h(t) = / cos@(t)dt = tsin(LB + w(e)) for any ¢ € [0, to].
0

If /C < 7/2 + w(e) then ¢(t) = m/2 + w(e) holds for any ¢ € [0, c], and
consequently

h(c) = csin(£{B + w(e)). O
Lemma 3.6.2. If an e-almost-flat triangle AABC satisfies
/B, /C>m/2
then
a < (b+c)w(e).

Proof. Let o, (resp. 7,) be a minimal segment in AABC from y(¢) to B
(resp. B(c —t) to y), and let 7y (resp. t;) be as defined above in connection with
oy (resp. 1;); see Figure 3.6.2. If 1y < c and #; < b then, since a,j intersects t;]’,
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the triangle inequality implies
a < L(oy,) + L(ty).
Since /A = w(e), applying Lemma 3.6.1 yields
L(oy,) = tyw(e) < bw(e) as well as L(z;,) < cow(e).

Thus, we obtain the conclusion of the lemma in this case.
If at least one of ty = ¢ and #; = b holds, we can assume without loss of
generality that #p = c. Then, since /A = w(€), applying Lemma 3.6.1 yields

daapc(B, B) < cw(e). (3.6.1)

If daapc(B, B) = a, this and (3.6.1) together imply the lemma. Assume now
thatdaapc(B, B) < a.Since /(6.(L(0,)), B) = 7 /24 w(e), the condition (AF)
shows that /(6.(0), &(0)) < w(e). Let 6, fort € [0, a] be a minimal segment in
AABC froma(t)to 8. Forany t € [0, a—daapc(B, B)), the triangle inequality
implies that ;(L(6,)) # C and hence that L(&(L(6,)), B) = /24 w(€), which
together with /C > m /2 and (AF) gives

L(—a(1), 6(0)) = 7 + w(e).

The same discussion as in the proof of Lemma 3.6.1 yields
0 < L(6y) < daapc(B, B) — (1 — w(e))t

forany r € [0, a — daapc(B, B)], which implies that

1 < (14 w(€))daapc(B, B).
In particular, when t := a — daapc(B, B) we have

a < 2+ w(€))danpc(B, B),
which together with (3.6.1) completes the proof. O

Lemma 3.6.3. If an e-almost-flat triangle AABC satisfies /C = 7w /2 + w(€)
then

b
(1) — =cos /A + w(e) = sin /B + w(e),
c
) 4 — cos /B + w(€) = sin LA + w(e),
c
2 b2
3) “r =14 w(e).

c2
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Proof. Find a minimal segment o in AABC from Ato«, andseth := L(o) =
daapc(A, o). Lemma 3.6.1 implies that

h
— =sin /B + w(e). (3.6.2)
c

Since the inner angle at o (k) of the region bounded by o, 8 and the subarc of
a from o (h) to C is equal to w /2 + w(e), applying Lemma 3.6.2 yields

d(a(h), C) = (h + b)w(e);

this and the triangle inequality imply that

b
E =14 w(e).

Combining this and (3.6.2) yields
b
— = (1 4+ w(e))(sin /B + w(€)) = sin /B + w(€) = cos LA + w(e€),
c

where the last equality follows from /A + /B = /2 + w(e). Thus, (1) has
been proved.
(2) is proved in the same way, and (3) is implied by (1) and (2). ]

Theorem 3.6.1 (The cosine law). Any e-almost-flat triangle AABC satisfies
a®> =b*+c* —2bccos LA + (a + b + ¢)’w(e).

Proof. First consider the case where /A > /2. Then /B, /C < 1w /2 + €. We
divide A ABC into two triangles by taking a minimal segment o in AA BC from
A to «; see Figure 3.6.3. Set h := L(0) = daapc(A, ), a; := d(B, o(h)),
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a, = d(C, o(h)) and denote by 6, (resp. 6,) the angle at A between o and y
(resp. o and ). Since LA = 0 + 6,, applying Lemma 3.6.3 to each of the two
triangles shows that on the one hand

cos /A = cos 8 cos B, — sin b sin b,

h h ap a
_ (E n w(e)) (; n a)(é)) - (F n a)(e)) (7 + a)(e))
W —aia, n bc + bh + ch + ajc + ab

bc bc
On the other hand, by (3) of Lemma 3.6.3,

w(€). (3.6.3)

=1+ o) a] +h*), =14+ w©)(a + ),
which together with a = a; + a, implies that
b* +c* —a®> = 2(h* — avax) + (af + a3 + h*) w(e).
Combining this and (3.6.3) yields

b2+ % —a? +bc+bh+ch+a1c+a2b+af+a§+h2

COsS /A =
2bc bc

w(e).

Here, since h < a + b and ay, a» < a, the factor
(bc+bh +ch —i—alc—l—azb—i—af +a§ +h2) w(€)

reduces to (a + b + ¢)*w(e). The proof in this case is completed.

Next consider the case where /A < /2. Then min{/B, /C} < /2 + €.
We can assume without loss of generality that /B < /2 + €. In the same way
as in the first case, we find a minimal segment o in AABC from C to y with
length h := daapc(C, y), which divides AABC into two triangles. Applying
Lemma 3.6.3 to each of these triangles yields

h=bsin/A + bw(e) = asin /B + aw(¢)
and hence
a’sin® /B = b*sin® LA + (a + b)’w(e). (3.6.4)
However, by Lemma 3.6.3,

d(A,o(h)) = b(cos LA + w(e)), d(B,o(h)) = a(cos /B + w(e));
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these, together with ¢ = d(A, o (h)) + d(B, o(h)), imply that
a’cos’ /B =c*+b*cos’ LA —2bccos A+ (a+Db+ c)za)(e).

Combining this and (3.6.4) completes the proof. O

3.7 Convergence to the limit cone

Definition 3.7.1 (Gromov-Hausdorff convergence). Let X and Y be two met-
ric spaces. A (not necessarily continuous) map f: X — Y is called an
e-approximation if the following, (1) and (2), hold:

(D ld(p,q)—d(f(p), f(g@)| <e forany p,q € X,
2 B(f(X),e)=7Y.

_____ of compact metric spaces is said to converge to a
metric space X » in the Gromov—Hausdorff sense if there exists a sequence of
€;-approximations f;: X; - X, i = 1,2,..., with ¢, — 0. This concept
of convergence, called Gromov—Hausdorff convergence, induces a topology of
the set of compact metric spaces called the Gromov—Hausdorff topology. (To
define the topology we need a net for a directed set rather than a sequence.)

We shall also define a version of the Gromov—Hausdorff convergence for
pointed noncompact spaces. Let (X, Xoo) be a pointed metric space and
{(X;, x;)}i=1.2.... a sequence of pointed metric spaces such that all closed
bounded subsets of X; and X, are compact. The sequence {(X;, x;)};=12..... is
said to converge to (X o0, Xxo) if for any r > 0 there exist a sequence r; \ r and
€;-approximations f,;: B(x;, r;) = B(xeo,7),i =1,2,...,withe; — Osuch
that f,;(x;) = x for every i. This concept of convergence is called pointed
Gromov—Hausdorff convergence.

Definition 3.7.2 (Euclidean cone). The Euclidean cone “cone X over a metric
space X is defined to be the quotient space X x [0, +00)/X x {0} equipped
with a metric p defined by

p((p.a). (q. b)) := ya* + b> — 2ab cosmin{d(p. q). 7'}

for any (p, a), (g, b) € cone X (p,q € X, a, b > 0). Let o denote the point in
cone X corresponding to X x {0} and call it the verfex of cone X.

The purpose of this section is to prove that if Ao, (M) < +o0 then the pointed
space ((1/r)M, p) tends to (cone M(c0), 0) as r — +o0 in the sense of the
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C(O) 806

Figure 3.7.1

pointed Gromov—Hausdorff convergence (see Theorem 3.7.2 below), where
p € M is any fixed point, and (1/7)M denotes the space M equipped with
metric multiplied by 1/r.

Assume that Ao (M) < +00 and a number 0 < € < 1 is fixed. Then there
exists a core C. of M such that each curve that is a component of dM \ C.
touches the topological boundary of C, orthogonally and that

/ |GldM + Aaps(OM \ Cc) < €.
M\C,

Note that any triangle AABC contained in M \ C, is e-almost-flat.
Lemma 3.7.1. Ifc: [0, +00) — M is a component of IM \ C. then
d(c(0), c(t)) > tcose.

Proof. Let D; be a region bounded by c|jo; and a minimal segment, say
o, in M\ C, from ¢(0) to c(¢), and set 6(t) := LDy, () := Le)Dy; see
Figure 3.7.1. Then the Gauss—Bonnet theorem implies that

c(Dy) =0(t) + o) — Alclio,n) — Alor) forany ¢t > 0
with respect to suitable sides of o; and c. Here, by the assumption for C,

(D) + Alclio,n \oy) < €
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and besides, by the minimal property of o,
Aoy) = Mo, NAC) < 0.

Thus we obtain 0(¢) < € for any ¢t > 0, which together with the first variation
formula completes the proof. O

Lemma 3.7.2. There exists T = T(e, L(0C)) > O such that if 6,7 € R,
are two curves for which D(o, t) is defined and Aoo(D(0, T)) < m — S5€ then a
minimal segment y, in D(o, t) joining o(T) to ©(T') does not intersect 9C.
Proof. Set

. L(C)

" cose —cos 2’

and let 0, T € R, be such that D(o, 7) is defined and A (D(0, 7)) < w — S€.
For t > 0, denote by y; a minimal segment in D(o, t) from o (¢) to t(¢) and
by D, the noncompact closed region in D(o, ) bounded by o | 40, ¥ and
T|[t,-400)- O1NCE Aaps(0), Aaps(T) < € and y; is locally concave with respect to
D,, the Gauss—Bonnet theorem and the assumption for C, prove that

5S¢ <7 — Ao(D(0, 7)) = c(Dy) + MOD;) < 0(t) + ¢(t) + €
for any ¢ > 0, where
0(1) := L(=5 (1), 1,(0)) and @) := L(=T(0), =V (L(y))).

Hence, by the first variation formula, for almost all # > 0,

Edl)((,,,)(o*(t), T(t)) = cosO(t) + cos ¢(t)

dt
0(1) + o(t)
oS —mMMM

<2c < 2cos 2¢,

which together with dp,1)(0(0), T(0)) < L(dC,) implies that
dpe.r)(0(t), T(t)) — L(AC,) < 2t cos2e foranyr > 0. (3.7.1)

Suppose now that y,, for a fp > 0 intersects /(o, T) and that p is a point in
Vi, N 1 (o, T). We remark that o and T may be boundary curves and so we have,
by applying Lemma 3.7.1,

dp,y(0(to), T(t0)) = dp(s,1)(0(0), o (1)) + dp(s,1)(T(0), T(%))
— dp(o,1)(0(0), p) — dp(e,)(7(0), p)
> 2tpcose — L(aC).

Combining this and (3.7.1) yields 7y < T. This completes the proof. O
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Set, for simplicity, IT:=Tl¢_, and for r > 0 define a map f.,: M — cone
M (00) by

(0 0 for p € Ce,
er(P) =
(I (p), d(p, Ce) /1) forpe M\ Ce.

We shall eventually prove that f,, is an approximation. For the proof, the
following lemma is essential.

Lemma 3.7.3. Let p and q be two points contained in a common connected
component of M \ C.. Assume that H := D(ol-_[(p), og(q)) contains p and q
(see Section 3.4 for the definition of axi ). Denote by dy the interior distance
function on H and by py the distance function on the Euclidean cone over
(H(00), cioo), where d o is the intrinsic Tits metric on H(00). Then we have

d , 1
M = pH(fe,r(p)’ fe,r(Q)) +w (6, ;) s

where w(-, -) is independent of p and q.

Proof. We first prove the lemma under the assumption A.(H) < m — Se.
Applying Lemma 3.7.2, we obtain a minimal segment y, from op,(T) to
alf[(q)(T) not intersecting dCe. Let us prove

Sublemma 3.7.1. There exists a constant ¢ = ¢(T, L(dC,)) > 0 such that the
diameter of the compact region, say D, bounded by the four curves oy » 0,71,
Vi a;f(q)hoj] and I(aﬁ(p), oa'(q)) is less than or equal to c.

Proof of Sublemma 3.7.1. Fix a point xo € dD. Find a continuous variation
{c; : [0, 1] = D}o<:<1 of curves constructed by a length-decreasing process in
D such that ¢,(0) = ¢,(1) = x¢ for any ¢ € [0, 1] and ¢y is the closed curve (or
loop) bounding D. Here c is either a locally minimal simple closed curve or a
constant map with image {xo}.

If ¢1[0, 1] # {xo} then the compact region, say D', bounded by c; is locally
concave except at xo, and hence the Gauss—Bonnet theorem implies that ¢(D’) >
7, which contradicts fM\Cé |G|dM <€ < 1.

Thus, it follows that ¢ [0, 1] = {x¢}. Letx € D be any point. Since a number
t(x) € [0, 1] with x € ¢;(y) exists, we have

L(ewwy) _ LBD)

2 T 2
and hence diam D < L(0D) < 2(2T + L(9C,)), which proves the sublemma.
O

d(xp, x) <
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Figure 3.7.2

Let 0, (resp. 0,) be a minimal segment from C, to p (resp. g). Note that
0p, 04 C H. We denote by I_ (resp. 1) the subarc of /(op,), UH’L([,)) from
O'H(p)(O) to 0,(0) (resp. from o,(0) to Ug(l,)(O)); see Figure 3.7.2.

Sublemma 3.7.2. Ifd(p, C¢)/r > € then

M) = o <e, 1) :
r

Proof of Sublemma 3.7.2. Since the assumption for C. implies that 0 =
doo(ar_l(p), a;{(p)) = —A(I_) — M(1y) + w(€), we obtain

IM2) 4+ A(I)] < we). (3.7.2)

First consider the case where A(I_) > A(l;). Let 7, be a minimal segment in
H joining 0)(7) to o7y(,,,. The Gauss—Bonnet theorem for the region, say D;, in
H bounded by o,j0,/] and 7; yields

0(t) — % — ML) — M1) = w(e), (3.7.3)

where () := /5,1y D;. For the proof of Sublemma 3.7.2, we may assume that
re is larger than the constant ¢ of Sublemma 3.7.1. Then d(p, C.) > re > ¢
and so o, intersects y,. Let ¢, be the number such that o, Ny, = {o,(t,)}. It
follows that L(t;) < c forany t € [0, #,]. The minimal properties of y,, o, and
7, show that 7, for any ¢ > ¢, does not intersect /. but possibly does intersect
I_. Thus

M) =0 forany t > 1,,
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which together with (3.7.3) implies that
i
o) = 5 + A1) + w(e) forany t > 1,.

By the first variation formula,

d(p,Ce)
—L(v,) < L(tup.c)) — L(w,) = / cosO(t)dt
t

P

= (d(p, Co) —tp) sin(=A(I-) + w(€)).

Since d(p, Cc) > er and L(7,,) <,

1
Al < M) < arcsinmin{ ¢ , 1} + w(e) =w (6, —) .
er —t, r

Combining this with (3.7.2) implies the conclusion of the sublemma.
If A(11) = A(I-), we can prove the sublemma in the same way. O

Ifd(p, C.)/r < € then the triangle inequality implies that

du(p,q) _ d(q,Co) +w<67 1>’

r r

which finally proves Lemma 3.7.3. Here we note that d(-, C.) = dy(-, C¢) on
H.Ifd(q, C.)/r < €, the same method leads to the lemma.

Assume thus thatd(p, C¢)/r, d(q, C.)/r > €. Then, by Sublemma 3.7.1 and
supposing that r 3> 1/, the segment o, intersects y, at a point that we denote
by P; we can find s, and ¢, such that y,(s,) = 0,(t,) = P. A point Q and
numbers s,, 7, are defined in a similar manner; see Figure 3.7.3.

We set

0 = L(7,(0), 6y, (T)), 0" := L(y,(5p), Gp(ty)),
@ = Z(_)/T(L(yr))v O']j[r(q)(T))v (P/ = Z(—)'/T(Sq), O.‘q([q))-

By Sublemma 3.7.2 and by applying the Gauss—Bonnet theorem for the region
in H surrounded by o, l10,71, ¥;l10.s,1> Opli0.1,1 and I, we see that

1 1
929/4-(0(6,;) as well as (p:(p’—i—a)(e,;).
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1
[oX
= (q)
T1ip) :

Figure 3.7.3

Finding a minimal segment t from P to g, we now consider the triangle Ag P O
with inner angles /g, /P and /Q. Since

du(P, Q) (1> du(q, P) d(q,C.) (1>
— = w\), - r +w ; ,

r r r

and

r r r

du(q, Q) _ d(g, Co) ‘o <1> ’

Theorem 3.6.1 shows that
1

cos/lq =
2dy(q, P)du(q, Q)
x {dH<q, PY* +du(q, Q) —du(P, Q)
1
+(du(q, P)+du(q, Q) +du(P, Q)Y o (e, ;)}
1
>1—-w (6, —)
"
and hence

1
ZP—i—go/:n—Zq—}—w(e):n—a)(e,—).
r
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Thus, the angle ¥ := /(6,(t,), ©(0)) satisfies

1 1
w=9’—1P=9+¢’—n+w<e,;)=9+<p—71+a)(6,—>

r
A 1

Therefore, remarking that

du(P,p) _d(p,Co) to (1) du(P,q) _ d(g, Co) ‘o <1>

r r

r r r r

and applying Theorem 3.6.1 to A Ppq yields

du(p.q)?* d(p,Co* d(g,Co)?
= 2 + 2

r2 r r
zd(l?y Co)d(g, Ce)
J— e — C
.

r

08 doo(TI(p), () + @ (6, %) ,

which proves the lemma.

We next prove the lemma under the condition Ao (H) > 7 — S¢. Find a
minimal segment y joining p and ¢ in H. If y intersects C, then the triangle
inequality shows that

du(p,q) _ d(p,Co) n d(g. Ce) to (1> ’

r r r r

which, together with A..(H) > m — 5S¢, leads to the conclusion of the lemma.
Assume that y does not intersect C.. Then the continuity of the map ¢ +—
I1(y (2)) implies that there exists an xy € y such that A(H') = m — 6¢, where
H' = D(op ) olf[(x())). Applying the first case of the lemma to p, xo € H', we
have

dH(p9 -xo) _ dH’(ps )C())
r

1
= pH’(fe,r(p)v fe,r(xO)) + o (57 ;)
_ du(p, Ce) n dp(xo, Ce) to (6’ l) ’

r r

-
and hence

du(p,q) _ du(p,xo) n du(xo, q)
r o r r

d ,C d , C, d ) 1
_ u(p e)+ (X0 e)+ 7 (xo Q)+w(€’ >

r r r
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r r

d C. d , Ce 1
> a(p, )+ (g )+w(e,—>

1
= pu(fer(P): fer(@) + @ (E, ;) .

Moreover, the reverse of the above inequality follows from the triangle inequal-

ity. This completes the proof of Lemma 3.7.3. O

Theorem 3.7.1. The map f,: (1/r)B(C¢,r) — B(o, 1; cone M(00)) is an
w(e, 1/r)-approximation, where B(o, 1; cone M(00)) is the metric ball cen-
tered at the vertex o and of radius 1 in cone M (00).

Proof. The surjectivity of f., is easily verified. Let p,g € M. It suffices to
show that

d(p,q)

1
= p(fer(P)s fer(@) + @ (e, ;> , (3.7.4)

where w(-, -) is independent of p and ¢. If either p or g belongs to C. then
(3.7.4) is obvious. Assume thus that p, g € M \ C.. Find a minimal segment y
joining p and q. If y intersects C, then

r r

d(p,q) _ d(p, Ce) N d(q,rCe) ‘o <%)

1
> o(T(p), TI(q)) + @ <e, ;) . (3.7.5)

If p and g are contained in two different components of M \ C. then y inter-
sects C,, so that from (3.7.5) and d(I1(p), I1(g)) = +o0 we obtain (3.7.4).
Therefore, we assume that p and g are contained in a common connected com-
ponent, say V, of M \ C,. Replacing p and ¢ if necessary, we assume that
p,.q € H:= D(olfl(p), alff(q)).

Let us now consider the case where V is a Riemannian half-plane. Then, by
Lemma 3.7.3,

d(l: 2 = dH(f’ & = puy(Il(p), I(g)) + @ (e, %)

1
= p(Il(p), I(g)) + @ (6, ;) . (3.7.6)
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If y intersects C. then combining (3.7.5) and (3.7.6) yields (3.7.4). If y does not
intersects C, then y is contained in H and d(p, q) = dy(p, q), which together
with (3.7.6) implies (3.7.4).

Consider now the case where V is a Riemannian half-cylinder. Set H' :=
V \ H. It follows from Lemma 3.7.3 that

d(p,q) - du(p,q)
r - r

1
= pu(I1(p), T(¢)) + @ (6, ;) )

dp.q) _ du(p.q)
r - r

1
and also

p(II(p), N(g)) = min{px (T1(p), I1(¢)), pr (T1(p), TI(g))}.

If y intersects C, then combining the above formulae and (3.7.5) proves (3.7.4).
If y does not intersects C. then

d(p.q) = min{du(p, q), du(p, q)}-
This completes the proof of the theorem. O
Theorem 3.7.1 implies
Theorem 3.7.2. Assume that Aoo(M) < +00 and p € M is any fixed point.

Then the pointed space ((1/r)M, p) tends to (cone M(00), 0) as r — +00 in
the sense of the pointed Gromov—-Hausdorff convergence.

Next we consider the relation between straight lines and the Tits metric on
the ideal boundary.
For any curve y: R — M with y|_«,0 € Cu, let y(—00) denote the class

of ¥ |(~00,01-
Theorem 3.7.3. If y is a straight line in M then
doo(y(—00), y(00)) = 7.

Proof. The theorem directly follows from Corollary 2.2.1. O

Remark 3.7.1. We can construct another proof using Theorem 3.7.1. Assume
that y is a straight line and d(y(—00), y(00)) < m. Then, by reversing the
parameter of y if necessary, there is a Riemannian half-plane H = D (¥ |(—00,—a]
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Y lla,+00)) for an a > O such that Ao (H) = doo(y(—00), y(00)) < 7. Applying
Theorem 3.7.1 to H yields a contradiction, because any Gromov—Hausdorff
limit of straight lines is also a straight line.

Theorem 3.7.4. For any x,y € M(00) with do(x,y) > 7, there exists a
straight line y in M such that y(—00) = x and y(00) = y.

Proof. Letx,y € M(oo) and fix a core C of M. For each ¢t > 0, find a minimal
segment ), in M joining o, () to o,(¢). Assume that

liminfd(y;, C) = +o0.
t—+o00

Then there exists a connected component V of M \ C such that V(c0) > x, y.
If V is a Riemannian half-cylinder then y, for ¢ sufficiently large is contained
in either D(o,, 0,) or D(0,, 0,). If V is a Riemannian half-plane then y, for ¢
sufficiently large is contained in D(oy, oy), provided that D(oy, oy) is defined.
Thus, without loss of generality it may be assumed that for some monotone in-
creasing sequence {#;};— »,... of positive numbers tending to +o0, the segments
v, are all contained in D(oy, o). Now, for simplicity, set D := D(o,, o). For
each i, let D; be the compact domain in D surrounded by o011, 1(0%, 0y),
oyl,;1 and y,. Then {D;} is a monotone increasing sequence covering D, so
that

1im ¢(D;) = (D),
Lim (A(0D;) — (w — 6;) — (r — ¢;)) = M(dD),

where 0; := /; ()D;i and @; := /4 ;) D;. The Gauss—Bonnet theorem implies
that

c(D;)+ M0D;) =2m.
Therefore

doo(X, y) < *oo(D) =7 — A(dD) — ¢(D)

=n — lim@; +¢;) <m.
11— 00

Now, supposing that d-(x, y) > m for given two points x, y € M(00), the
above discussion implies the existence of a sequence {t;} of positive numbers
tending to +oo such that {d(y;,, C)} is uniformly bounded, so that there exists
a subsequence of {y;,} converging to a curve y : R — M that is a straight line.
Since ¥ |(—o0,00 and ¥ |j0,+0) are respectively parallel to o, and o, we obtain
y(—00) = x and y(c0) = y. ]
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Remark 3.7.2. For two given points x, y € M(oo) we cannot in general say
whether there exists a straight line y such that y(—o00) = x and y(c0) = y.
In fact, if M = R? with a flat metric then there always exists such a straight
line. However, we have a Riemannian plane with total curvature 0 (i.e., M (c0)
is isometric to the unit circle) that contains no straight lines, as is seen in the
following example.

Example 3.7.1 (cf. [64]). For two fixed positive numbers yy, y; with yy +
/2 <y, let f:(0, y1) = (0, +00) be a C*°-function such that

f(0+) = +oo,
f>1, f/<0, />0 on (0, yp),
f=1 onlyyy +7/2]
fmi= =0, fm-)=-oc0, f"(n-)=0 foranyn=>2,

where a+ (resp.a—) means y < a (resp. > a) and tending to a. For coordinates
(x,y,2)of R3, the subset

{(F(), . 0);y € (0, y)} UL, y1, 0)}

is the image of a smooth x y-plane curve, which generates a surface of revolution,
say M, with rotation axis y; see Figure 3.7.4. The surface M satisfies c(M) = 0,
or equivalently A, (M) = 2.

Let us now prove the nonexistence of a straight line in M. We divide M into
the following three regions:

* My:=Mn{(x,y,2) € R3;yo + /2 < y < y1}, which is an open disk
domain of G > 0;
* Mp:=MnNn{(x,y,2) € R3;yo <y < yo + m/2}, which is a flat cylinder;
o M3 :=MN{(x,y,z) € R0 < y < yp}, which is an open cylinder of
G <0.

Suppose that there is a straight line y in M. On the one hand, if y passes through
apoint in M| U M, then it intersects both M and M3, so that there are numbers
t < thy < 3 with y(t1), y(t3) € 0M3 and y(t,) € M;. Hence L(y|i.11) >
2d(M;, M3) = . On the other hand, d(y (1), y(t3)) < diam d M3 = m. This is
a contradiction of the minimal property of y. Therefore y must be contained
in M3. Since doo(y (—00), y(00)) = m, each of the two half-planes bounded by
y has total curvature 0, which contradicts the fact that one of them is a subset
of M3. Thus M contains no straight lines.
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Figure 3.7.4

3.8 The behavior of Busemann functions

In this section, we will consider the asymptotic behavior and the exhaus-
tion property of Busemann functions in connection with the Tits metric on
the ideal boundary; these have been studied in [78, 79, 42, 91]. We here ex-
tend known theorems to the case where the boundary of the manifold may be
nonempty.

First of all, we will give the definition of a Busemann function and prove its
elementary properties. Assume for a while that M is a complete noncompact
Riemannian manifold possibly with boundary.
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Definition 3.8.1 (Busemann function). We define the Busemann function F, :
M — R with respect to a ray o in M by

Fy(x):= tlirglo{t —d(x,o())} forx e M.

Here, the limit above always exists because the function # — ¢ — d(x, o(¢))
is monotone nondecreasing and bounded above by d(x, y(0)), by the triangle
inequality. It is easily verified that F, is a Lipschitz function with Lipschitz
constant unity 1.

Definition 3.8.2 (The gradient vector). A function f: M — R is said to be
differentiable at a point x € M if there exists a vector called the gradient
vector V f(x) € T, M such that

fexp,v) = f(x) = (Vf(x),v) +o(Jv])

forallv e T, M.
Then any Busemann function is almost everywhere differentiable, by the
following:

Theorem 3.8.1 (Rademacher). Any Lipschitz function f: M — R is almost
everywhere differentiable.

For a Lipschitz function f: M — R and for an x € M, we define

Vf(x):=T.MN{Vf(y); yis a differentiable point of f}.

Theorem 3.8.2 (cf. Theorem 1.1, [80]). Let ¢ be a ray in M. We have the
following.

(1) B(o(t),t —a) Fg’l(a, o0)ast — oQ.
(2) Forany x € M and a € F,(M) with F;(x) > a,

Fo(x)=a—d(x, F; ().
(3) For any ray y asymptotic to o,
Fooy()=t+ Fy,oy(0) foranyt > 0.

(4) For any ray y asymptotic to o and for any a > 0 with
y(a) € int M := M \ OM, the Busemann function F, is differentiable at
y(a) and V F5(y(a)) = y(a).
(5) Forany x € int M, V F,(x)
coincides with the set of initial vectors of rays from x asymptotic to o.
(6) For any differentiable point x € int M of F,, we have V F,(x) =
{VF;(x)}.
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Proof. (1): The monotonicity of B(o(t),t — a) follows from the triangle in-
equality. To prove | J,., B(o(1),t —a) C F;'(a, 00), we take any point
x € B(o(t),t — a) and deduce that F,(x) > t — d(x,o(t)) > a, which
means x € F, '(a, 00). To prove | J,_, B(o(t),t —a) D F, '(a, 00), we take
any point x € Fa“(a, 00). Then there is a ¢ > a such that t — d(x, o(t)) > a,
which implies that x € B(o (), t — a). This completes the proof of (1).

(2): Let x € M and a € R be such that F,(x) > a. Then it follows that

t—dx,0(t) =a—dx,Blo@),t—a)),
which together with (1) implies that
F,(x)=a—d(x, F, '(a, 00)),

where F"!(a, 00) = F;!(a). Thus we have (2).

(3): There is a sequence {o;: [0, £;] — M} of minimal segments tending to
y such that o (t;) = o0;(¢;) for every i and ¢;, £; — +oo0. It follows that, for an
arbitrarily fixed r > 0,

ld(y (1), o(1;)) — d(oi(t), o ()] < d(y(©),0i(1)) > 0 asi — oo,
and therefore
Fo oy (@) = lim {t; — d(0;(1), o' (1:))}
=1+ lim {1, — d(0i(0), 0 (1)} =t + F5 0y (0).

(4): Let y be a ray asymptotic to o and @ > 0 be a number such that
y(a) € int M. Set é := (conv y(a))/3 and take anumber b € (a, a+§). Denote
by S(p, r) the metric sphere centered at p and of radius r > 0. Since Xy :=
S(y(b=£§), d) is contained in B(y(a), 35), both £ are smooth hypersurfaces.
Since a minimal segment from y(¢) for r € (b — 8, a] to X4 is unique and is
¥ |1.67, the function d(-, ¥4 ) is differentiable at y (a) and its gradient is —y (a),
ie.,

d(exp, ) v, Tx) = b —a —(y(a), v) +o(lv])  forany v e TuM.
(3.8.1)

Setting « := F,(y (b)), we have, by (1),
M\ B(y(b—38),8) > F, (@, 00) D B(y(b +9),9),
and hence

d(-, =) <d(, F, (@) <d(-, Z3),
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which together with (3.8.1) implies that
d(exp,, ) v, F;l(a)) =b—a— (y(a),v)+o(v]) forany v € T, (M.

Since d(-, Fg'(a)) = o — F,, this completes the proof of (4).

(5): Let y be any ray from an x € int M asymptotic to o. Then, by (4), we
have y(a) = VF,(y(a)) for any sufficiently small ¢ > 0, which implies that
7(0) € VF,(x).

Conversely, for any v € VF,(x) and x € int M, there is a sequence x; — x
such that VF,(x;) — v. If y; is a ray from x; asymptotic to o, it follows from
(3) that (F, 0y;)'(0) = 1 and hence y;(0) = VF,(x;) — v. Alimitof y; is aray
from x with initial vector v and asymptotic to . This completes the proof of (5).

(6): Assume that F, is differentiable at a point x € int M. By (5), for any
v € VF,(x) we can find a ray y from x whose initial vector is v. It follows
from (3) that (F, o y)'(0) = 1 and hence VF,(x) = v. O

Remark 3.8.1. If M has no boundary then the converse of (3) of Theorem 3.8.2
holds; precisely, if a unit-speed curve y : [0, +00) — M satisfies

Fyoy(t)=t+ F, oy(0) foranyr >0
then y is a ray asymptotic to o. See Theorem 1.1(4) of [80] for a proof.

Now, let H be a Riemannian half-plane admitting a curvature at infinity and
assume that 0 1= 0H |(—00,—q) and T := 9 H ||, +o0) fOr two numbers a, b > 0
are (not necessarily geodesic) rays in H, where R > ¢ = 9dH(t) is a positive
arc length parameterization of d H. For each s, ¢t > 0, we can find a compact
contractible region D; ; in H bounded by a minimal segment, say y; ;, from o (s)
to 7(¢). It may be assumed that D, , is monotone nondecreasing in s and ¢. The
region D, := J,.q Dy, is bounded by the ray y, := lim,_, « y;,, asymptotic to
o. The angle GS,,_:: Lyy(H \ Dy,) is monotone nonincreasing in s and tends
to 0, := Lyy(H \ D;) as s — oo. Since D, is monotone nondecreasing in ¢,
the ray y, is monotone nondecreasing in ¢ with respect to the order relation on
Cu. Hence, {y:};>0 satisfies only one of the two following conditions:

(1) for any compact subset K of H there is a #y > 0 such that y, for any ¢t > £y
does not intersect K ;
(2) the ray y; converges to a straight line in H as ¢t — oo.

We will now prove:
Lemma 3.8.1. If {y,} diverges then

lim 6, = Aoo(H) < 7.
t—00
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Proof. Since each y; is parallel to o, we have
0= Ax(Dy) =7 — M0D;) — c(Dy).
Since {y;} diverges, it follows that

lim (3D — (7 = LoyD)) = A(8H)  and  lim (D) = c(H).

Therefore
tlim (m — LoyDy) =1 — MOH) — c(H) = Loo(H),
—00

so that, in particular, A(d H) is finite, which implies that the left-hand side of
the above is equal to lim 6, and is not greater than . O

Lemma 3.8.2. We have

d

EFU(T(I)) = cos 6, for almost all t > 0.

Proof. Lett; > ty > 0 be any fixed numbers. Since F, is differentiable almost
everywhere, Fubini’s theorem shows that there is a sequence of piecewise-
mooth curves 7; : [tg, t1] = H,i = 1,2, ..., tending to |, s such that

(1) F, is differentiable at almost all points on t;;
(2) the right derivative of 7; uniformly converges to the right derivative of

T |[10Jl]'

Then it follows that

Fa(ri(h))—Fa(fi(to)):/ (VF5(7i(1)), 1;(2)) dt.

fo
Denote by V(¢) (resp. V;(t)) the set of initial vectors of rays in H from t(t)
(resp. 7; (1)) asymptotic to o . Notice that, since {# > 0; #V (1) > 2} is of measure
zero, we have V(1) = {y;(0)} for almost all ¢ and that lim; ., Vi(¢) C V(¢)
for any ¢ € [t9, t;] by Proposition 3.2.2. Now, if F, is differentiable at 7;(¢)
forat € [1, t;] then Theorem 3.8.2 (5), (6) implies that V; () = {V F,(7;(1))}.
Hence lim;_, o, VF,(7;(t)) = 7,(0) for almost all ¢ € [#, #,], so that

lim (VF,(7;(1)), (1)) = cos &, for almost all ¢ € [#, #1].
1—> 00

By the Lebesgue dominated convergence theorem,

F, () — Fy(z(to)) = / ' cos ), dr.

fo

Since 6, is almost everywhere continuous in ¢, this completes the proof. O
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Remark 3.8.2. If F} is differentiable at 7(¢) for almost all # > 0 then Lemma
3.8.2 is obvious. However, the former will not be true in general.

Lemma 3.8.3
(D) If{y,} diverges then

| Fo(z(1))
A ¢ B

coS Moo (H) and roo(H) < .

(2) If {y+} converges then

o For@)
m =

t—00 t

-1 and roo(H) > .

Proof. (1) follows from Lemmas 3.8.1 and 3.8.2.

(2): Assume that y, converges to a straight line y as t — oo. Then Ao (H) >
7 follows from Corollary 2.2.1 (cf. Theorem 3.7.3). There is a sequence s; — 00
such that y;, , tends to y; asi — oo. If i(¢) is taken to be large enough, it follows
that the distance between the image of y;, ; and a fixed point on M is uniformly
bounded for all + > 0 and i > i(¢). Then the triangle inequality shows that
|d(o(s;), T(t)) — s; — t| is uniformly bounded for all + > 0 and i > i(¢),
so that

LR [1 lim {5r — d(o (s, ,(,))}} —~1. O

t—00 t t—oo | t
Let M be a finitely connected, complete and noncompact 2-manifold admit-
ting a curvature at infinity.

Theorem 3.8.3. For any rays o and t in M, we have

) Fo(t(1))
im

t— 00 t

= cos min{dy, (0 (00), T(00)), 7 }.

Proof. If o N 7 is unbounded then there are a number a € R and a sequence
t; — oo such that o' (s;) = t(s; + a) for all i, which implies that

Fo(t(t) = lim{s; —d(z(s; +a), (1))} =t —a.

Since o (00) = 7(00), this proves the theorem.

Assume that o Nt is bounded. Then there is a core C of M such that
ola, +o0)Nt[b, +00) = 0, 04,4000 N C = {o(a)} and Ty +00) N C = {T(b)}.
We can find an arbitrary divergent sequence {¢;} of positive numbers and a ray
y; from t(#;) asymptotic to o for each i.
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If a subsequence {y;;} of {y;} tends to some straight line y then the same
discussion as in the proof of Lemma 3.8.3(2) yields
Fo(t(t;
lim o) _

—1 and doo(0(00), T(00)) > 7.
imoo G

Assume that a subsequence {y;;)} of {y;} has no accumulation lines. Then
the rays o (¢) and 7(¢) both tend to a common end as t — oo. If V denotes the
connected component of M \ C corresponding to that end then the ray y;; for
each sufficiently large i is contained in V. Now, we consider a minimal segment
y: [0,£] — M joining a point p € o to a point ¢ € t that is contained in
V. Since o and v may have break points at M, the minimal segment y is
not necessarily contained in only one of D(o, ) and D(t, o). However, we
can find a different minimal segment y’: [0, £] — M from p to g that is
contained in one of D(o, 7) and D(t, o). In fact, there are a, b € [0, £] such
that y(a) € o, y(b) € v and y(a,b) N H = (J, where H is one of D(o, 1)
and D(z, o). Then, the join of the subarc of ¢ from p to y(a) and y|[,) and
the subarc of t from y () to ¢ is the desired minimal segment y’. Therefore,
we can replace y;(;) in such a way that y;; is contained in one of D(o, ) and
D(t, o) and still has no accumulation lines. We can assume without loss of
generality that all the y;(;) are contained in D(o, T) =: H. Then it follows
that F, (t(t;i))) = F(z(tjq))) for all i, where F is the intrinsic Busemann
function of H, i.e., the Busemann function defined by the intrinsic metric dy
of H. Hence, by Lemma 3.8.3,

F, tii FH tii
lim FeTGO) o B CGOD oy
i—00 tj(i) i—00 tj(i)
and Ao(H) < 1. (3.8.2)

If V is a Riemannian half-plane then we have dy(0(00), T(00)) = As(H)
and thus the proof is complete.

Now assume that V is a Riemannian half-cylinder. Then y;;, C H implies that
thereis asequence sy — oo such thatdy\ g (o (s¢), T(tj)) = d(o(sp), T(tji)) =
du(o(sy), T(tji))) for all k large enough compared with i and hence
FS\ (¢(tj)) < Fo(t(tja)). Therefore

V\H
lim Fo(z(tjiy)) > lim Fo " (t(tj@y))

i—00 [j(i) i—00 tj(i)

= cosmin{i(V \ H),w}. (3.8.3)

The formulae (3.8.2) and (3.8.3) together imply that du.(o(00), T(00)) =
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Aoo(H) < min{A.(V \ H), m}. Thus, we obtain

lim Fo(T(tjiy)

A = €08 dyo(0(00), T(00))

and doo(0(00), T(00)) < 7.
By the arbitrariness of the sequence {¢;}, this completes the proof. O

Theorem 3.8.4. Let o be aray in M and let a sequence p; € M,i =0,1,...,
tend to a point po, € M(00). If poo has a neighborhood in M (o) with finite
dso-diameter, we have
im Fn(pz)

i—oo d(po, pi)
Proof. Let C be a core of M. The assumption yields that there is a Riemannian
half-plane H = D(«, B), with«, 8 € R¢, such that A(H) < 400 and H(c0)
is a neighborhood of ps. Let T € R¢ be such that t(oc0) = po and t is
contained in H. Setting ¢; := d(p;, C) we have

Fo(p) _ Fo(x@)| _ d(pi, T()
15 15 15

where applying Theorem 3.7.1 to H yields that the right-hand side of the above
relationship tends to zero as i — 0. Thus, by Theorem 3.8.3 the proof is
complete. O

= cos min{d(peo, 0(00)), }.

Definition 3.8.3 (Radius of metric space). Let(X, d)beametric space and x €
X any point. The radius rad(X, x, d) of the pointed space (X, x, d) is defined by

rad(X, x, d) := supd(x, y).

yeX
Now the radius rad(X, d) of the metric space (X, d) is defined by
rad(X, d) := in}f( rad(X, x, d).
X€E
It is easily verified that % diam(X, d) < rad(X, x, d) < diam(X, d) provided
that (X, d) is an intrinsic metric space.
Remark 3.8.3. Notice that
(1) if M has more than one end then
diam(M (00), doo) = rad(M(00), doo) = +00;

(2) if 0M(00) = ¥ then diam(M (00), ds) = rad(M(00), dwo);
(3) if 9M(00) # @ then diam(M (00), doo) = 2 rad(M(00), do)-

Theorem 3.8.4 can be used to prove:
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Theorem 3.8.5. For any ray o in M we have the following:

(1) ifrad(M(00), 0(00), ds) < /2 then F, is an exhaustion function;
(2) ifrad(M(00), 0(00), d,) > 7 /2 then F, is a nonexhaustion function.

Exercise 3.8.1. Prove Theorem 3.8.5.

Lemma 3.8.4. Let H, o, t be as defined after Remark 3.8.1. Assume that
Mo(H) = m/2, that o, T are geodesics and that there exists a compact subset
K C H suchthat G > 0 on H \ K. Then there exists a large number T > 0
such that F,(t(t)) is monotone nonincreasing int € [T, +00).

Proof. Tt follows from A..(H) = 7 /2 that {y,} diverges. There exists a large
T > 0 such that K C Dy. Then c¢(D,) is monotone nondecreasing in t > T
and tends to ¢(H) as t — 4+00. We have 0 = Ao(D;) = 1 — M0 D;) — ¢(Dy)
and A(dD;) = A0 H) + 6, so that 6, is monotone nonincreasing in ¢ > T and
tends to Aoo(H) = /2 as t — —+oo. In particular we obtain 6, > 7 /2 for any
t > T. Thus by Lemma 3.8.2 this completes the proof. O

Theorem 3.8.6. Assume that fora core C of M, G > 0on M\ C, \(0M\C) >
0, and let o and t be two rays from C such that ds (o (00), T(00)) = 7 /2. Then
there exists a number T > 0 such that F,(t(t)) is monotone nonincreasing in
t > T. In particular, if rad(M(00), 0(00), dx) = 7 /2 for a ray o in M then
F, is a nonexhaustion function.

Proof. Notice that the assumption implies that both o|[4,+0) and 7|4, +o0) for
some large a > 0 are geodesics and that o () and 7(¢) tend to a common end
as t — 0o. Denote by V the connected component of M \ C corresponding to
that end. Without loss of generality it may be assumed that D(o, ) =: H is
defined (when V is a Riemannian half-plane). Since there are no straight lines
y in M such that y(—00) = o(00) and y(00) = t(00), we have (cf. the proof
of Theorem 3.8.3) for all sufficiently large r > 0,

FHi(z(t) if V is a Riemannian
half-plane,
Foe) =1 . S
min {F(f](r(z‘)), Fy (r(t))} if V is a Riemannian
half-cylinder.
Thus, Lemma 3.8.4 proves the theorem. O

As a direct consequence of Theorems 3.8.5 and 3.8.6 we have:
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Theorem 3.8.7. Assume that there exists a compact subset K of M such that
G>00onM\ K and A\(0H \ K) > 0. Then, the following hold.

(1) diam(M(00), dxo) < 7/2 iff any Busemann function on M is an
exhaustion function.
(2) rad(M(00), dwo) > 7 /2 iff any Busemann function on M is a
nonexhaustion function.
(3) The following, (a)—(c), are equivalent to each other.
(a) diam(M(00), d) > 7 /2 and rad(M(00), d,) < 7 /2.
(b) M admits both an exhaustion Busemann function and a
nonexhaustion Busemann function.
(c) (M(00),dx) is isometric to a compact arc with length €,
/2 <l <m.
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The cut loci of complete open surfaces

The definition of the cut locus was introduced by Poincaré ([68]), and he first
investigated the structure of the cut locus of a point on a complete, simply con-
nected and real analytic Riemannian 2-manifold. Myers ([60, 61]) determined
the structure of the cut locus of a point in a 2-sphere and Whitehead [107]
proved that the cut locus of a point on a complete two-dimensional Riemannian
manifold carries the structure of a local tree. In this chapter we will determine
the structure of the cut locus and distance circles of a Jordan curve in a complete
Riemannian 2-manifold and will prove the absolute continuity of the distance
function of the cut locus.

4.1 Preliminaries

Throughout this chapter (M, g) always denotes a complete connected smooth
two-dimensional Riemannian manifold withoutboundary. Lety : [0, co) — M
be a unit-speed geodesic. Note that any geodesic segment y : [0,a) — M is
extensible to [0, o) according to Theorem 1.7.3. If, for some positive number
b, ¥ 10,61 1s not a minimizing geodesic joining its endpoints, let # be the largest
positive number ¢ such that y |, is minimizing. Note that there always exists
such a positive number fy, by Lemma 1.2.2 . The point y (#) is called a cut point
of y(0) along the geodesic y. For each point p on M, let C(p) denote the set
of all cut points along the geodesics emanating from p.

Let C be a smooth Jordan curve in M parameterized by a smooth map
20 ¢ [0, Lo] — M with arc length parameter s. The map z and other functions
of s will be considered periodic with period L, for convenience. Throughout
this chapter we will assume that C admits a unit normal smooth field N of period
Ly along itself. For example, the curve admits such a normal field if it lies in a

133
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convex ball B(p, conv(p)). Amap z : R x [0, Lyg] = M is defined by
z(f, 8) = exXpy(5) I Ns-

Definition 4.1.1. Lets : NC — C be the normal bundle of C with projection 7.

For every s € [0, Lo] let y5 : R — M be a geodesic with y,(t) = z(t, s)
and e () a unit parallel vector field along y, with e,(0) = (9z/9s)(0, 5). Since
the normal exponential map on the normal bundle N'C maps diffeomorphi-
cally around the zero section, each y; is a minimizing geodesic from y;(t)
to C if |¢] is sufficiently small. Thus if this is the case then it follows from
the Gauss lemma 1.2.1 that the map z gives a coordinate system (¢, s), that
g(dz/9t,9z/9t) = 1 holds around C and that g(dz/dt, dz/ds) = 0. For each s
let Y (¢) denote the Jacobi field along y; with Y;(0) = e,(0), g(¥;(z), /(1)) = 0.
By setting

S, s) = g(Xs(1), es(1)),

we have £(0,s) = 1, £,(0,s) = k(s) and g(3z/ds, dz/ds) = f>(t, s), where
k(s) denotes the geodesic curvature of C at zo(s) and f; = 9f/dz. Since Y, is a
Jacobi field we have

Ju(t,s) + Gz, 5) f(t,5) =0,
where f;; = (3/9t) f; and G denotes the Gaussian curvature of M.

Exercise 4.1.1. Prove that f;(0, s) = k(s) holds for each s.

Let P(s) (resp. N(s)) denote the least positive ¢ (resp. the largest negative ¢)
with f(s,¢) = 0, or let P(s) = 400 (resp. N(s) = —oo) if there is no such
zero. If P(sg) < 400 (resp. N(sg) > —oo) then P (resp. N) is smooth around
S0, and z(P(sp), So) (resp. (N (so), So)) is called the first positive (resp. negative)
focal point of C along yy,. A unit-speed geodesic y : [0,a] — M is called a
C-segment (or minimizing geodesic from y(a) to C) iff d(y(t),C) = t holds
for all t € [0, a]. It follows from the short-cut principle, Lemma 1.8.1, that no
two distinct C-segments intersect in its interior. Any C-segment y issues from
C orthogonally, by the first variation formula (cf. Theorem 1.5.1). Therefore
every C-segment is a subarc of some y;. The set of all terminal points of all
C-segments is called the cut locus of C and denoted by C(C).

We shall need tools from measure theory to prove some theorems in this
chapter. Readers unfamiliar with the theory could consult, for example, [106].

Let & : [a, b] — R be a continuous function with bounded variation. Then
the function defines a Lebesgue—Stieltjes measure Aj such that A,((x, y]) for
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each subinterval (x, y] of [a, b] equals the total variation of / on [x, y]. It is
known that any Borel subset B in [a, b] is Aj-measurable. The measure Aj(B)
will be called the variation of h over B.

Lemma 4.1.1 (Banach [8]). Let h be a continuous function on [a, b] and n(t)
the number of elements of h™'(t). Then h is of bounded variation iff n(t) is
Lebesgue integrable on R, in which case

/mmnmzvm) 4.1.1)

o0

holds, where V(h) = Ay(a, b]. In particular, n(t) is finite for almost all t if h
is of bounded variation.

Proof. For each positive integer p, define 27 41 numbersa; (j =0, 1,2, ...,
2P) by

aj:=a+ jb—a)2™".

For each positive integer j < 27, define intervals I; by

[ e [aj_1,a}) if j <27,
" lajon,a it =2v
Let L;(t), j = 1,2, ...,2P, denote the characteristic function of 4(l)), i.e.,

L;(t) = 1iftis an element of A({;) and L ;(¢) = 0 otherwise. Let n,() be the
function defined by

2°

np(t) =Y L;(t). (4.1.2)
j=1

It follows from the construction that n,(t) > n,(¢) if p is not less than g. Hence
we have a measurable function

i) = pli_)rr;o np(t). (4.1.3)

Since n(t) > n,(t) for any positive integer p, we have
n(t) > n(r). 4.1.4)

If n(t) > m for some integer m and for some real ¢ then, for any sufficiently
large integer p, n,(¢t) > m. Thus if, for some ¢, n(t) > m then 7i(t) > m. It
follows from (4.1.4) and this property that n(¢t) = 7i(¢) for any ¢. It follows from
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the construction of L ;(¢) that

/ Lj(l)dlZMj—MJ, 4.1.5)

where M; := sup h|;, and m; := inf h|;,. Then we have

00 2k
/ np(t)dt = (M; —m;). (4.1.6)
—o0 =
Note that the right-hand side of (4.1.6) is not greater than V (k). By (4.1.6),
oo
/ ny(t)dt < V(h) (4.1.7)
for any positive integer p. It follows from Fatou’s lemma and (4.1.7) that
[o.¢]
/ n(t)dt < V(h). (4.1.8)
—00

If & is of bounded variation then by (4.1.8) n(t) is Lebesgue integrable. Con-
versely, if n(¢) is Lebesgue integrable then by (4.1.6) 4 is of bounded variation,
since

2p

lim > “(M; —m;) = V(h) (4.1.9)
p—>00 j=1

holds. O

Corollary 4.1.1. Let h be continuous and of bounded variation. Then

Ap(h=Y(=00,7)) = Ap(h™ (=00, r]) = /r n(t)de. (4.1.10)

—00

In particular the function R 5 r +— Af(f_l (—o00, r]) is absolutely continuous
on each compact interval.

Proof. Suppose that r is a number with n(r) < 4o00. Then we can choose a
finite number of disjoint intervals /; such that

h (=00, r]=1LU ---Uly.
If we define a function %, by

h,(t) == min{h(z), r}
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then £, is continuous and of bounded variation. Since Aj and Aj, are measures,
we have

Ap(h™ (=00, ) =Y A=Y Ay (L)) = Ahr(Uj I;) 4.1.11)
j j

where Aj, denotes the Lebesgue—Stieltjes measure defined by /.. However,
A (U ; 1) equals the total variation in /.. Thus by Lemma 4.1.1 we obtain

o0

Ah,(Ulj) =f n, (1) dr 4.1.12)

j —00

where n,(t) is the number of elements of h;l(t). Clearly n,(t) = 0 for any
t >randn,(t) =n(t)forany t <r.By (4.1.11) and (4.1.12) we have (4.1.10)
for any r with n(r) < oo. The remaining case is easily proved by obtaining
an infinite sequence {r;} such that n(r;) < +oo for each i and lim; .o r; = 7.
Since h~!'(—oo0, r) is a countable union of disjoint open intervals, it is easy to
prove that A, (h~'(—o0, r)) = [*_ n(t)dr. O

Exercise 4.1.2. Give a complete proof of Corollary 4.1.1.
The following lemma is a special case of the Sard lemma.

Lemma 4.1.2 (Sard). If h is a C'-function on (a,b) then it follows that
h({t € (a, b)|W'(t) = 0}) is of Lebesgue measure zero.

Exercise 4.1.3. Prove the lemma above.

Remark 4.1.1. The lemma is true for a continuous function (cf. [87]), i.e.,
the set

h({t € (a, b); I'(t) exists and equals zero})
is of Lebesgue measure zero for any continuous function h.

Lemma 4.1.3. Let {1,,} be a collection of mutually disjoint closed subintervals
of [0, 1]. Then there exists a continuous monotone nondecreasing function f :
[0, 1] — [0, 1] such that f(0) = 0, f(1) = 1 and such that f(t;) = f(t;) for
t, b iff ty and t; lie in a common I,.

Proof. The function f with the required properties can be constructed in the
same way as the Lebesgue—Cantor function ([106]). For technical reasons we
add a countable family of closed intervals {J;} to {I,}. For each component
(a,b) of (0, 1)\ U, Ir, where | J, I, denotes the closure of |, I,, we add a
closed interval [a, (2a + b)/3] (resp. [(a +2b)/3,b]) to {I,} if a ¢ U, I
(resp.if b ¢ Un 1,,); otherwise, we do not make this addition. Thus we obtain a
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countable family of mutually disjoint closed intervals {1, Ji;n, k}. First we
rename each I, J; as follows. Choose closed intervals J(0,0) and J(0, 1)
from {I,, J;} such that 0 € J(0,0),1 € J(0, 1), if these intervals exist. Oth-
erwise, choose an empty set. Now choose an interval J(1, 1) from {1, Ji}
such that J(1, 1) € [0, 1]\ (J(O, 1)U J(0,0)), |J(1, 1)| = max{|L,|, | Jx|; I, U
Je C [0,1]\ (J(O, 1) U J(0,0))}, where |J(1, 1), |I,], |Jx| denote the re-
spective lengths of the intervals. Suppose that closed intervals J(n, j), j =
1,2,...,2""' have been defined for some positive integer n. Then for each
component J of

[0, 1]\ U J(k, YU J(O,0UJO, 1)
=
choose an interval I from {1, J;} such that I C J and
1] = max{|L,|, |Jx|; I, C J, Jy C J}.

If there is no such 7 for some J, choose an empty set. So, we have chosen closed
intervals J(n+1, j), 1 < j <2", withmaxJ(n+1, j) <minJ(n+1, j+1).
From the construction, for each positive integer n we have that

[J(n, D) = |J(n+1, j)I

holds for any i € {1, 2, ...,2" 1} and j e {1,2,...,2"}. Thus it is trivial
that

(L, Jy={J(n,ixn=1,2,...,1 <i <2""'YU{J(0,0), J(O, 1)}.

For each positive integer n, let f, be a continuous monotone nondecreasing
function on [0, 1] that satisfies

Jfa(0) =0, So(D) =1, Salso,0 =0,
2j—1
falioy =1, fals jy = o
foreach k, jwithl <k <n,j=1,2,...,2!, and which is linear on each
component of

n 2k1
[0, 1]\(U | Jk. jHua.0)u g0, 1)) )

k=1 j=I

Clearly each f, is monotone nondecreasing and has the property that 1, #, €
[0, 1] satisfies f,(¢1) = f,.(%,) iff #; and 7, are contained in a common J (k, j).
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3

R

Figure 4.1.1 On the left, I = I, D I;ontheright, I = I, I, ¢ [0, 1]\ I;.

It follows from the construction that, for any positive integers m > n,

a0 = 0] = 35

holds on [0, 1]. Therefore, there exists a unique limit function f 1 =
lim,,—, o fn(#). Since the convergence is uniform, the function f 1S monotone
nondecreasing and continuous. If (a,, b,), k = 1,2, ..., denotes all the com-
ponents of (0, 1) \ U, I, such that a; ¢ |J, I, or by ¢ |, I, let f be a
monotone nondecreasing continuous function on [0, 1] which satisfies f = f
on [0, 17\ (ax, bx) and which is linear on each closed interval [ay, b;] with
fax) = f(ar), f(by) = f(by). Then it is easy to check that f has the required

properties. O

Definition 4.1.2. An injective continuous map from an open or closed interval
into M 1is called a Jordan arc. An injective continuous map from a circle into
M is called a Jordan curve.

Proposition 4.1.1. Any continuous curve c:[0,1] — M contains a Jordan
subarc joining c(0) to c(1) if c(0) # c(1) (see Figure 4.1.1).

Proof. For each multiple point x in ¢([0, 1]) let I, denote the closed subinter-
val [min ¢~ !(x), max ¢~!(x)] of [0, 1]. Since ¢ is continuous, we may choose
a closed interval I; := [ay, b;] from the intervals I, that has maximal length.
Inductively we may choose closed intervals 1,11 := [a,+1, bp+1], from the in-
tervals /, having maximal length and multiple points x € ¢([0, 11\ U;_; L),
which admit distinct elements a, b in [0, 1]\UZ=1 I suchthat c(a) = c(b) = x.
Thus we get a sequence {/,} of mutually disjoint closed intervals such that
c(a,) = c(b,) for each I, = [a,, b,] and such that if two distinct elements
x,y in [0, 11\ |, int I, satisfy c¢(x) = c(y) then x and y are the endpoints
of a common I,. It follows from Lemma 4.1.3 that there exists a continuous
monotone nondecreasing function f on [0, 1] such that £(0) = 0, f(1) = 1 and
such that f(¢;) = f(t;) for t;, t, iff #; and 7, lie in a common 7,,. Then ¢(u) :=
c(max f~!(u)) on [0, 1] is a continuous Jordan arc joining ¢(0) and ¢(1). [
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4.2 The topological structure of a cut locus

It is easy to observe that M \ C has at most two connected components. We will
not go into detail about the case where M \ C has exactly one component, since
the case can be treated analogously. The details of this case are given in [86].
From now on, we will assume that M \ C has two components. Hence C admits
a unit normal vector field along itself with period L. Note that the case where
this is not so would reduce to the case where M \ C has two components, for
most theorems, propositions and lemmas. In fact for a small positive number
€, the normal e-sphere bundle A.C of C is mapped by an exponential map
diffeomorphically onto a smooth Jordan curve C.. It is easy to check that C,
bounds a relatively compact domain and that

S(C,t+€)=SC.,1), BC,t+e)=B(EC,1)
for any r > €, where
B(C,t)={q € M;d(q,C) < t}.
Let
p(s) == sup{t;d(ys(1),C) =t}
and
v(s) :=inf{r < 0;d(ys(1), C) = —1}.

As we noted in Section 4.1, these two functions are strictly positive valued. If
p(s) (resp. v(s)) is finite then z(p(s), s) (resp. z(v(s), s)) is called a cut point of
C. Thus ¥sl0, p(sy) (r€SP. ¥slw(s),01) is a maximal C-segment contained in y;[0, 00)
(resp. ¥sl(—c0,07)- The functions p, v are called the distance functions of the cut
locus. By Remark 1.8.1, we have

Lemma 4.2.1. No two distinct C-segments intersect in their interior.

From now on, our arguments will be framed in terms of the function p, but
exactly the same arguments hold for v.

Proposition 4.2.1. The function p : [0, Lo] — (0, oo] is continuous.

Proof. Let sy be any real number in [0, Ly] and {s,} any sequence converg-
ing to so. Since any limiting geodesic of a sequence of C-segments is itself a
C-segment, we obtain

lim sup p(s,) < p(so). “4.2.1)

n—0o0
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Supposing that p(sy) > b for a constant b, we shall prove that lim inf,_, o, p(s,,)
> b. This property implies that

liminf p(s,) > p(so). 4.2.2)

Thus, combining inequalities (4.2.1) and (4.2.2), we obtain the claimed propo-
sition. By the above assumption, yy,|0.5) is a C-segment and y;,(b) is not a
focal point of C along y;,. Therefore the normal exponential map on N'C maps
a neighborhood U around by;,(0) diffeomorphically onto a neighborhood V
around y;, (). It follows from Lemma 4.2.1 that if x is a point sufficiently close
to y5,(b) then, for any C-segment y, from x to C, d(x, C)y;(0) is an element of
U. Therefore, for sufficiently large n we have that y;, |10 5] is a C-segment. Thus
we get (4.2.2). O

Since the set {s € [0, Ly]; p(s) < +o0} is a union of countably many in-
tervals, it follows from the proposition above that the cut locus is a union of
countably many continuous curves. If the cut locus contains a Jordan curve o
that bounds a domain then we get a C-segment from a point in the domain.
Thus the segment meets a cut point on o in its interior. This is a contradiction.
Therefore we have

Lemma 4.2.2. A cut locus does not contain a Jordan curve that lies in a convex
neighborhood. Furthermore, if M is simply connected then the cut locus does
not contain a Jordan curve.

For each cut point x of C, let I'(x) denote the set of all C-segments from x to
C. The following definition of a sector at a point x € C(C) plays an important
role in investigating the structure of the cut locus.

Definition 4.2.1. In the case where a positive € (< d(x,C)) is chosen suf-
ficiently small that B(x, €) is a convex ball, each component of B(x,€) \
Uy ere) ¥ (0, €) is called an e-sector (or simply a sector) at x.

Each sector X.(x) at x € C(C) has the following four properties.

S1 If y € ¥.(x) then the unique minimal geodesic joining y to x lies in
Ye(x) U {x}. If the inner angle of ¥.(x) at x is less than 7 then every
minimizing geodesic joining two points in X.(x) lies in X, (x).

S2 There is no element in I'(x) that passes through points in %, (x).

S3 There exists a sequence of cut points of C in X, (x) converging to x.

S4 If {g,} is a sequence of points in X (x) converging to x then every
converging subsequence of C-segments in I'(g;) has as its limit either y or
o, where y, o € I'(x) denote the geodesics whose subarcs, together with
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the subarc of S(x, €) with endpoints y(d(C, x) — €) and o (d(C, x) — €),
form the boundary of X, (x).

The properties above would be trivial were it not for the inclusion amongst
them of S3. Suppose that there is no cut point near x in X.(x). Let S(x, t)
denote the geodesic circle at x with radius ¢. Then, for each r < ¢, the arc
S(x, 1) N Ec(x) is simply covered by C-segments. If 7; < £, < € then each
C-segment through S(x, #;) N X.(x) is the continuation of some C-segment
through S(x, ;) N X (x). Therefore we get an element of I'(x) through X, (x).
This contradicts S2.

Lemma 4.2.3. For each s € [0, Lo] the inequality p(s) < P(s) holds, and if
p(s0) = P(sp) < +00 for some s then P'(sg) = 0.

Proof. Without loss of generality, we may assume that P(sy) < oo in order to
prove p(so) < P(sp). Thus z(P(sp), so) is the first focal point of C. Take any
I > P(sp). Then, by imitating the proof of Lemma 1.6.1, we may construct a
piecewise-smooth variation v : (—e€p, €g) X [0, [] — M of y;,, with v(e, 0) =
Z0(so + €), such that L(e) < L(0) for any sufficiently small ¢ > 0, where
L(€) denotes the length of the curve s — v(s, €). Thus we have proved that
p(s) < P(s) for any s. Suppose that P’(sg) # 0 for some sy € (0, Lo] satisfying
P(so) = p(so) < +o0o. Again without loss of generality, we may assume that
P’(s9) > 0. Take any s1 € [0, o) such that P'(s) > 0 on [sy, so]. The length of
a subarc {z(P(s), 5); s € [s1, o]} equals

f so
51

Thus on the one hand, by the definition of the distance function, we obtain

d(z(P(s1), s1), 2(P(50), S0)) < P(s0) — P(s1), (4.2.3)
d(z(P(s1), 51), C) < L(¥s, l10,ps1) = P(s1).

L (P(s), )] ds = P(s0) = Ps1).
ds

On the other hand, from the triangle inequality,

d(z(P(s1), 51), C) + d(z(P(s1), s1), 2(P(s0), 50)) (4.2.4)
> d(z(P(s0), 50), C) = P(s0).

Note that P(sg) = p(so). By (4.2.3), the equality holds in the relationship (4.2.4).
This implies that the arc combining y, |10, p(s;); and {z(P(s), s);s € [s1, Sol} is
a C-segment from z(P(sg), so) for any s;(< s¢) sufficiently close to sy. This
contradicts the assumption P’(sg) # 0. O

A cut point of C is said to be normal if it is the endpoint of exactly two
C-segments and is not a first focal point along either of them. A cut point of C
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iz

Figure 4.2.1

that is not normal is said to be anormal. An anormal cut point x is said to be
totally nondegenerate iff x is not a first focal point of C along any C-segment
from itself. An anormal cut point is said to be degenerate iff it is not totally
nondegenerate. By Lemmas 4.2.3, 4.2.4 and Propositions 4.2.2, 4.2.3, we will
prove that the set of all normal cut points is open and dense in a cut locus with
the relative topology.

Lemma 4.2.4. The set F := {s € [0, Lol; p(s) < P(s) and z(p(s), s) is a
degenerate cut point} is of Lebesgue measure zero.

Proof. Fix so € F and set p = z(p(so), so)- Let X1 (p) and T (p) be the
two sectors at p that have the common boundary y,,[0(s0) — €, p(s0)]; see
Figure 4.2.1. Since p is not a focal point of C along yj,, there exists a neigh-
borhood V of p(s0)ys,(0) in N'C and a neighborhood U of p in M such that
the restriction exp,, of the normal exponential map to V is a diffeomorphism
of V onto U. Let sy be the number in [0, Lo] such that y;, [0(so) — €, p(s0)]
is the boundary of 1 (p) distinct from y,,[p(s0) — €, p(s0)]. Suppose that
P(sy) = p(s4). Choose a positive number €; such that U contains z(p(s), s)
and z(P(s), s) for all s € [s; — €1, s+ + €1]. Without loss of generality we may
assume that {z(o(s), $); s € [s0, So + €11} is a curve lying in £} (p). Hence the
curve {z(p(s), 8);5 € [so — €1, so]} lies in X (p). We may choose a positive
number 8; < €; such that if z(p(s1), s1) = z(p(s), s) for s; € [0, Lo] and s €
(s0, So + 1) then s = sy or 51 € (s — €1, s+ + €1). Let a smooth function v on
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(s+ — €1, 54+ + €1) be defined by
u(s) := 25 o o expy’ Z(P(s), 5).

Recall here that the map zq : [0, Lo] — M denotes the Jordan curve C. Note
thatif s € (s, — €1, 54 + €;) satisfies P'(s) = 0 then v'(s) = 0 and hence s is a
critical point of v. Let K C (s — €1, s+ + €1) be the set of all critical points of
v.If s € (59, so + 1) is an element of F then there exists an 57 € [0, L] such
that z(p(s), s) = z(p(s1), 51), P(s1) = p(sy). It follows from the choice of §;
and from Lemma 4.2.3 that P'(s;) = O and s; € (s4 — €1, 51 + €1). Therefore
we can find an s5; € K such that z(p(s),s) = z(p(s1),s1) = z(P(s1), 51)-
This means that (so, so + 6;) N F is entirely contained in v(K). Therefore if
p(s4+) = P(sy) then (sp, so + 81) N F is of Lebesgue measure zero, since v(K)
is thus by Lemma 4.1.2. If p(sy) < P(s,) then there exists a positive number
d such that (sg, so + ) N F = . Summing up this discussion we observe that
there exists a positive number §; such that (so, so + 8;) N F is of measure zero.
The same argument can be applied to X_ (p) to prove that (so — 81, 50) N F
is of measure zero for some positive number §;. Therefore F is covered by
countably many sets of measure zero. Hence F is also of measure zero. O

Proposition 4.2.2. Let p be a normal cut point such that p = z(p(s), s) has
exactly two solutions, s = sy, 8, in [0, Lg). Then:

(1) p(s) is smooth on a neighborhood of s = s1, $»;

(2) there is a strictly monotonic smooth function v(s) in a neighborhood of s
with the properties v(s;) = s1, p(v(s)) = p(s) and z(p(v(s)), v(s)) =
z2(p(s), s) for s near s»;

(3) p has exactly two sectors and the cut locus of C near p is a smooth curve
that bisects the inner angle of each sector at p.

Proof. Since p is not a focal point along y;, or ys,, there exist neighborhoods
V, U, and U, around p, p(s1)ys,(0) and p(s2)ys,(0) respectively such that the
normal exponential map on A'C is a diffeomorphism of U; onto V for each
i =1,2. Let f be a smooth function on V defined by

f@ = | expy' q| — | expy! g

3

where exp;, : U; — V denotes the restriction of the normal exponential map to
U;. Then for any w € T, M the equation

dfp(w) = (v, (p(s1)), w) — (¥, (p(s52)), w) (4.2.5)

follows from the first variation formula. Since the two vectors yg (p(s1)),
Vs,(0(s2)) are distinct, p is not a critical point of f. Thus by the implicit function
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theorem, f£~!(0) is a smooth one-dimensional submanifold. Letv ¢ be a smooth
curvein f~!(0) emanating from p = c(0).Puts;(¢) := zgl omo expz,‘,1 c(t),i =
1, 2. It is easy to observe that if |7| is sufficiently small then vy, )l expy! (o)l
is a C-segment and c(¢) is a normal cut point. Now claim (3) of our proposition
is clear by (4.2.5). The other claims also are easily proved. O

It follows from the first variation formula that, in the above proposition,
p'(s) =0ats = si(or s = s) iff the two C-segments y;, , ¥5, make an angle &
at z(p(s1), s1) = z(0(s52), 52).

Definition 4.2.2. y;, [[0,2o(s) 1S called a C-loop if the two C-segments s, , Vs,
make an angle 7 at z(p(s1), 51) = 2(0(52), 52).

The proof of the next proposition is analogous to that of the proposition
above.

Proposition 4.2.3. Let p be a totally nondegenerate anormal cut point. Then:

(1) there exists only a finite number n > 3 of s-values in [0, Lg), say
S = S1,82, ..., 8y, such that p = z(p(s), $);

(2) p has exactly n sectors;

(3) p is piecewise-smooth on all small open intervals including s; and smooth
exceptat s;;

(4) in each small sector at p, the cut locus is a smooth curve bisecting the
inner angle of the sector at p;

(5) any cut point in each small sector at p is a normal cut point. In particular,
totally nondegenerate cut points are isolated.

By Lemmas 4.2.3, 4.2.4 and Propositions 4.2.2, 4.2.3 we get

Corollary 4.2.1. For any 0 < a < b < Ly, the set {z(p(s),s);a < s < b,
z(p(s), s) is normal} is either empty or open dense in {z(p(s), s);s € [a, b]}.
Furthermore, if {z(p(s), s);a < s < b, z(p(s), s) is normal} is empty then it
consists of a single element.

A topological space T is by definition a tree iff any two points on 7T are
joined by a unique Jordan arc in 7. A point x on a tree T is by definition an
endpoint iff T \ x is connected. A topological space C is by definition a local
tree iff, for every point x € C and for every neighborhood U around x, there
exists a smaller neighborhood 7 C U around x that is a tree.

Theorem 4.2.1. Let M be a complete, connected, smooth Riemannian
2-manifold and C a smooth Jordan curve in M. Then the cut locus of C is
a local tree. Furthermore, if M is simply connected then the cut locus is a tree.
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Proof. Let x be any cut point of C. Take any sector X.(x) at x. Since p is
continuous by Proposition 4.2.1, the set

{s € [0, Lol; z(p(s), s) = x}

is compact. Therefore there exists a finite number of open intervals /;, j =
1,2, ..., k, such that

k

{s €10, Lol 2(p(s). 8) = x} < (1

j=1

and such that each c;, where ¢;(s) := z(p(s), s) for s € I}, s a curve through x
and contained in B(x, €). By the property S3 of sectors (see Definition 4.2.1),
there exists a cut point y in ¥.(x) sufficiently close to x. Thus z(p(s),s) = y
for some s € I;. Since c¢;(/;) contains x, the cut point y can be joined to x
by a continuous curve in X.(x) N C(C). By Corollary 4.2.1, we may assume
that y is a normal cut point, which is the intersection of C-segments oy, y, of
I'(y). Since c; bisects the two sectors at y, it follows from the property S4
of sectors that, as y tends to x, oy and y, converge to C-segments o and y
respectively; o, y € I'(x) denote the geodesics whose subarcs form the bound-
ary of X.(x), together with the subarc of S(x, €) with endpoints o (d(C, x) —€),
y(d(C, x) — €).

Thus if y is chosen sufficiently close to x then four C-segments o, y, oy, vy
and two subarcs {zo(s);s € Ji}, {zo(s);s € J»} of C together bound a disk
domain D containing any cut point which lies in ¥.(x). Here each J; denotes
a closed subinterval in [0, Lo] such that {x, y} = {z(p(s), 5); s is an endpoint
of J;}. Since a C-segment from a cut point ¢ in D is a subarc of y; for some
s € J1 U Jy, the cut point g lies on a curve c;. It follows from Proposition 4.1.1
and Lemma 4.2.2 that any cut point in D (and hence in X.(x)) can be joined
to x by a unique Jordan arc in (X.(x) U {x}) N C(C). This implies that C(C)
isatree in (X(x) U {x}) N Xy (y; x), where 3,.(y; x) denotes the 2e-sector at
y containing x. If the inner angle of X.(x) at x is sufficiently small then there
exists a closed subinterval J of [0, Ly] with J C U];:, I; such that the two
C-segments o, y and the subarc {zo(s);s € J} of C cut off by o and y bound
a disk domain D. Since J is contained in some /;, any cut point in D lies in
the curve c;. Thus any cut point in D lies in X.(x) and may be joined to x by
a Jordan arc in C(C) N (Z<(x) U {x}). Summing up the argument, there exist
finitely many normal cut points y; in B(x, €) such that U N C(C) is a tree, where
U := B(x, €)[); Z2¢(y;; x) is a neighborhood around x. O

In Propositions 4.2.2 and 4.2.3, we observed that each sector at a totally
nondegenerate cut point is bisected by a Jordan arc in C(C) emanating from the
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cut point. This property holds for a sector at any cut point, in a sense. Before
stating this property, we need to define some terminology.

A Jordan arc ¢ : [a,b] — M is said to have a left tangent (resp. a right
tangent) v € ScupyM = {v € ToqM; ||v|| = 1} at c(ty) for some 1y € (a, b]
(resp. ty € [a, b)) iff exp;(llo) c/ exp;(llo) c(t)|| convergestov ast — tHp — 0
(resp.t — to+0). Here expc_(tlo) denotes the local inverse of exp,.,,, around ).

Proposition 4.2.4. Let ¢ : [0, 1] — C(C) be a Jordan arc lying in a sector
Yhe(p) at p = ¢(0). Then c has a right tangent at c¢(0) that bisects the inner

angle of o(p) at p.

Proof. Since the case where I'(c(0)) consists of a single C-segment is trivial, by
Theorem 1.7.1, we will prove only the other case (see Figure 4.2.2). The inner
angle of X, (p) at p is less than 277, otherwise I'(p) consists of a single element.
Let o and B be the C-segments whose subarcs bound X,.(p). By choosing a
smaller €, we may assume that c(a) ¢ X.(p) for some positive a. Then the
subarc c|jo.5; (0 < b < a) of c divides X (p) into two components, say D;, D,.
Since no C-segment meets the curve c in its interior, for each c(¢), t € (0, b),
there exist C-segments of I'(c(¢)) lying in D; and D, respectively. Thus we
get two distinct sectors Z;(c(t)) and X,_(c(2)) for each c(t),t € (0, b), such
that

Tr(e@) Delt,bl,  E5.(c(t)) D c(0,1].

It follows from property S4 of sectors (see Definition 4.2.1) that for each ¢ €
(0, b] we may choose C-segments «;", ;7 € T'(c(1)) (resp. «; ", B; € T'(c(1)))
bounding E;(c(t)) (resp. X,_(c())) such that

lim o =« lim g+ =
t—+0 ! ’ t—+0 ﬂt 'B
(resp. lim;, oo, =a, lim;, 1o B; = B).

Assume that there exists a sequence {c(#;)} with lim;_, o ; = 0 such that

: 1 1)
lim /(exp," a(e), exp,’ c(1;)) =: 6

lim / ~ s ~1 1)) =: 0.
Jim (exp,' B(e), exp, ' c(t:)
From the triangle inequality we have

d(B,; (€), c(t;)) — d(B; (€), p) = d(C, c(1;)) — d(C, p)
= d(a(e), c(r;)) — d(a(e), p).
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the minimal geodesic
joining ¢(0) and c(¢)

Figure 4.2.2

Applying the first variation formula to each side of the above relation,

d(B, (€), c(ti)) — d(B, (€), p)

—cosf’ = lim

i—o0 d(c(t), p)
< lim d(a(e). c(t)) —dla(e).p) _ o
i—o0 d(c(t), p)

By the symmetry of the above discussion we have 6 = 6’. Thus the claim in
the proposition is clear. O
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4.3 Absolute continuity of the distance function
of the cut locus

In [34], Hartman tried to prove that p is absolutely continuous if it is finite
valued. He proved that if the function p, := min{p, r} is of bounded variation
for any real r then p is absolutely continuous where it is finite valued. This
property has an interesting application to the Ambrose problem in the two-
dimensional case, which was pointed out by Hebda in [35]. Incidentally, this
problem in the two-dimensional case can be stated as follows. Let M and M be
complete connected Riemannian 2-manifolds with Gaussian curvatures denoted
by GandG respectively. Suppose that there exists a linear isometry I : T,M —
Ty M for points p € M and jp € M such that G(exp, X) = G(exp, (X)) for
any tangent vector X € T,M. If M is simply connected, does there exist an
isometric immersion F : M — M such that F(p) = p, dF =1 at p?

In 1993, Hebda in [36] and Itoh in [41] independently and affirmatively
solved this problem by proving that p, is of bounded variation for any 7 in the
case where C = {p}. Since the function P is smooth if P is finite valued, the
following lemma is trivial.

Lemma 4.3.1. For each real r, the function P, : [0, Lo] — (0, r] is Lipschitz
continuous, where P, := min{P, r}.

Let Ey, E; be closed subsets of [0, Ly] defined by
Ep :={s € [0, Lo]; p(s) = P(s)}
E; :={s € [0, Lol; p(s) < +00 and ¥;lj0,2p(5) 1s a C-loop}.

See Definition 4.2.2 for the definition of a C-loop. For convenience, we can
take 0 € Ey U E; by reparameterizing the curve C. Then we get a countable
family of open intervals I; with [0, Lo] \ Eq U E| = Uj I;. By Lemma 4.2.3
the following lemma is trivial.

Lemma 4.3.2. Forany sg € Eyand s € [0, Lo,
pr(s) — pr(s0) = K(Pr) [s — sol,
where K (P,) denotes a Lipschitz constant of P,.
We define positive constants C(r), C2(r), C3(r) depending on r by
Ci(r) :==max{| f(s,0]/2;0 =5 < Lo, 0 <1 <},

Cy(r) := Ci(r)(r/minp — 1),
C3(r) := max{C(r), C,(r)}.
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Lemma 4.3.3. Forany sy € E; and s; € [0, L],

pr(s1) — pr(s0) < C3(r)|sy — sol.

Proof. We will assume that p(sp) < p(s;) < r, since the other case is easily
proved. Suppose that p(s;) < 2p(sp). Define a smooth curve ¢ on [0, Ly] by
o(s) := z(p(s1), s). From the definition of the distance function d,

51
/ l¢'(s)] ds
S0

/ £ (p(s1). $)|ds

So

d(ys, (p(51)), Vs (0(51))) <

=<

<2Ci(r) sy —so|. (4.3.1)

Since s, [10,2(s0)1 18 @ C-loop, we have

d(C, 5 (p(51))) = 2p(s0) — p(s1). (4.3.2)

Thus by the triangle inequality

d(ys, (p(s1)), Vs, (0(51))) = d(C, y5,(p(51))) — d(C, y5,(0(s51)))
> 2(p(s1) — p(50))- (4.3.3)

Therefore by (4.3.1) and (4.3.3) we have proved the claim in the lemma if
p(s1) < 2p(sp) < 2r. Now suppose that p(s;) > 2p(sp). Then if we take a
positive value s, € [0, Lo] satisfying p(s2) = 2p(so) we obtain |sg — s1| >
|so — s2|. By applying the reasoning in the first case to the pair sy and s,, we get

p(so) = p(s2) — p(so) < C1(r)|s2 — sol. (4.3.4)
Thus
p(s1) r
p(s1) — p(so) < p(so) | —— — 1) < (p(s2) — p(so) | —— — 1
min p min p
< Co(r)ls2 — sol < Ca(r)lsy — sol. (4.3.5)
O

Lemma 4.3.4. If p attains a local minimum at s = sy then sy € Eg U E|.

Proof. Put p = z(p(sp), So). Suppose that sg ¢ EoU E;. Then p admits at least
two sectors. Since sy ¢ E, there exists a sector X.(p) at p and adjacent to yy,
whose inner angle 6 at p is less than 7. Without loss of generality, we may
assume that a Jordan arc {z(p(s), 5); 5o — €1 < s < 50} in C(C) lies in the sector
¥ (p) for some positive €; > 0. Since for each s € [sy — €, 5]

p(s) =d(C, ys(p(s))) = d(zo(s0), ¥s(p(s)))
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holds, by the triangle inequality we get

p(s0) — p(s) = d(zo(s0), p) — d(zo(s0), c(s))
= d(y5,(p(s50) — €), p) — d(ys,(p(so) — €), c(s)), (4.3.6)

where c(s) = z(p(s), 5).
It follows from the first variation formula and Proposition 4.2.4 that

lim 4 p(0) — €)p) — d(yy, (p(s0) — €). ¢s)) _ cosf
1m = .

4.3.7)
550 d(p, c(s)) 2

Thus, by (4.3.6) and (4.3.7), p cannot attain a local minimum at s since 6 is
less than 7. This is a contradiction. ]

Lemma 4.3.5. For each interval I above,
V(prl) < CHIL|

where V (p,|},) denotes the total variation of p;|;,, C(r) := max{K(FP,), C3(r)}
and |1;| denotes the length of 1;.

Proof. Since p has no local minimum in the interior of /;, either p[;; is mono-
tonic or it has a unique maximal value p(#;) such that p is monotone nondecreas-
ing on [a;, t;] and monotone nonincreasing on [f, b;], where (a;, b;) = I;. By
Lemmas 4.3.2 and 4.3.3, we have the claim. O

Proposition 4.3.1. For any r > 0, p, is of bounded variation.

Proof. Let0 =1ty <t; <t <--- <t, = Lo be any subdivision of [0, Lo]. If
(t;, t;ix1) N (Eg U Ep) # ) then we may choose the smallest number a and the
largest number b in [t;, t;+1] N (Eo U Ey). Thus

(ti,a) N (EgUE) =0 = (b, tiy1) N(Eg U Ey).

By taking a finer subdivision of [0, L¢], if necessary, we may assume that if
(ti, tix1) N (Eg U Ey) is nonempty then #;, 1,11 € Eg U E;. Now decompose
{0, 1,...,n — 1} into two disjoint subsets A, B:

A= {i; (4, i) N(EgU Ey) = 0},

B :={i; (ti, tiy1) N (Eo U Ey) # 0}

Then it follows from Lemmas 4.3.2, 4.3.3 and 4.3.5 that

> 1pr) = Ptz < €)Y 111 < LoC(r)
j

icA
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and

Y o lort) = prtiy )| < C) Y ltis — 1] < LoC(r).

ieB ieB

Therefore we get

n—1
Y 1) = prltisn)| < 2LoC(r)
-

for any subdivision0 =ty <t <--- <t, = Lo of [0, Lo]. O

Exercise 4.3.1. Generalize Proposition 4.3.1 to the case of a smooth Jordan
curve C in M admitting a periodic smooth unit normal vector field along itself.

Definition 4.3.1. A number 7 > 0 is said to be anormal (resp. normal) if there
exists an anormal (resp. no anormal) point in S(C, t). Also, t > 0 is said to
be exceptional if it is anormal or normal but there exists an s € p~'(¢) such
that o’(s) = 0. A positive number ¢ is by definition nonexceptional iff it is not
exceptional.

Lemma 4.3.6. The set of exceptional values is closed and of Lebesgue measure
zero.

Proof. Tt follows from Proposition 4.2.2 that the set of normal cut points
z2(p(s), s) with p’(s) # 0 is relatively open in the cut locus to C. Thus the
set of exceptional values is closed. By Proposition 4.2.3 the set of p-values of
totally nondegenerate anormal cut points is discrete. In particular, this set is of
Lebesgue measure zero. It follows from Lemmas 4.1.2 and 4.2.3 that the set
of p-values of all degenerate cut points is of Lebesgue measure zero. Note
that {s € [0, Lo]; P(s) < 400} is a countable union of intervals. Therefore
the set of anormal values is of Lebesgue measure zero. By Proposition 4.2.2,
p is smooth on

{s € [0, Lol; z(p(s), s) is a normal cut point}.
Thus
{p(s); z(p(s), s) is a normal cut point and p’(s) = 0}

is of Lebesgue measure zero, by Lemma 4.1.2. Therefore we have proved that
the set of exceptional values is of Lebesgue measure zero. O

Theorem 4.3.1. Let M be a complete connected smooth Riemannian
2-manifold and C a smooth Jordan curve separating M into two components.
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Then, for any positive r, p, is absolutely continuous. In particular p is abso-
lutely continuous on every compact interval where it is finite valued.

Proof. Without loss of generality, we may assume that r is nonexceptional. Let
€ be an arbitrary positive number. It follows from Proposition 4.3.1 and Lemma
4.1.1 that there exists a positive number § = (e, r) such that

/ n(t)dt < e (4.3.8)
B

for any Borel subset B of [0, r] with | B| < §, where | B| denotes the Lebesgue
measure of B and n,.(¢) denotes the number of elements of p~'(¢). It follows
from Lemma 4.3.6 that there exists a finite number of nonoverlapping open
subintervals Iy, ..., I; of [0, r], any of whose endpoints are nonexceptional,
such that the set of exceptional values in [0, r] is covered by the union of
I;,j=1,...,k, and such that

k
Z 11;| < 8. (4.3.9)
=1
If ¥ denotes the union of /;, j =1, ..., k, then by (4.3.8)
/ ne(t)dt <e. (4.3.10)
s
Since any endpoints of /; are nonexceptional, S; := o~ () is a finite union
of nonoverlapping open intervals I, ..., I/. By Corollary 4.1.1 we have
A,y (S1) = / ny(t)de. (4.3.11)
p)

Since S is open, the set
Sy :={s €[0, Lol; p(s) <r, 5 ¢ Si}

is closed, hence compact. Since p is smooth at each point of S,, by Proposition
4.2.2, there exists a positive constant ¢ such that

lo'(s)] < ¢ (4.3.12)
on S,.
Let Ji, ..., J; be arbitrary nonoverlapping closed subintervals of [0, Lo]
such that

. (4.3.13)

ol m

q
D il <
Jj=1
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Since S is a union of finite number of open intervals, we may take each int J;
to be either disjoint from S; or contained in S; to prove that

q

> " lpe(by) = prlap)] < 2, (4.3.14)
j=1

where [a;, b;] = J;. Furthermore, we may assume that
max ,0|1/ <r 4.3.15)

for each j, since r is nonexceptional and the total variation of p, is zero on
a closed interval I with min p|; > r. We observe that the inequality (4.3.14)
implies the absolute continuity of p,. If int J; is disjoint from S| then /; is
contained in S, for we have assumed (4.3.15). Thus by (4.3.12)

|or(b;) — pr(aj)] < clJjl. (4.3.16)
If int J; is contained in S} then
lo-(bj) — prlap)| < Ay (J)), (4.3.17)

since V(p,|s,) = Ap,(J;). It follows from the observation above that we have

q
lor(b;) — pr(a;)l
=

= Y oG —p@pl+ Y by = prlay)l

int J;NS, =0 int J;CS
< >0 cdil+ YD AU S et A, (S) <26
int J;NS =@ int J;CS)
Therefore the proof is complete. O

Exercise 4.3.2. Generalize Theorem 4.3.1 to the case of any smooth Jordan
curve C on M admitting a periodic smooth unit normal vector field along itself.

Itfollows from Proposition 4.3.1 that any two cut points in the same connected
component of C(C) can be joined by a rectifiable curve lying in the cut locus.
Furthermore, if ¢ denotes a curve in C(C) defined by c(s) = z(p(s), s) for
s € [a, b] then it follows from Theorem 4.3.1 that c is absolutely continuous.
Thus the length L(c) of the curve can be defined by

b
L(c) := / [¢(s)| ds.
Therefore an interior metric § on an each component of C(C) is defined by

8(p, q) :=inf L(c),
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where the infimum is taken over all absolutely continuous curves in C(C) joining
p to g. For two points p, g not lying in the same component, define

8(p, q) = +oo.

Theorem 4.3.2. The interior metric § is a complete distance function and the
topology induced by § is compatible with the one induced by d.

Proof. Let {p,} be any sequence of points in C(C) convergent to a point p with
respect to d. For each p,, take a point s,, € [0, Lo] such that p,, = z(p(s,), $u)-
Letb € [0, Lo] be alimit point of {s,, }. Then, by Proposition4.2.1, p = z(p(b), b)
and hence p is a cut point of C. From the definition of §, we have

/ " 1] ds
b

where c(s) := z(p(s), s). Since c is absolutely continuous, |¢(s)| is Lebesgue
integrable. This implies that lim,_, o, 8(p,, p) = 0. Therefore the latter claim
of the theorem is proven. The former claim is an easy consequence from the
latter. [

8(pns ) =

El

Exercise 4.3.3. Prove Theorem 4.3.2 for any smooth Jordan curve C on M
admitting a periodic unit normal vector field along itself.

The next lemma is a consequence of the property S3 of sectors (see
Section 4.2).

Lemma 4.3.7. A point p in C(C) is an endpoint of C(C) iff p admits exactly
one sector.

Theorem 4.3.3. Let M be a complete connected smooth Riemannian
2-manifold and C a smooth Jordan curve separating M into two components.
Then the cut locus of C consists of countably many rectifiable Jordan arcs and
the endpoints of the cut locus.

Proof. Foreachs € [0, Lo] with p(s) < +00, choose a closed subinterval I; of
[0, Lo] such that c(/;) lies in a convex neighborhood, where c(u) := z(p(u), u).
‘We may choose countably many closed intervals {/, },=1 »,.... from {/} such that
Un I, = {s € [0, Lo]; p(s) < +00}. Since c[,, lies in a convex neighborhood,
c(1,) is a tree. It is sufficient to prove that, for each I,,, c(I,) is a union of a
countable number of Jordan arcs and the set of endpoints. Fix a point p in ¢(1,,).
Choose a point q; € c(1I,,) such that §(q;, p) = max{8(p, q);q € c(I,)}. Let J;
be the unique rectifiable Jordan arc in ¢(/,,) joining p to ;. Suppose that curves
Ji, ..., Jx have been defined. Choose the point g;; € c(I,) that is farthest
from the set Ule J;i. Then define Ji1; by the unique rectifiable Jordan arcs
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joining gi41 to Ule J;. If ay, the length of Ji, is zero for some k then c(1,)
is a finite union of the J;. If a; is positive for all k£ then limy_, o, @y = 0, since
Z,fil ay does not exceed the length of ¢(7,), which is finite by Theorem 4.3.1.
Thus the set Uf’il J; is a dense subset of ¢(1,). This implies that ¢(/,,) is a union
of J; and the set of endpoints, since c([,) is a tree. O

Exercise 4.3.4. Prove Theorem 4.3.3 for any smooth Jordan curve C on M.

A cut point p of C(C) is called a branch point if T \ { p} has at least three con-
nected components for an open tree T’ containing p. The number of components
of T \ {p} is called the order of the cut point.

Corollary 4.3.1. The cut locus C(C) admits at most countably many branch
points.

Exercise 4.3.5. Show that a point p € C(C) is a branch point iff p admits at

least three sectors.

Remark 4.3.1. Gluck and Singer constructed a compact convex surface of
revolution such that the cut locus of a point on the surface admits a branch point
with infinite order (cf. [28]).

4.4 The structure of geodesic circles
For each nonpositive ¢, let S, (C, r) denote the set
S, (C,t):={x e M,; dx,C) =t}

Here M denotes the component of M \ C containing {z(p(s), 5); p(s) < oco}.In
this section the structure of S (C, ¢) will be stated for nonexceptional values ¢.

Definition 4.4.1. Let £ C [0, co) be the set of all exceptional values.
Note that the set £ is closed and of Lebesgue measure zero by Lemma 4.3.6.

Lemma 4.4.1. Let t be nonexceptional. Then p~'(t) has at most finitely many
elements. The number n,(t) of elements is even and constant on every interval
of nonexceptional values.

Proof. From Proposition 4.2.2 and from the definition of a nonexceptional
value, p is smooth and p’ # 0 at each point in p~!(¢). Thus p~'(¢) has at most
finitely many elements and n,(¢) is constant on every interval of nonexceptional
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values. For each s; € p~!(¢), there exists a unique element s, € o) \ {51}
such that z(p(s1), s1) = z(p(s2), 52), since the cut point is normal. Therefore
n,(t) is even. O

The following theorem states the structure of S (C, t) for nonexceptional
values 7 in the case where M \ C has two components. The analogous claim
holds in the other case. See Proposition 4.3 in [86] for more details.

Theorem 4.4.1. Let M be a complete connected smooth Riemannian
2-manifold and C a smooth Jordan curve bounding a domain of M. If t > 0 is
nonexceptional then p(s) = t has an even number of solutions 2m mod L,
which (if m > 0) can be enumerated as a1 < B < @y < +++ < Oy < Bu(<
a1+ Lo), such that p > t on (o, Br)and p < ton (B, o) fork =1,...,m
with a1 = oy + Lo. S1(C, t) consists of the set of smooth curves z(t, s),
ar <5 < By, fork = 1,...,m and forms a set of simply closed piecewise-
smooth curves whose corners are at 7(t, ay), z(t, Br), k = 1, ..., m. The length
L.(t)of SL(C,t)is

m Br
L.(t) = Z/ f(t,s)ds. (4.4.1)
k=1 Y%

Furthermore L (t) is smooth on the set (0, 00) \ £, and its derivative L' (t)
with respect to t is given by

Ok
’ _ - -
L ()= /;‘+(C,1)K(s’t) ds — Ek 2 tan > 4.4.2)

where ds is the line element of S;(C, t), k(5; 1) is the geodesic curvature of the
curve and the 6y are the inner angles of the sectors at nondifferential points

of it.

Remark 4.4.1. Fiala [26] proved the above theorem for a real analytic Rieman-
nian plane in connection with an isoperimetric inequality. Hartman extended
Fiala’s results to a Riemannian plane with C?-metric. These results were ex-
tended to complete open smooth Riemannian 2-manifolds in [81, 82, 85, 86]
and to an Alexandrov surfaces in [87].

Proof. The existence of the o and By is trivial by Lemma 4.4.1. Hence it is
easy to check equation (4.4.1). Since ¢ is nonexceptional, the derivative p’ of p
exists and is nonzero on a neighborhood of o~ '(). Thus oy, B are smooth on
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(0, 00) \ €. By differentiating the equation (4.4.1) with respect to 7, we get

Br d d
=Y f filt, 9)ds + £(t, m% — fta) Tt @43)
k Ok

Since d(zo(Bk), z(t, Br)) = ¢t for any ¢ € (0, 00) \ &, it follows from the first
variation formula that we have

9 ag N\ 4
cos Ek {1 + £, B)* (ﬂ> } = Haz(t, Bi(t))

Ok
cos—=1. (444
dr 2

Since dpy/dt is negative, by (4.4.4) we get

dg 6
1, ,Bk)d—tk = —tan Ek (4.4.5)
A similar argument for the equation d(zo(), z(f, ax)) = t leads us to
£t a0 2% = an & (4.4.6)
— =tan —. 4.
C 2

The geodesic curvature «(s; ) at z(z, s) of S(C, t) is

AN

Kk(s;t) = . “4.4.7)
f,s)
Since the line element of S, (C, 1) is f(z, s)ds, we get
Br
Z/ fit, s)ds = / k(5;1)d5.
T Ja )
Therefore by (4.4.3), (4.4.5) and (4.4.6), we get (4.4.2). O

We shall introduce some notation in order to extend the function L (¢) for
exceptional values 7. Let

Dy :={(t,5);0<t < p(s),0<s < Ly}

and x4 (z, s) the characteristic function of D, such that x,(s,) = 1 or 0
according to whether (¢, s) € D4 or not. For any r > 0, set

Lo
L.(t) = /O X (t,5) F(, 5)ds. (4.4.8)

It is easy to check that the function L, (¢) defined by (4.4.8) equals the length
of S, (C, t) if t is nonexceptional. We define for ¢ > 0 the set Q. (¢) as follows:

Q1) :={s € p~1(1); z(s, 1) is normal and p'(s) = 0}.
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For each positive integer 7, the set

{r € [0,00);10+(1)| = 1/n}

is finite, since Q(¢;) and Q. (1) are disjoint subsets of [0, L] if #; and 1, are
distinct. Thus QO (¢) is of Lebesgue measure zero except for at most countably
many ¢. We define the function J(¢) on [0, c0) by

Tt =Y f f(u, s)ds. (4.4.9)
O<u<t 0 (u)

Note that L, and J; are discontinuous at t = fy iff |Q+(#y)| is nonzero. The
function L (¢) has no geometrical meaning at an exceptional value ¢. Here we
shall give a sufficient condition for L, (¢) to be equal to the length of S..(C, 1).

Definition 4.4.2 (The length of a continuous curve). The length L(c) of a con-
tinuous curve ¢ : [a, b] — M is defined by the following number:

k

L(c) := sup {Zd(c(t[), cti_))),a=ty<ti<h<---<b=t } .
i=l

Notice that if the curve c is smooth then its length is equal to fab e dt.

Lemma 4.4.2. Let f :[a, b] — R" bea C'-function. Then the one-dimensional
Hausdorff measure of the set

fdt €la,bl; df; = 0})
is zero.

Proof. For simplicity we set
A= {t €la,bl;df; =0}, B = f(A).

Let € be any positive number. For each 7y € A there exists an open interval
I.(t) (> to) such that f|; ¢, is a function with Lipschitz constant €. Thus
we have H!'(f(I.(t))) < € H'(I.(ty)). Here H' denotes the one-dimensional
Hausdorff measure. Since A is compact, there exist finite elements ¢4, . . ., # in
A such that

k
Ac| 1.
i=l

If I (#;) N I(¢;) is nonempty then f|r,,)ur(;) is @ function on the interval with
Lipschitz constant €. Therefore we may assume that the members of {/.(#;)} are
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mutually disjoint. Thus we get

H'(B) <€) H'Ut) < €M (la, b)).

This implies that H'(B) = 0. O

Definition 4.4.3. A point x € M is called a critical point of the distance func-
tion to a compact subset C of M if for any unit vector v € T, M there exists a
minimal geodesic segment o joining x to C such that (5 (0), v) > 0.

Remark 4.4.2. If a cut point does not admit a sector whose inner angle at p
greater than 7 then it is a critical point of the distance function d(C, -). Compare
[15] for the theory of critical points of distance functions.

Lemma 4.4.3. Assume that for a compact subset C of M there exist two num-
bers t| < t, such that A(C, t1, 1) := B(C,t,) — B(C, t1) contains no critical
points of the distance function to C. Then A(C,t, t;) is homeomorphic to
S(C, t1) x [t1, t].

Proof. For each point g of A(C, 1, 1) there exists a local smooth vector field
Xy on an open neighborhood N around ¢ such that for any C-segment y
through a point p € U the angle made by Xy and y(d(C, p)) at p is greater
than /2. Since A(C, t1, 1) is compact, there exist finitely many local smooth
vector fields X; := Xy, on an open neighborhood U;, i =1, ..., k, such that
A(C, 1, 1) C Ule U;. Let {¢;} denote a partition of unity associated with
{U;}. Clearly X := ), ¢; X; is nonvanishing on A(C, t,, ). Furthermore, for
each point ¢ € A(C, 11, ;) and C-segment y through g, the angle made by X,
and y(d(C, q)) is greater than /2 + § for some positive §. By normalizing X,
we may assume that the length || X || of X is equal to unity on A(C, #, 1,). Letg
be an element of A(C, t1, ;) and let o, : [0, 00) — M be an integral curve of
X with 0,4(0) = g. Since d(C, o,(s)) is a Lipschitz function in s, this function
is differentiable almost everywhere. It follows from the first variation formula
that

d
4, d(C.0y(s) < —sin3

if (d/ds)d(C, 0,(s)) exists and o,4(s) € A(C, 1, 12). Therefore we obtain the
inequality

d(C,04(0)) —d(C,04(s)) < —ssiné
if o,(s) € A(C, t1, t). This inequality implies that there exists a positive num-

ber s(q) depending continuously on ¢ such that o,(s(g)) € dB(C, t1). Hence
we may construct an injective and continuous map f from A(C, t;, t,) into



4.4 Structure of geodesic circles 161

dB(C, t1) x [t1, t2]. Since its inverse map may be constructed in the same man-
ner, the map f is ahomeomorphism of A(C, #;, ;) onto dB(C, t;) x [t1, t2]. I

Lemma 4.4.4. If any point g € S.(C, t;) admits a sector whose inner angle at
q is greater than 7 for a positive number t, then S (C, t,) is a union of finitely
many circles and its total length is equal to L (t,).

Proof. Lett, (< t;) be a nonexceptional value sufficiently close to #, such that
any cut point g of C admits a sector whose inner angle at ¢ is greater than 7,
if 1 <d(C, q) < t,. It follows from Theorem 4.4.1 that S, (C, f;) is a union of
finitely many circles. Therefore, by Lemma 4.4.3, S, (C, t,) is also a union of
finitely many circles. If p(s) is greater than #, for any s € [0, L] then the latter
claim is trivial. Thus we will suppose that p(s) is not greater than #, for some
s € [0, Ly]. By reparameterizing C we may assume that p(0) < t,. Hence the
set {s € [0, Lo]; p(s) > t,} consists of at most countably many open intervals
IL,n=12,...,Ifg € §,(C, 1) is a totally nondegenerate cut point then,
by Propositions 4.2.2 and 4.2.3, g is an element of the set {z(t2, s);s € I,,} for
some n. Therefore we get

SeC. )\ F | Jlz(t2, ) s € I} € S1(C. 1),

where F denotes the set of all degenerate cut points of C. Since H!(F) = 0, by
Lemma 4.4.2, we have

H (S (C.n) =) H'(z(t2, 5); s € L))

=> f flt2. $)ds = Li(1).
n Y

Notice that, for any continuous Jordan arc o : [a, b] — M, H' (1)) = L(o)
holds. ]

Theorem 4.4.2. The function H,(t) := L, (t)+ J.(t) is absolutely continuous
on any compact subinterval of [0, 00).

Proof. Let [a, b] be a compact subinterval of [0, 0o). In order to prove the the-
orem we shall show that for any positive € there exists a positive § = é(e, a, b)
such that if 1}, ..., I} are overlapping subintervals of [a, b] then

k
> IH| < (Lo +2)e (4.4.10)

i=1

whenever Zle |I;] < 8, where I; = (o, t]and ; H, = H,.(t) — H(0). Let
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€ be fixed. It follows from Proposition 4.2.3 that the set

= {s € [0, Lo]; p(s) < b, and z(p(s), s) is a totally

nondegenerate anormal point}

is finite. Let ¢ = c(b) be a constant satisfying
lf@, 9l <c, Ifi(t,9)] < ¢
on [0, b] x [0, Lo]. It follows from Lemma 4.2.4 that the set ¢ defined by
={s €10, Lol; p(s) = b, s € F, f(p(s),5) = €/2}

is compact and of Lebesgue measure zero, where F is the set defined in Lemma
424,

Let V¢ be a finite union of open subintervals of [0, Ly] such that |V¢| < €/c
and V¢ O T, U F€. Let Q€ be a set defined as follows:

Q° :={s € [0, Lol; p(s) = b, fp(s), s) < €/2}.

Since Q€ is compact, it can be covered by a set S¢ consisting of a finite number
of open subintervals of [0, Lo] on which f(p(s), s) < 3€/4. Then the set

=10, Lol \ (S°UV®)

consists of a finite number of closed subintervals Ji, ..., J, of [0, Lo]. By the
definition of R¢ and by Proposition 4.2.2, p is smooth at each point s € R¢
if p(s) < b. Hence the function pj, is Lipschitz continuous on each interval
Jj, j = 1,..., p. In particular the restriction p; of p, to J; is of bounded
variation. If A ; denotes the Lebesgue—Stieltjes measure defined by p; then we
observe from Corollary 4.1.1 that, for each I;,

k T
> Ai(py ) = /'mmm, (4.4.11)

j=l1
where n(r) is the Lebesgue, integrable function defined as the number of
elements of the set
{s € R p(s) =r}.

Let O(i) be an open set containing R(i) = J Q. () such that |O(@i) \

R(i)| < |I;]. Setting S(i) = p~'(I;), we define

O<t<T

Sp = (8@ \ R@@) N O®),
= (SO \ RE) N ({s; f(p(s),5) < €U V),
= SO\ R\ (S1US).
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By (4.4.8), we get

Ly
LL, =- Sf(o(s), s)ds + (f@t,s)— f(o,s)x(,s)ds. (44.12)
S@) 0
By the definition of Q(¢),
L= ) f(t,s)ds. (4.4.13)

o<t<t Y O0+()

Since s € Q. (¢) implies that p(s) = 1, we get

L, = | f(o(s),s)ds. 4.4.14)
R(@)

Combining (4.4.12) and (4.4.14), we obtain

3
LH <) / F(p(s). 5)ds +2cLol ;]
j=1Y5;

= cllil + €IS + eIV NSO+ clS3] + 2cLolL;].  (4.4.15)

Since S35 C R€ and S3N O(i) = @, p is smooth at each point of S3 and | p’| > ¢,
on S3 holds for some positive constant ¢; = c;(€, a, b). From the property of
the Lebesgue—Stieltjes measure A ; we obtain

)4 )4
ZAj(Jj NS;) > ¢ Zuj NS5l =c1|RE N S3| = c1|S;].  (4.4.16)

i=1 j=1
From (4.4.11) and (4.4.16),

p T
1S5l < ¢! Y AN S3) < ¢! / n(r)dt. (4.4.17)
j=1 o

From (4.4.15) and (4.4.17),

k k k
D UiHL| < e(142L0) Y L] + (Lo + e + ccy! Z/ n(r)dr.
i=1 i=1 i=1 Y1

(4.4.18)

The inequality (4.4.18) implies that we can find a positive § = §(e, a, b) satis-
fying (4.4.10). Note that the function n(¢) is Lebesgue integrable. O

Remark 4.4.3. In the case where C does not bound any domain, a similar claim
to that in the above theorem holds if the functions L (¢), J.(¢) are defined in a
modified way. Compare Section 3 in [86] for this case. Note that the case where
C does not admit a unit normal vector field along itself is reduced to that where
M — C has two components, as observed in the first paragraph in Section 4.2.






5

[soperimetric inequalities

In this chapter the structures of distance circles and the cut locus of a Jordan
curve in a complete open finitely connected Riemannian 2-manifold will be
investigated under the assumption that the manifold admits a total curvature.
The existence of a total curvature imposes some strong restrictions on these
structures.

5.1 The structures of S(C, r) and the cut locus of C

In this chapter the notation and definitions used in the last chapter will be used
implicitly.

Throughout this section and the next, M always denotes a connected, finitely
connected, smooth complete Riemannian 2-manifold without boundary admit-
ting a total curvature, and C denotes a smooth Jordan curve in M. Take a suffi-
ciently large nonexceptional value #; and a core B of M such that the boundary
dB of B is contained in S(C, t;) and such that M \ B is homeomorphic to a
disjoint union of k tubes, 1 < k < oo. Hence we are assuming that M has
exactly k ends. For each x € M \ B admitting at least two C-segments, let £ (x)
be the maximal compact disk domain of ones bounded by a subarc of 9 B cut off
by two distinct C-segments from x and by the two subarcs of these C-segments
cut off by d B. Let 8(x) for each x € M\ B be defined as the inner angle of E(x)
at x if x admits at least two C-segments, and let S(x) = O otherwise. Recall
that a unit-speed geodesic y : [0, co) — M is called a ray from C if y(0) € C
and if y|j,;) is a C-segment for all 7. Let F' be the set of all points on rays from
C. Then it is easy to check that F' is nonempty and closed, if M is noncompact.
Hence M \ (F U B) consists of the union | J; D; of countably many disjoint
and unbounded domains D; bounded by two subrays y;*, y,~ of rays from C

165
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|2

oB I
Figure 5.1.1

(or possibly by one subray, if there is a unique ray from C) and a subarc J; of
0B (see Figure 5.1.1).

Lemma 5.1.1. For each D;, the total curvature c(D;) of D; equals

C(Di):_/ k(s)ds =Y (r — o)), (5.1.1)
Ji

k

where k(s) denotes the geodesic curvature of d B with respect to the outward
pointing unit normal vector field at B and the a),(:) denote the inner angles of
D; at its nondifferentiable points on J;. Furthermore, lim;_, o, B(x;) = 0 for
any divergent sequence {x;} of points in M.

We remark that Lemma 5.1.1 is essentially contained in Lemmas 3.4.3 and
3.2.2 under more general conditions.

Proof. We shall prove this theorem in the case where yi+ # v, , since the
other case is reduced to this case by considering the universal cover of D;,
which is a cylinder. Let {a;} be a monotone increasing divergent sequence of
nonexceptional values a; with a; > t;. Then there exists a sequence {y;} of
cut points y; € S(C, a;) of C such that {E(y;)} is a monotone sequence with
U;’i, E(y;) = D;. If I; denotes the subarc of J; cut off by E(y;) then {I;}
forms a monotone increasing sequence with U(]’il I; = J;. Note that there
exists no ray from C lying in D;. It follows from the Gauss—Bonnet theorem
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that, for all sufficiently large j,

c(E(y) = B(y;) — / K(s)ds — Z (7 — ). (5.1.2)
1 k

Since lim;_, o I; = J; and lim;_, o E(y;) = D;, the limits of c(E(y;)) and

f/, k(s)ds exist as j goes to infinity and are equal to ¢(D;) and [, «(s)ds

respectively. Therefore by (5.1.2) lim;_,, B(y;) also exists. Thus we get

c(Dy) = jlgxgo B(y;) — /, «(s)ds — Z (7 — o). (5.1.3)
i k

It follows from Lemma 1.2.2 and (5.1.3) that lim;_, o, B(y;) = 0 and (5.1.1)
holds. Suppose that there exists a divergent sequence of points x; in M and a
positive constant ¢ such that S(x;) > ¢ for any j. If | ; E(x;) contains some
D; then from the argument above it is easy to prove that liminf;_, ., 8(x;) = 0.
Thus we may assume that E(x;) and E(x;) are disjointif k and j are distinct. If,
for each j, I; denotes the subarc of 9 B cut off by E(x;) then {/;} are mutually
disjoint subarcs of dB. Therefore the length of /; tends to zero as j goes to
infinity. It follows from the Gauss—Bonnet theorem that

c(E(x;)) = B(x;) — / Kk(s)ds (5.1.4)

1

for any sufficiently large j. In particular, for all sufficiently large j,
(E()) = 3. (5.1.5)

because we have assumed that ¢ < B(x;) for any j. The inequality (5.1.5)
implies that ¢c(M) = oo. This is impossible, since ¢(M) < 2w x(M) < o0
(cf. Theorem 2.2.1). O

Theorem 5.1.1. Let M be a finitely connected, connected, smooth complete
Riemannian 2-manifold without boundary admitting a total curvature and let
C be a smooth Jordan curve in M. Then there exists a constant R{(> ty) such
that, for any t > Ry, each tube of M \ B has a unique component of S(C, t)
homeomorphic to a circle.

Proof. Tt follows from Lemma 5.1.1 that there exists a number R;(> #;) such
that, for any x € M \ B(C, R;), B(x) is less than 7. Thus it follows from
Lemma 4.4.4 that, for any t > Ry, S(C,t) is a union of mutually disjoint
circles. Suppose that there exist at least two components of S(C, a) in a tube
U of M for some a > Ry (see Figure 5.1.2). Since S(C, @) N U has a unique
component freely homotopic to the boundary of U, there exists a component of
S(C, a) N U that bounds a compact domain D in U. Thus the function d(C, -)
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freely nonhomotopic to the boundary of U /

a component of S(C, a)
freely homotopic to the boundary of U

Figure 5.1.2

attains a maximal value #, > a at a point x on D;. This implies that S(x) > 7
for a point x € M \ B(C, R;). This contradicts the choice of R;. Thus for any
t > R there exists a unique component of S(C, t) in each tube of M. O

Corollary 5.1.1. The length of S(C, t) is an absolutely continuous function on
any compact subinterval of [R;, 00).

Proof. Tt follows from Theorem 4.4.1 that H,(¢) is absolutely continuous on
any compact subinterval of [0, co). Furthermore by the theorem above J, (¢) is
constant on [R;, c0). Thus the assertion is clear. O

Proposition 5.1.1. For any positive €, there exists a number t(€) such that if
t > t(€) then

> B <e. (5.1.6)

xeS(C,1)

Proof. For each positive integer n, {x € S(C, t); B(x) > 1/n} is finite. Thus
the sum in (5.1.6) is countable. For each t > Ry, let E(¢) be the set

En:= |J E.
yeS(C.r)
where E(y) = ¢ if there exists a unique C-segment from y. Take any element y
in S(C, 1), where t > Ry, with E(y) # @. Theny € M\ (FUB) = |J; D;, and
hence y € D; for some i. It follows from Theorem 5.1.1 that, for any ¢’ > 1,
S(C,t") N D; is a Jordan arc bounding a 2-disk, relatively compact, domain
that contains E(y). Therefore for each ' > r there exists y € S(C, t’) such
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that E(y") D E(y). This implies that E(¢) is strictly monotone increasing with
respect to ¢. Put 1(¢) := E(t) N 9B for each t > R;, where B denotes the core
of M introduced in Section 5.1. Then /(¢) increases monotonically with ¢ and
lim,_, o I(t) = |Y; /i, since lim,_., E(t) = |J; D;. Therefore there exists a
number f.(> R;) such that, for each ¢t > .,

/ lk(s)|ds < < (5.1.7)
U, Ji—1(0) 2

and
/ IGldM < <. (5.1.8)
U: Di—E() 2

Note that (5.1.8) is a consequence of the fact that ), ¢(D;) is bounded, which
is due to Lemma 5.1.1. Fix any ¢ > .. Applying the Gauss—Bonnet theorem
for each E(x) with x € S(C, t) and summing up over

{x € SCC,1); B(x) > 0}

one obtains

> BG) < c(E@) +/ k()ds+ > (T —a).  (5.19)
1) ¥

xeS(C.1)
By (5.1.7), (5.1.8) and Lemma 5.1.1, the right-hand side of (5.1.9) is less than
€. Thus we obtain (5.1.6). ]

5.2 The case where M is finitely connected

The following lemma is a generalization of 1’Hopital’s theorem and will be
useful in proving Theorem 5.2.1 below. We omit the proof of the lemma, because
it is standard.

Lemma 5.2.1 (Generalization of ’Hopital’s theorem). Let f, g be absolutely
continuous functions with lim;_, o, g(¢t) = oc. If g(t) is monotone nondecreasing
then

f(@) pf’(t) f@) 1@

lim sup — < lim su , liminf —— > liminf
1—oo &(1) 1—oo &'(1) oo g(r) T t=oo gl(1)

(5.2.1)

Exercise 5.2.1. Prove the lemma above.

Theorem 5.2.1. Let M be a connected smooth complete noncompact Rieman-
nian 2-manifold and let C be a smooth Jordan curve on M. If L(t) and A(t) are
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the length of S(C, t) and the area of B(C, t) then

lim L® = lim 2A2(t) = Aoo(M), (5.2.2)
t—>oo0 t t—>o0 t
L2(1)
= Aoo(M). 5.2.3)

im =
i—o0 2A(1)

Proof. Suppose that M — C has two components. The other case would be
proved analogously. It follows from the Gauss—Bonnet theorem and Theorem
4.4.1 that

6
L'(t) =27 x(B(C, 1)) — ¢(B(C, 1)) — Z (2 tan Ek — ek) (5.2.4)
k
for any nonexceptional value ¢. Here 6; denotes the inner angle of a sector at
a cut point of S(C, 7). It follows from Proposition 5.1.1 that for any positive €
there exists a number #(¢) such that

> (2 tane—zk - ek) <e (5.2.5)

k

for any nonexceptional ¢ > #(¢). On the one hand, by Theorem 5.1.1, (5.2.4)
and (5.2.5) we obtain

27 x(M) —c(B(C, 1)) —e < L'(t) <2 x(M) — c(B(C, 1)) (5.2.6)

for any nonexceptional t > ty(¢) := max{Ry, #(¢)}. On the other hand, the area
A(t) of B(C, t) is given by

A(t) = / L(u)du (5.2.7)
0

for any r > 0. From (5.2.7) and Lemma 5.2.1, we get (5.2.2). Note that L(¢)
is absolutely continuous on [R;, o) by Corollary 5.1.1 and that A(z) is C' on
[R;, 00) by the relation (5.2.7). If lim;_, o, A(#) = oo then we get (5.2.3) by
Lemma 5.2.1. Suppose that lim;_, o, A(#) =: A(co0) is finite. Then by (5.2.2)
and (5.2.7) we get
2A(t
0 = lim # = Aoo(M), liminf L(t) = 0. (5.2.8)
t—o00 f =00

Hence by (5.2.6) there exists #1(€) > fy(¢) such that, for any nonexceptional
t > ti(e),

IL'(1)] < 2e. (5.2.9)
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It follows from (5.2.6) and (5.2.9) that, for any t, > #; > t;(€),
5]
|L*(t,) — L*(1))| < 2/ |L()L'(t)| dt < 4€ A(c0). (5.2.10)
4]

Therefore lim,_, », L2(¢) exists and equals 0 by (5.2.8). Thus by (5.2.8)

L*(1)
im

t—00 A(t)

= Aoo(M) = 0. O

Corollary 5.2.1. There exists a positive constant Ry such that L(t) is locally
Lipschitz continuous on [R;, 00). Furthermore if Aoo(M) is finite then L(t) is
uniformly Lipschitz continuous on [R;, 00).

Proof. 1t is trivial by (5.2.6). O

From now on let M be a two-dimensional connected oriented noncompact
smooth manifold without boundary. Let My(M) be the set of all complete
metrics on M such that, for every g in My(M), the Gaussian curvature G,
with respect to g satisfies |G4| < 1. Gromov proved in [31] that the infimum
of areas A(R?, g) over all g € My(R?) is greater than 47 4 0.01 and not
greater than (2 + 24/2)7. He also proved that if x(M) is nonpositive then
infye pom) AM, g) = 2| x(M)]. As an application of Theorem 5.2.1 we shall
generalize the results on minimal area in the following theorem.

Theorem 5.2.2. Let M be a connected oriented finitely connected noncompact
smooth 2-manifold without boundary and let M(M) be the set of all complete
Riemannian metrics on M such that, for each g € M(M), Gy < 1if x(M) >0
and Gg > —1if x(M) < 0. Then

4 if x(M)=1

5.2.11
ey if xan <o, O

inf A(M,g)=
gem(m( g) {

Remark 5.2.1. It is not yet known whether the minimal area for M(R?) is
(2 + 2+/2)7. This problem seems rather intractable.

Proof. The proof in the case x (M) < 0 is clear from the inequalities
(M, g) > / G; d(M, g) > —A(M, g), (5.2.12)
M

where G, := min{G,, 0}, and c¢(M, g) and d(M, g) denote respectively the
total curvature and area element of the Riemannian manifold (M, g). It follows
from Theorem 5.2.1 that if A(M, g) is finite then

c(M, g) =2mx(M). (5.2.13)
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Therefore by (5.2.12) and (5.2.13) we get

ge}\r/llfM) AM, g) = 2m|x(M)|. (5.2.14)
Since there exists a g € M(M) such that A(M, g) < co and G, = —1, the
inequality (5.2.14) holds.

If x(M) = 0 then for each positive € we can construct a Riemannian metric
ge € M(M)suchthat A(M, g.) < €, as follows. Let (M, g := dt> +m(t)*> d6?)
be a surface of revolution homeomorphic to a cylinder with finite area whose
Gaussian curvature is not greater than unity. Define a new metric

ge 1= dr* + m(t)* do?,

where
€
me ;= ————— m(t).
2A(M, g)
Since
o0 m”
A(M,g):27r/ m(t)dt and Gy=——,
—00 m
we have
4
AM g =% G, =-"<1. 0
2 m

The following two lemmas are useful for the proof of Theorem 5.2.2 for the
case where x (M) is not less than zero.

Lemma 5.2.2 (The Sturm comparison theorem). Let K(t) and K»(t) be con-
tinuous functions on [0, 0o) such that K (t) > K,(t). For each K;(t),i =1, 2,
let u;(t) be the solution to

u(t) + Ki(tu;(t) = 0
having u; = 0 and u, = 1 att = 0. If a; denotes the first zeros after t = 0 of
u () and u,(t) respectively then ay > a; and, for any t € [0, a;],

usr(t) = uy(1).

Proof. Suppose that a; < a;. Then
d (u (@)
—|— )= 5.2.15
dr <u2> u22 ( )

on (0, ay), where f(t) = uju, — ujus. Since f'(r) = (Ko — K)ujun < 0
on [0, a;] and f(0) = 0, f(¢) is nonpositive on [0, a;]. On the one hand, by
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(5.2.15) u; /u, is monotone nonincreasing on (0, a;). On the other hand,

lim = fim 4 =1, (5.2.16)
t—>+0 Uy t—+0 M2

Thus we get
u(t) < us(t) (5.2.17)

for any ¢ € [0, a;]. In particular u;(az) < uz(az) = 0. This contradicts the
assumption a, < aj. Therefore a; > a;. Then the second claim is trivial from
the argument above. O

Lemma 5.2.3. For every g € M(R?) with A(R?, g) < oo there exists a point
po and a number R such that the metric R-ball B(po, R) around pg has area
greater than 4.

Proof. Since the total curvature c(R?, g) exists, c(R?, g) = 27 by (5.2.2). Thus
it follows from Theorem 3.8.5 that every Busemann function is an exhaustion
function and in particular, takes a minimum. Let pg be a point in the minimum
set of a Busemann function. Then for every unit vector v at pg there exists
a ray o emanating from pg such that (¢(0), v) > 0. Otherwise there exist a
Busemann function F,,, where y is a ray, and a geodesic o emanating from
po such that the gradient vector V F), («()) exists and (V F, («(1)), a(t)) < 0
for almost all sufficiently small # > 0. Note that F, is Lipschitz continuous.
Since (d/dt) F), (a(1)) = (VF,(a(t)), a(t)) is negative for almost all sufficiently
small r > 0, F),(po) is not a minimum. Thus there exist at least two distinct
rays emanating from py. Let V be the set of all points on all rays emanating
from py. Set

Jui=r*\v,

where the U; denote the components of R? \ V. For each i, dU; consists of
two distinct rays, and the inner angle of dU; at pg is not greater than rr. Each
U; contains no ray emanating from p, and but does contain a component of
C(po), the locus of py. Let (r, 0) be a set of geodesic polar coordinates around
po- Then g = dr? + m? d6? on a neighborhood around pg, where m = m(r, 0)
is the solution of

2

3
M+ Gem =0 (5.2.18)

with m(0,60) = 0,(d/dr)m(0,0) = 1. Since G, < 1, it follows from
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Lemma 5.2.2 that
m(r,0) > sinr (5.2.19)

for any r € (0, ).

Therefore, if the injectivity radius i(pg) at po is not less than 7 then the
conclusion of the proof is direct from (5.2.19). If, however, i(py) < 7 then
there is a point p’ € C(pg) N U; for some i such that d(py, p’) < 7. Let
p1 € C(po) N U; be a point with the property that d(po, p1) = d(po, C(po) N
U;) =: ag. Then it follows from Lemma 4.3.4 that there exists a geodesic loop
Yo at po of length 2ay such that yp(ap) = p1 and yo(0, 2ay) is contained in
U;. The geodesic loop yy bounds a 2-disk Dy contained in U;, and the inner
angle og of Dy at py is less than . Thus Dy is convex. It follows from ay <
and ¢ < m that there exists a point g € C(p;) N Dy with the property that
d(p1,q) < d(p1, po)- Therefore there exists a point p, on Dy N C(p;) such that
d(p1, p2) = d(p1, C(p1) N Do) < d(po, p1)- Now set a; := d(p1, p2). There
exists a geodesic loop y; of length 2a; lying in Dy such that y; bounds a 2-disk
D;. The inner angle of D at p; is less than . By iterating this procedure, one
finally obtains a simple closed geodesic y in Dy whose length is lim;_,  a;
and which bounds a 2-disk D contained entirely in Dy. The Gauss—Bonnet
theorem implies that ¢(D, g) = 27 and, in particular, A(D, g) > 2z follows
from the assumption G, < 1. The above argument shows that if there is a point
q on C(pg) N U; such that d(pg, q) < 7 then there is a positive number R
such that A(B(po, R) N U;, g) > 2m. Therefore, A(B(po, R), g) > 4m holds
for some positive number R if there exist at least two components U; admitting
q € C(po) NU; with d(q, po) < m. If there is a unique U; such that d(U; N
C(po), po) < m then it follows from (5.2.19) that A(B(po, ) — U;, g) >
2(2mw — 6), where 6 denotes the inner angle of U; at py. Thus

A(B(po, R), g) > 2 + 227 — 0) > 47
holds for some R > . 0

The proof of Theorem 5.2.2 for y (M) nor less than zero is achieved by
showing that for any positive e there exists a g € M(R?)such that A(R?, g) <
4w 4+ €. Lety = f(x), x > 0, be the equation of a tractrix with f(0) = 1 (see
Figure 5.2.1). For a given positive € there is a small positive 1 such that the
area of the surface of revolution in E* around the x-axis whose profile curve
is given by y = nf(x) is less than €/2. Remove from the unit sphere S? in
E3 centered at the origin a small ball around the point (1, 0, 0). Then attach
to the hole a portion of the surface of revolution such that the total area of the
resulting C%-surface is less than 47 + 2¢/3. This surface is approximated by
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Figure 5.2.1 The unit sphere and the surface of revolution with profile curve y = nf(x).

smooth surfaces whose induced metrics have Gaussian curvature not greater
than unity, and its area is less than 47 4 €. This completes the proof of
Theorem 5.2.2. g

5.3 The case where M is infinitely connected

In this section, we shall generalize Theorem 5.2.1 for an infinitely connected
manifold M. Therefore, throughout this section let M be a connected, infinitely
connected, complete smooth Riemannian 2-manifold without boundary admit-
ting a total curvature. By Theorem 2.2.2 the total curvature c(M) of M is —oo.
The crucial point of our topological observation is to interpret the value A..(M)
S0 as to give a natural meaning to an infinitely connected M. This value should
depend only on the Riemannian metric that defines the total curvature. For this
purpose we decompose M into a sequence {M;} of submanifolds M; of M,
each of which satisfies the following four properties:

(1) M; is complete and finitely connected with nonempty compact boundary;

(2) each component of dM; is a nonnull homotopic simply closed geodesic;

(3) {M;} is strictly monotone increasing with j and lim;_, .o M; = M;

(4) the sequence {x (M)} of the Euler characteristics of M; is strictly
monotone decreasing.
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We shall call such an {M;} a filtration of finitely connected submanifolds of
M. Such a filtration of M was in fact constructed in the proof of Theorem
2.2.2. We shall prove in Theorem 5.3.1 below that the sequence {A..(M;)} is a
monotone nondecreasing sequence of nonnegative numbers and that the limit
of the sequence,

s(M) := lim Aoo(M;), (5.3.1)
j—o0
is independent of the choice of filtration. The limit s(M) takes a value in [0, c0]
and depends only on the Riemannian metric around the ends.

Theorem 5.3.1. Let M be a connected, infinitely connected, complete smooth
Riemannian 2-manifold and let {M;} be a filtration of finitely connected sub-
manifolds of M. Set

Sj = )\oo(M])

for each M. Then {s;} is a nondecreasing sequence of nonnegative numbers
and s(M) = lim;j_, s; is independent of the choice of filtration of M and
depends only on the Riemannian metric around the ends.

Proof. Take any smooth Jordan curve C on M with C C M. For each j, let
L ;(t) be the length of S(C, t) N M, for each nonexceptional value ¢. It follows
from Theorem 5.2.1 that

. L@
Sjr1 = lim 2 S
t—00 t t—o0

Therefore the sequence {s;} is monotone nondecreasing. Let {M),} be another
filtration of finitely connected submanifolds of M and set

5;, = )»oo(Mh).

Take any M), from {M,}. By the properties of a filtration of M there exists
an M; such that M, C M;. Thus limj_, o §3 < lim;_ . s;. This shows that
limhﬁoo S‘h = limjﬁoo Sj. O

Suppose that the function L(¢) is extended for any ¢ > 0 according to equation
(4.4.8). Then the area A(t) of B(C, 1) is given by

Alt) = / L(t)dt (5.3.2)
0

Thus the following lemma is trivial.
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Lemma 5.3.1. By setting

L(t
= lim sup Q o = lim 1nf£
F—>00 t t—00 t
2A(t 2A(t
B = limsup —— () B = liminf 2(),
t—00 - =00 4
we have
a=pB=p=a=s(M)

Theorem 5.3.2. Let M be an infinitely connected complete smooth Riemannian
2-manifold admitting a total curvature. For a smooth Jordan curve C and for a
nonexceptional value t, let L(t) and A(t) be the length of S(C, t) and the area
of B(C, t). Then we have

.. L@

liminf —= > s(M), (5.3.3)
=00 t
.. 2A()

lim inf o— = s(M) (5.3.4)
1—>00

and

. §0)

lim sup > 25(M). (5.3.5)
t—00 1)

Proof. The inequalities (5.3.3) and (5.3.4) are trivial. To prove (5.3.5), we may
assume that s(M) > 0. Thus S is positive by Lemma 5.3.1. Suppose that & is fi-
nite. Let {#,} be a monotone divergent sequence such thatlim,,_, », L(,)/t, = &.
Then Lemma 5.3.1 implies that

L L)@
limin — >a>s(M).
n—00 2A(tn) B

Hence (5.3.4) is true if @ is finite. Suppose that & is infinite. Then for every
positive integer n there exists a number 7, such that

tn:=inf{t>0 () }

The sequence {t,} is monotone divergent. By the choice of #, we see that

L(t

Lo _, (5.3.6)
for all t < t,. Since L() is right continuous at each ¢, we get

L(t,

Q >n (5.3.7)

Iy
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Therefore by (5.3.2), (5.3.6) and (5.3.7), we obtain

ty 2 2
Alt,) < n/ rdr < g (L(t")) _ L@y (53.8)
0

n 2n

The inequality (5.3.8) implies (5.3.5). O

We will provide three examples, M, M, and M3, of complete infinitely
connected surfaces having total curvature —oo that are embedded in R?. From
these examples we will observe that the relations (5.3.3), (5.3.4) and (5.3.5)
are optimal. A point p € R? is expressed by a canonical set of coordinates
(x,y,2)as p = (x(p), y(p), z(p)). For constants a, b, c € Rlet Iy ypyie; =
{(x,y,2) € R% ax + by +cz =0).

Example 5.3.1. We fix numbers/ > 3 and 6 € (0, 7/4). Aset W C II,, which
is symmetric with respect to I1,, is defined as the union of the following three
sets (see Figure 5.3.1):

{(0,y,0); =1 <y =<0} {(x,y,0); y = |x|cot8};

o]
Utp € M: 1" cos 6 < y(p) < 20" cos b, |x(p)] < y(p) tan®).
n=I

For a sufficiently small ¢ > 0let B(W, ¢) be an e-ball around W and d B(W, €)
the boundary of this ball in R?. The boundary d B(W, €) is an infinitely con-
nected topological surface, with a unique end, which is smooth almost every-
where. The set of nonsmooth points on d B(W, ¢), which forms a union of por-
tions of ellipses, has a neighborhood U C 9 B(W, €) that can be approximated
to obtain a complete smooth surface M; C R? with the following properties:

(1) aB(W, €)\ U is contained entirely in M; and if U, := M| \
(0B(W, €) \ U) then the Gaussian curvature G does not change
sign in any component of U,

(i) if D :={p € My; y(p) < —%} then D is a disk and a surface of
revolution obtained by attaching a convex cap to a flat cylinder and
oD =: C is a closed geodesic;

(iii)) G <0on M; \ D and G < 0 in an open set contained in U; \ D;

(iv) M, is symmetric with respect to both IT, and IT,.

The cut locus of C is described as follows. C is symmetric with respect to I,
and IT, and hence so is the cut locus of C. Let p := (0, —1 —¢,0) € [T, NI, N
M, and let N be aunit normal field along C suchthat N = 9/9y.1fyp : R — M,
is the geodesic with y(0) = p and y(R) lies in I1, and is symmetric with
respect to I, then yp|j0,00) and y (—oo, 0] are both rays from p and their subrays
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Figure 5.3.1

emanating from points on C lying in M| \ D are C-rays. There is no C-ray other
than the subrays of ;. The set of all cut points of C is

{py UM, N(T1 UTL) \ (D U yo(R))).

Proposition 5.3.1. Let M, C R and C C M, be as above. Then the following
hold:

(1) M, admits a total curvature and s(M;) = 0;
. L)
(2) liminf,_, o, - =s(M;)=0;
2A(t)

(3) liminf,_, o 2 > s(My).

Proof. (1) is clear from the construction of M;. Since C is symmetric in IT,
and I1,, the cut locus of C and S(C, t) are also symmetric in IT, and IT,. Note
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portion of ellipse

semi-circle

circle

hemisphere

Figure 5.3.2 The region d B(W, ¢€).

that the distance function on M| can be approximated by the distance function
onW CIl,.Forn=1,2,...,1let

Xou—1 :=("sin6,1" cos0,0), X5, = (21"sin®, 21" cos 6, 0),
Qo1 :=(0,1" cos 0, 0), Qs :=(0,20" cos 8, 0)
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The points on C are expressed as

K} 1 Y
€cos—, ——,€sin— |, 0<s <Ly=2me.
€ 2 €

L(t) and A(t) are estimated as follows. If t € (I" + %, I"(1 4+ sin6) + %) then

S(C, t) has two components and the right-hand half of it is approximated by

two copies of a portion of circle in I, centered at X»,,_; with radius r — " — %

making an angle /(Xa,, X2,-1, Q2u—1) = 27 + 6 at X,_;. Therefore

L(t)=4(%+9) (z—l”—%)

and
T 1 2 n—1 )
Al > 2 (E +9) (t . 5) + 3 3sin26) 2.
i=1

Ifr € (l”(l—}—sin@)—}—%, ["(14cos 9)+%)then S(C, t)is connected to nonsmooth

points on IT, near the segment Q5,1 Q2,. Therefore

L(t):4(%+9—¢,) (t—l"—%)

and
n—1
A(f) > 2 (% + 9) (1" sin 6 + ;(3 sin20) 1%
where we set
sin 0
cos ¢y :=1"——— € [tan 6, 1].
t—1I"—5
Ift € (I"(1 + cosB) + %, 21" + %) then S(C, r) has three components, and
setting

7 . cosf
cos — =" ——,
2 t=1"—3
we see that
b4 |
L(t):4<§+9—1p,—¢,) (-1 - 3
and

n—1
A > 2 (% + 9) (" sing)> + 3 (3sin26) 1%,

i=1
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Ift e Q"+ % [y %) then S(C, ) has two components lying in flat cylinders
of radius €, L(t) = 4me and A(t) > Y 7 ,(3sin26)/%. The claim (2) in the
proposition is easily seen from

LG LI + 1
fimint 29 < fjm FCCED _

t—00 t n—oo 2[" + 1

Foreveryn =1,2,...,and for ¢t € (I" + %, [ %) we have a function that
bounds A(t)/t* from below. Thus we have

> !(3sin26) 1% 3sin26

. AW -
liminf —= > lim 7 — = >
t—oo  t2 n—00 (ll‘l+1 + %) 12(12 -1

This completes the proof of Proposition 5.3.1. O

Example 5.3.2. We shall construct an example M, C R? that shows that the
relation (5.3.5), if liminf,_, «, L(¢)*/A(t)is replaced by lim sup,_, ., L(t)*/A(t),
does not hold. Such an M, is obtained by joining together M; \ D and a tube
V along C. The tube V is constructed as follows. Let 8 := liminf,_, o, A(¢)/ 12
for the A(¢) in Proposition 5.3.1(3). For a positive number ¢ let a € (0,2m) be
a number satisfying

200
o+

<ec.

(k=)

V is a surface of revolution around the y-axis such that {g € V; y(g) > —1}is
a flat cylinder with radius € and such that ¢(V) = —« (see Figure 5.3.3). Then
M, is infinitely connected, with two ends, and s(M;) = «. If Ly (¢) and Ly (¢)
are the lengths of S(C,#) NV and S(C, 1) N (M; \ D) and Ay(r) and Ay (t)
are the areas of B(C,t) NV and B(C, t) N (M, \ D) respectively, then we have
A(t) = Ay(t) + Ay (t) and

. Ly(®) . 2Ay()
lim = lim =«

t—00 t t—00 t

Therefore

2 2 2
iminf 27 — fiming EYO T Lu @7 207
t—~oo  A(1) t—oo  Ay(t) + Ay(t) a+p

Thus we have proved
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Figure 5.3.3 The surface of revolution V.

Proposition 5.3.2. For every ¢ > 0 there exists a complete infinitely connected
surface My C R3 having a total curvature with s(M>) € (0, 27r) and a simply
closed curve C in My such that liminf,_, ., L(t)*/A(t) < cs(My).

Example 5.3.3. The previous example shows that there exists an M3 C R?
and a simply closed curve C in M3 such that in the relations (5.3.3), (5.3.4) and
(5.3.5) the equalities hold. Fix an/ > 3 and an € € (0, 1/2) such that

o0

A= Z(e D" < 0.

n=1

Let W C II, (see Figure 5.3.4) be defined as follows:

W:={pell,NI;lx(p)| =1} U{p eIl NI |y(p)| =1}

Utp e M x| + Iy(p) = 1").

n=1
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—3

l3

*lS

Figure 5.3.4 The region of W.

Let f : (I —1,00) — (0, €] be a smooth function such that f(z) = €" for
"—1<t<!"+1land f'(t) € (—€"/1",0)forI" +1 <t < I"" — 1. Let
B(W) C R? (Figure 5.3.5) be defined as a union of the following three sets:

{qg e R |x(@)] = 1, y(@)* + 2(q)* < f(x(@)};
{q e R 1y(@)l > 1, x(q)* +2(¢)* < FO (@)}
Jtg e R%:di(g) < €"}.

n=1

Here d,,(g) denotes the distance between ¢ and the rectangle |x| + |y| = ["
in IT,.
By the same manner as in Example 5.3.1, the boundary d B(W) of B(W) in R?

can be approximated by a smooth surface M3 with the following properties:

(1) 9aB(W)\ U;L {B4en (0, 21", 0) U Byen (£1™, 0, 0)} is contained entirely in
Ms;
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Figure 5.3.5 The region B(w).

(2) the four components Byen (0, £1", 0) N M3 and Bge(£I", 0, 0) N M3 are
congruent and have nonpositive curvature foralln = 1,2, .. .;
(3) M3 is symmetric with respect to IT,, Iy, IT;, I1,1, and I1,_,.

It follows from the construction that M3 has nonpositive Gaussian curvature;
hence it admits a total curvature and s(M3) = 0. The total area of M3 is bounded
above by

87 (Z(z"“ —I"e" + ﬁz"e") =87 A(l — 1+ 2).

n=1

Let C C Mj be the closed geodesic of length Ly < 4+/2I lying in I1, that is
symmetric with respect to Iy, IT, IT_, IT,, and IT,_,. There are exactly eight
C-rays whose images are in I1, and IT,. The cut locus of C is (IT; U IT,_, U
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M, )NWM3\C). If t € (", I"(1 4 1/+/2)) then S(C, 1) has 12 components and
24mwe” < L(t) < 24me™ ' If t € (I"(1 + 1/+/2), 1"*") then S(C, 1) has four
components and 8w e” < L(¢) < 87 ¢"~!. Thus we have proved

Proposition 5.3.3. Let M3 and C be as described above. Then we have

L) 2A(0) L)
liminf — = liminf = lim sup
12 t—oo 2A(1)

t—00 t t—00

= s(M3).
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Mass of rays

We observed in Chapter 5 that the existence of a total curvature imposes
some strong restrictions on the structure of distance circles. In this chapter,
we shall see that the total curvature of a finitely connected complete open two-
dimensional Riemannian manifold imposes strong restrictions on the mass of
rays emanating from an arbitrary fixed point. The first result on the relation
between the total curvature and the mass of rays was proved by Maeda in [51].
In [76], Shiga extended this result to the case where the sign of the Gaussian
curvature changes. Some relations between the mass of rays and the total cur-
vature were investigated, in detail, by Oguchi, Shiohama, Shioya and Tanaka
[62, 83, 84, 90]. Also, Shioya investigated the relation between the mass of
rays and the ideal boundary of higher-dimensional spaces with nonnegative
curvature (cf. [90]).

6.1 Preliminaries; the mass of rays emanating
from a fixed point

Let M be a connected, finitely connected, smooth complete Riemannian
2-manifold.

Note that if M contains no straight line (see Definition 2.2.1) then it has
exactly one end.

Lemma 6.1.1. Assume that M contains no straight line. Then, for each compact
subset K of M, there exists a number R(K) such that if ¢ € M satisfies
d(q, K) > R(K) then no ray emanating from q passes through any point on K .

Proof. Suppose that there exists a compact subset K of M and a divergent
sequence {q } of points on M such that for each ¢ there exists aray y; emanating
from g; and passing through K. Let p; be an intersection point of y; and K.

187
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Since K is compact, the sequence {p;} has a convergent subsequence {p}, }.
Since the sequence {v; } of unit-speed vectors of y;, at p; has a convergent
subsequence, the sequence {y;} has a limiting geodesic y through K. Since
{g;} is divergent, y is a straight line. This contradicts the hypothesis of our
lemma. O

For each Borel subset F' of M admitting a total curvature let the total curvature
of F be denoted by ¢(F), i.e.,

c(F) ::/ G dM.
F

For each core K of M (see Definition 2.1.2) and each ray or straight line
y : I — M, where I = [0, c0) or R, intersecting K, we define two numbers

1(y). s(y) by
tly):=max{r e I; y(t) € K}, s(y):=min{t € I; y(t) € K}.
Theorem 3.7.3 implies the following:

Lemma 6.1.2. Suppose M has exactly one end. If M contains a straight line
and if it admits a total curvature then

Aoo(M) > 271

Lemma 6.1.3. Suppose that there exist two distinct rays o, 8 emanating from a
common point p bounding a domain D which contains no ray emanating from
p. If M admits a total curvature then

c(D)=2n(x(D)—1)+6,

where 6 denotes the inner angle of D at p. In particular if D is homeomorphic
to a plane then c(D) = 6.

Proof. Take a small positive € less than the injectivity radius at p. Then C :=
{exp, €v; v € T, M, ||v]| = 1} is a smooth Jordan curve on M and, for any
t>¢€,

S(p,t)=SC,t —¢).

Therefore, by Theorem 4.4.1, there exists a sequence {g;} of normal cut points
of p in D such that {d(p, g;)} is a strictly monotone increasing and diver-
gent sequence of nonexceptional values with respect to S(C;¢) and such that
the domains D; bounded by the two distinct minimal geodesics «;, 8; join-
ing p to g; form a strictly monotone increasing sequence. Since there is no
ray emanating from p in D, lim;j_, . D; = D and we may assume that
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Figure 6.1.1 On the left, the case @ = §; on the right, the case o # B.

lim; ,oa; = a,lim;,« B; = B (Figure 6.1.1). Let §; and &; be the inner
angles of D; at p and g, respectively. Thenlim;_, o, 6; =6 andlim;_, . &§; =0
by Proposition 5.1.1. By applying the Gauss—Bonnet theorem to D, we get

c(Dj) =2 (x(D;j) = 1) +6; +§;. (6.1.1)
Since lim;_, o, D; = D, we have

jli)n;OC(Dj) =cD),  x(Dj) = x(D) (6.1.2)

for all sufficiently large j. Thus by (6.1.1) and (6.1.2)

c(D) =2n(x(D)—1)+6. 0
Lemma 6.1.4. If there exists a unique ray emanating from a point p and if M
admits a total curvature then M has exactly one end and doo(M) = 0.

Proof. The lemma is trivial since M (co) consists of a single point. O

Theorem 3.7.4 implies the following:

Lemma 6.1.5. Suppose that M has exactly one end. If M contains no straight
lines and if it admits a total curvature then M satisfies hoo(M) < 2.

Definition 6.1.1. Let A, be the set of all unit vectors tangent to the rays ema-
nating from a point p. We denote by u the Lebesgue measure on the unit circle
S,M :={v € T,M; |lv|| = 1} with total measure 27.
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Theorem 6.1.1. The equality
W(Ap) =21 x(M) — c(M \ F)) (6.1.3)

holds for any connected, finitely connected, smooth complete Riemannian
2-manifold M admitting a total curvature c(M). Here

F,:= {expp tuyu € A,,t > 0}. (6.1.4)

Proof. First of all, we shall observe that the set A, is measurable. Since the
limit of a sequence of rays in M is also a ray, the set A, is closed and hence a
measurable subset of S, M. Take a core B :={q € M; d(p,q) < t;} of M as
defined in Section 2.1. Here we shall use some notation from this section. Let
T > t; be a sufficiently large nonexceptional value such that S(p, T') consists
of k piecewise-smooth closed curves C),i = 1, ..., k; the nondifferentiable
points x\), 1 < m < m(i), of C”) are joined to p by exactly two distinct min-
imizing geodesics o), B0, 1 < m < m(i), with «2(0) = BY(0) = p,
a(T) = BU(T) = x (see Figure 6.1.2). This is possible by Theorem
4.4.1. Here we have defined the points x) and the geodesics o), B in

such a way that for each C¥) the two endpoints of each maximal smooth
, f,i)ﬂ(xr(;zl)ﬂ = xll)) and the subarc is orthogonal to

ol ,8,(; 1(,3,(1221)+1 = ,8;’)) at x(0), xiﬂrl respectively. We denote this subarc by
[x,(,i), xmz l.Let F9,1 <m < m(i), 1 <i <k, be the disk domain bounded
by ot,(,i), [xf,?, xf,’lir Jand ,B(i) . On the one hand, by the Gauss—Bonnet theorem

m+1
we get

subarc of C® are x!)

e(B) =2 x(M) — A(dB) — 6, (6.1.5)

where 6 denotes the sum of all outer angles of B at the break points of 9 B and
A(dB) denotes the geodesic total curvature of d B with respect to the inward-
pointing unit normal field. On the other hand, by Lemma 4.1.1,

c(M\(BUF,) =0+ M) (6.1.6)
For each F(",
c(BNFY)=&D —2(0BNFY), (6.1.7)

where £ denotes the angle between &(0) and B ’.1(0). Thus it follows from
(6.1.5) and (6.1.7) that

c (B \ U F,jp) =2 x(M)—6 — Zg}p - <8B \ U F,E;')) . (6.1.8)

i,m im
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Figure 6.1.2

Since the total arc length B \ | J; ,, F,\’ — 9B \ F, tends to zero as T — o0,
we get

lim A (aB \ U F;;)) = ZA(J,-). (6.1.9)

T—o00 h
i,m

Furthermore it is trivial that limy_, o, Zi’m E,(n") = n(Ap). Therefore, by (6.1.8),

— i @) — .
c(B\ F,) = lim (B \ U F{ ) =21 x(M)—6 — u(A,) — ZA(J,).

(6.1.10)
Combining (6.1.6) and (6.1.10), we obtain

c(M\ Fp)=c(M\ (BUF,)+c(B\ F,) =2x(M)— u(A,). O
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Figure 6.1.3

Lemma 6.1.6. Suppose that M has finite area. Let y : [0, 00) — M be a ray
that, except for its subarcs with finite length lies in a tube U of M. Then, for
any positive b, v |(»,0) is a unique ray emanating from y (b) that, except for its
subarcs with finite length, lies in the tube U.

Proof. Set q := y(b). Suppose that there exists aray 7 : [0, c0) - M ema-
nating from ¢ = 7(0) and distinct from |, 4),00), Which, except for its subarcs
with finite length, lies in U (see Figure 6.1.3). Then there exists a positive §
such that for any sufficiently large ¢

d(y(0),t(t)) <t+b—3. (6.1.11)

S(g,t) N U does not always have a unique component for a sufficiently large
nonexceptional value 7, since we do not assume that M admits a total curvature.
But S(g, t) N U has a unique component freely homotopic to the boundary 0U
of U for any nonexceptional + > max{d(x, q); x € aU}. If a ray emanating
from g meets S(q, t) N U for sufficiently large nonexceptional value ¢ then the
ray meets S(g, t) N U at a point of the unique component of S(g, ) N U freely
homotopic to dU. Therefore y(t + b) and t(¢) lie in the same component of
S(q, t) for any sufficiently large nonexceptional value ¢ and hence, for such a t,

L(t)
d(z(t), y(t +b)) < — (6.1.12)

holds, where L(¢) denotes the length of S(q, ¢) for the nonexceptional value .
By the triangle inequality, (6.1.11) and (6.1.12),

1+b=d(y0),yt+0b)) =d(y), () +d(x(), y( +b))

L(t
§t+b—8+%.

Thus we get

L(t) > 25 (6.1.13)
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for any sufficiently large nonexceptional ¢. Thus by (5.2.7) or (5.3.2), the area
of M is infinite, a contradiction. ]

Theorem 6.1.2. Suppose that M has finite area. Then there exists a set E of
Lebesgue measure zero such that each point g € M \ E has the property that
there exist exactly k rays emanating from q, where k is the number of ends
of M.

Proof. Let K be acore of M. Thus M \ K has k tubes Uy, . .., Uy. Take a point
p. For each tube U;, choose a ray y; : [0, 00) — M emanating from p that,
except for its subarcs with finite length, lies in U;. Let F; denote the Busemann
function with respect to y;. Set E := E| U --- U E;, where E; denotes the set
of all nondifferentiable points of F;. Since each set E; is of Lebesgue measure
zero, so is E. Take any pointg € M \ E. Then it is trivial that there exist at least
kraysoy, ..., or emanating from g such that each o;, except for its subarcs with
finite length, lies in U;. We shall prove that there is no ray emanating from g
except oy, . .., 0. Suppose that there exists aray y : [0, c0) — M emanating
from g = y(0) and distinct from o7, ..., o;. For sufficiently large a, ¥ (4.
is contained in a unique tube, say U;. Take any positive b. Let 7 be a coray
of o1 emanating from y (b). Then by definition 7, except for its subarcs with
finite length, lies in U;. By Lemma 6.1.6, 7 is a subray of y; thus y is a coray
of o;. Since q is a differentiable point of Fj, g admits a unique coray of oy, a
contradiction. ]

Lemma 6.1.7. Suppose that M admits a total curvature. Let {D,} be a
sequence of domains on M. If there exists a Borel subset H of M such that
lim,,_, o c¢(D, N K) = ¢(H N K) holds for any compact subset K then

limsup c¢(D,) < c(H).

n—00

Proof. Let € be any positive number. It follows from Theorem 2.2.1 that there
exists a compact subset K (¢) of M such that

/ G, dM < e. (6.1.14)
M\K(€)

Here G = max{G, 0}. Let {K;} be a monotone increasing sequence of com-
pact subsets satisfying

k=M.  Ki>K(.
J

Then it follows from (6.1.14) that
c(Dy) <c(D,NK;)+e€ (6.1.15)
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for any j, n. Hence we get

limsupc(D,) <c(HNK;)+e€ (6.1.16)

n—o00

for any j. Since c¢(H) = lim;_. c(H N K;), we have limsup,_, ., c(D,) <
c(H). O

Exercise 6.1.1. Find a sequence {D,} and an H as in the above lemma satis-
fying
limsupc(D,) < c(H).

n—00
Definition 6.1.2. For each point p € M and u € S, M, let y, () := exp, tu,
t > 0, denote the geodesic emanating from p and tangent to u.

Definition 6.1.3. For each core K of M, point p ¢ K and distinct tangent vec-
torsu, v € {w € S,M; ,[0, 00)NK # ¥}, let D(u, v) denote the disk domain
bounded by v, {0,s¢:)1> v110,5¢,)) @and the subarc of 0K cut off by y, and y,.

Theorem 6.1.3. Suppose that M admits a total curvature. Let K be any core
of M and € any positive number. Then there exists a number R(€) such that if
p € M satisfies d(p, K) > R(€) then 0x(p) < €, where Ok (p) denotes the
maximal inner angle of the domains D(u, v), where u,v € {u € A,; y,[0, c0)
N K # 0}, at p.

Proof. 1t is sufficient to prove that any divergent sequence {p,} of points on
M has a subsequence {p,,} such that lim;_, o Ok (pn;) = 0. Without loss of
generality we may assume that all p, are contained in a tube U that is a con-
nected component of M \ int K. Consider the universal Riemannian covering
space U of U. Let T : [0,00) — M be a ray from the boundary 3U of U
lying on U, i.e., d(t(¢), dU) = t for any ¢ > 0. Cut open U along t[0, c0)
andlet,...,U_;,Upy, Uy, ..., be the fundamental domains of U lying in this
order in U. Let 7; : [0, 00) — U be the lifted ray of  whose image coincides
with 80,',1 N 80, and

Then dW consists of two rays, %[0, co0) and #;[0, 00), and the subarc of U
cut off by %y and ;. For each n, choose u,,, v, € {u € A,; y,[0,00) N K # @}
in such a way that 6 (p,) is equal to the inner angle of D(u,, v,) at p,. For
simplicity set «, := Vi, Bn := Y, It follows from Lemma 3.2.2 that we may
assume that no p, lies on 7. Therefore for each n, we may choose a lifted point
ppin Uy of p,. Let @, : [0,1,] — U, B, : [0,s,] — U, where 1, := s(,),
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s, 1= 5(B,), denote the lifted geodesics of &, |[0.1,], Bnl[0.5,] €Manating from p,,.
It follows from the minimality of rays that, for each n, &, and j, respectively in-
tersect U;’i_oo %;[0, oo) at most once. This fact means that these geodesics lie in
W and, in particular, that %, := @,(t,), ¥, := B, (s,) are on dW N3 U. By choos-
ing a subsequence, if necessary, we may demonstrate that {X,} and {J,} con-
verge to ¥, and ¥ respectively and that {&,} and {5, } converge to rays & and j
respectively. By Lemma 3.2.2, we get lim,,_, o 0 (p,,) = 0. ]

6.2 Asymptotic behavior of the mass of rays

Throughout this section, M will always denote a connected, finitely connected,
smooth complete Riemannian 2-manifold admitting a total curvature c(M).

Theorem 6.2.1. Suppose that M has a unique end and ).oo(M) < 27. Then for
each positive € there exists a compact subset K (€) of M such that

| M(Ap) - )"OO(M) | <€
forany p € M \ K(¢).
Proof. By Theorem 2.2.1 and the hypothesis of our theorem,
—00 <2a(x(M)—1) < c(M) <2m x(M).

Thus | » |G| dM is finite. Fix an arbitrary positive number € and choose a core
K of M such that

/ G| dM < g 6.2.1)
M\K

Take any point p with d(p, K) > R(K), where R(K) is the number defined in
Lemma 6.1.1. Let D be the component of M \ F, such that K C D, where F),
is the set defined by (6.1.4). It follows from Lemma 6.1.3 and (6.2.1) that

(M) — 27 x (M) + 27 + % > 0 = e(D) — 27 (M) + 27
> (M) — 27 x (M) + 27 — % 6.2.2)

The set M \ F), is expressed as a disjoint union |_J; D; U D of at most countably
many disjoint open sets D; and D. Note that each D; is bounded by two rays
emanating from p and homeomorphic to a plane. It follows from Lemma 6.1.3,
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(6.2.1) and (6.2.2) that

c(M) =27 (M) + 27 —€ <2 — u(A,) =0+ Y _ c(Di)

<c(M) -2 x(M)+2m + €.
This inequality implies that
2 x (M) —c(M) +€ > w(A,) > 2mx(M) — c(M) — €
forany p € M \ K(¢), where K(¢) = {qg € M; d(q, K) < R(K)}. O
From Theorems 6.1.1 and 6.2.1 we obtain the following two corollaries.

Corollary 6.2.1. If M is a Riemannian plane with nonnegative Gaussian cur-
vature then

inf w(A,) = Aoo(M).
ot n(Ap) (M)
Corollary 6.2.2. If M is a Riemannian plane then
2 —f Gy dM < inf w(A,) <21 — c(M) = Aoo(M),
M peM

where G = max{G, 0}.

Theorem 6.2.2. Suppose that M has exactly one end and A oo(M) < 27 If{K ;}
is a monotone increasing sequence of compact subsets of M withlim K; = M
then we have

Jex, (A, dM

= hoo(M).
Jim, [ M oo(M)

Proof. First of all, we shall observe that the function M > p — u(A,) is
measurable. Since the limit of a sequence of rays in M is a ray, the function
M > p — u(A,) € Ris upper semicontinuous. Therefore this function is
locally integrable. If M has infinite area then the integral formula above follows
trivially from Theorem 6.2.1. If it has finite area then, by Theorem 6.1.2, (A )
is zero for almost all p € M. Thus the left-hand side of the equation is zero.
However, by Theorem 5.2.1 Aoo(M) = 0. Thus the proof is complete. O

It is trivial that the theorem above is still true in the case where Ao (M) =
2m, if M does not admit straight lines. Making use of Theorem 6.1.1, in [84]
the present authors extended Theorem 6.2.1 for any M with A,(M) = 2x
and hence the theorem above. The existence of straight lines makes the proof
difficult. Furthermore, in [90] Shioya generalized these results in the case where
Aoo(M) > 27, as follows:
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Theorem 6.2.3. Let U; be a tube of M. Then for each positive € there exists a
compact subset K (€) of M such that

| min{27, Aoo(Ui)} — (Ap) | < €

forany p € U; \ K(e).
Therefore we get

Theorem 6.2.4. Suppose that M has exactly one end. If {K ;} is a monotone
increasing sequence of compact subsets of M with lim K ; = M then we have

/ n(A,) dM
jm P TP min{2mw, Ao (M)}.
j—o0 / X; dmM
Note that the limit of the left-hand side of the integral formula of Theorem
6.2.4 does not always exist in the case where M has more than one end. But the
limit exists for a sequence of balls about a Jordan curve.

Theorem 6.2.5. Let C be a smooth Jordan curve in M and B(t) := B(C, t).
Then we have

Ao (M)LK Ao (U

L R R

zl_‘f?oW = 1 x min{27, Ao(U;)} if hoo(M) > 0,
" 0 if doo(M) = 0,

where U; is a family of tubes such that M \ int|J; U; is a core.

Proof by assuming Theorem 6.2.3. Take any positive €. By Theorem 6.2.3 we
may choose a sufficiently large nonexceptional value f#; such that M \ int B,
where B := B(C, t;) is a union of k mutually disjoint tubes Uy, ..., Uy, and
such that for any p € U;

| min{27, Aoo(Up)} — u(A,) | < e. (6.2.3)

For each i let M; denote a complete open Riemannian 2-manifold with the
properties that there exists an isometric embedding ¢ of B U U; into M; and that
M; \ «(B U Uj;) consists of k — 1 mutually disjoint disks. Then it is trivial from
the Gauss—Bonnet theorem that A (M;) = Ao.(U;) and that the difference of
f UinB() dM and the area A;(¢) of B(C, t) is bounded. Therefore it follows from
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Theorem 5.2.1 that

1 1 hoo(U;
lim — / dM = lim = A;(1) = ﬂ, (6.2.4)
t—o0 t UinB(t) t—o0 t 2
1 hoo(M
lim — f dM = ol ).
=00 1% Jpipy 2
Thus by (6.2.3),

% wa(w(mm{zn, Aoo(Up)} — €)
< lim — [y am
PEB()
< % 3 e Umin(27 Jx U]+

Since € is arbitrary, we get

. 1 1 .
lim —2/ WA, dM = 3 E Aoo(Up) min{27, Moo (U;)} (6.2.5)
PEB(1) i

t—o00 t
If 2 x (M) — c(M) is positive then it follows from (6.2.4) and (6.2.5) that

) fpeBm“(Ap)dM 1 k )
lim I =AM(M)wa(U,-)mm{zn,xoo(Ui)}.

=1

Suppose that Ao (M) = 0. Then A (U;) = 0 for each i, by Lemma 3.1.1. Thus
by (6.2.3)

WA, <e (6.2.6)

forany p € M \ B. If the area of M is infinite then it follows from (6.2.6) that

u(Ap)dM 1
lim f”EB(’)—d” — lim < (A ,)dM
= fB(z) M = fB(t) M Jpepans
1
< € lim dM = e.

=00 [ dM Jpopp

Thus lim,ﬁoo(fpeB(t) u(Ap) dM/fB(Z) dM) = 0. The case where the area of M
is finite is trivial, from Theorem 6.1.2. O

Definition 6.2.1. For each core K of M letthe U;(K),i =1, ..., k, denote the
tubes of M with M \ int K = Uj‘(:l U;(K).
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Definition 6.2.2. If U; denotes a tube of M then for each p € int U; we define
three subsets of A, by

AL = {u € Ap; 1[0, 00) ¢ U; but y,[1, 00) C U
for sufficiently large #,},
Ap(Ui) :={u € Ap; yul0, 00) C Ui},
A,(ntU;) :={u € Ap; 10, 00) C int U;}.

Note that A;(U,-) is the complement of A ,(U;) in the set
{v e Ap; wlt, 00) C U; for sufficiently large #}.

We need the following three lemmas to assist us in the long proof of Theorem
6.2.3. Before proving the lemmas, we shall prove the theorem.

Lemma 6.2.1. Let{p;} be adivergent sequence of pointsin atube U;(Ko) of M.
Suppose that, for each core K D Ky of M, Acpj(U,-(K)), where U;(K) denotes
the subtube of U;(Ky), is empty for all sufficiently large j. Then Aoo(U;(K)) <
2 and

lim (A p)) = Aoo(Ui(K)) = min{27, Aoo(Ui(K))}.
J—00

Lemma 6.2.2. For each core K of M there exists a compact subset K1 O K
of M such that A ,(U;(K)) is nonempty for all p € M \ K.

Definition 6.2.3. If A,(U;(K)) # ¥ for a point p € intU;(K), then &x(p)
denotes the inner angle of D ,(K) at p and D ,(K') denotes the unique component
of M\ {yu(®); t = 0, v € A,(U;(K))} that contains K; see Figure 6.2.1 .

Lemma 6.2.3. Let K be a core of M. For any divergent sequence {p;} of points
within a tube U;(K) such that A;f(U,'(K)) is nonempty for each j, we have

lim &x(p;) = 0.
J]—>00

Let us give the proof of Theorem 6.2.3 assuming Lemmas 6.2.1, 6.2.2 and
6.2.3.

Proof of Theorem 6.2.3. Let{p;}be any divergent sequence of points within the
tube U;. Itis sufficient to prove that the sequence has a subsequence {p;, } such
that lim,,, oo (A, ) = min{27, A(U;)}. By Lemma 6.2.1 we may assume
that there exists a core K such that A;‘,],(U,-(Ko)) is nonempty for all j. Take
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w,v € A (UK

Figure 6.2.1

any positive €. Let K(e) D Ky be a core of M such that

/ G, dM < e. 6.2.7)
M\K ()
It follows from Lemmas 6.2.2 and 6.2.3 that there exists a number jj such that

§keo(pj) <e€ (6.2.8)

for any j > jj. It follows from Lemma 6.1.3 and (6.2.7) that for any j > jj

2 — (Ap) = Exo(p)) < ) c(Dy) <€,

m

where D), denotes a component of U; (K (€))\ (D, (K(€))U{y,(1); 1 20, v e
A, (Ui(K(¢€)))}). Therefore by (6.2.8)

u(Ap,) = 2 —2e
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for any j > jo. Thus

lim p(A,,) =2m.

J]—> 0
However, there exists a straight line lying, except for its subarcs with finite
length, in U;(Kj), because there exists a divergent sequence {p;} of points in

U; such that A;/_ (U;(Ky)) is nonempty for all j. It follows from Theorem 3.7.3
that Ao (U;(Kj)) is not less than 27r. Thus

lim (A ) = min {277, Aoo(U;(Ko))}.
j‘)OO
This completes the proof. O

Proof of Lemma 6.2.1. Let jy be a positive integer such that, for any j > jo,
A;j (U;(Kp)) is empty. Using the same method as in the proof of Lemma 6.1.3,
we get

c(Dp,(Ko) NUi(Ko)) = —A(0Ui(Ko)) + §k,(pj) =27 (6.2.9)
for any j > jo. In particular,
—(c(Dy,(Ko) N Ui(Ko)) + 1(9U;(Kp))) < 27.

Since U;C:jo D, (Ko) NU;(Ko) = U;(Kop), by the hypothesis of our lemma, we
have

*oo(Ui(Kp)) < 2m.
In particular, c¢(U;(K))) is finite. Take any positive € and let K(¢) D K, be a

core of M such that
€
/ |Gl|dM < —.
Ui(Ko\K (€) 2

Since D,,(Ko) D K (¢) for any sufficiently large j, it follows from (6.2.9) that
27 — Aoo(Ui(Ko)) — % < £k (p}) < 27 — hno(Us(Ko)) + %
holds for any sufficiently large j. Therefore from Theorem 6.1.3
*oo(Ui(Kp)) — € < (Ap)) < hoo(Ui(Ko)) + €
holds for all sufficiently large j. Thus the proof is complete. O

For each pair of distinct rays o, # emanating from a point p € int U (where U
denotes a tube) such that &(0), B(0) € A;(U ), let H (e, B) denote the component
containing p of

intU \ (a[t(e), 00) U B[1(B), 00));
see Figure 6.2.2.
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Figure 6.2.2

Proof of Lemma 6.2.2. We shall get a contradiction by supposing that there
exists a core K and a divergent sequence {p;} of points in a tube U := U;(K)
such that A, (U) is empty for any j. First of all we shall note that for all
sufficiently large j, A;j (U) does not consist of a single element. If A;‘/_ (U)did
consist of a single element then on the one hand U would admit a unique ray
emanating from p;. Thus we would get A.(U) = 0. On the other hand, for
all sufficiently large j there would exist a ray emanating from p; that would
intersect U . Thus there would exist a straight line lying, except for its subarcs
with finite length, in U. This would imply that A,,(U) > 2m. We obtain a
contradiction. Therefore, without loss of generality we may assume that, for
any j, A;/, (U) consists of more than one element. For any pair of distinct rays
7,1 = 1,2,with;(0) € A;/(U) and for any ray y with y(0) € A;’,j(U), y(t(y))
is not an element of D(%(0), ©2(0)); here D(#1(0), 12(0)) denotes the closure
of the domain D(%(0), 12(0)) defined in Definition 6.1.3; see Figure 6.2.3.
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Figure 6.2.3 The region between the rays 7, and v, is D(z{(0), 75(0)).

Therefore we may choose two distinct rays aj, B, with a;(0), B HOXS A;j ),
such that there is no ray y with y(¢(y)) € H; N 0U except for «; and 8;. Here
H ; denotes the closure of H; := H(c, B;). Then we can prove that the total
curvature c(H;) of H; satisfies

c(H;) =m — MOH)). (6.2.10)

Let {#; } be a divergent monotone increasing sequence of nonexceptional values
with respect to S, (7) such that there exists a cut point on S, (#) N H;. Then
for each k we may choose a normal cut point gx € Sp, (&) N H; such that
the sequence {D(—yx(#), —tx(#))} of relatively compact domains in H; is
monotone increasing, where y;, t; denote the distinct minimal geodesics joining
pj to gx. Set Dy := D(—y(t), — k() for simplicity. Since we have assumed
that A, (U) is empty, the sequences {y;}, {tx} converge to rays Yoo, Too With
V50(0), T00(0) € Acpj(U ) respectively, as k goes to infinity. These rays Yoo, Too
satisty Yoo (t(Voo))s Too(t(Te0)) € Hj N AU. It follows from the property of H;
that the sequences {y¢}, {tx} converge to «;, B; respectively. Thus | ;= Dy =
H; and hence

lim e(Dy) = e(H)). 6.2.11)

It follows from Proposition 5.1.1 that the sequence of the inner angles of Dy at
qx converges to 0. Hence by the Gauss—Bonnet theorem

lim ¢(Dy) = 7 — 23 H)). (6.2.12)

By (6.2.11) and (6.2.12), we get (6.2.10). Without loss of generality we may



204 6 The mass of rays

Figure 6.2.4

assume that two limiting straight lines,
o = lim oy, B = lim B,
k— 00 k—00

exist; see Figure 6.2.4. Let H denote the component of int U \ («[t(«), 0c0) U

Blt(B), 00)) such that 9 H N AU = lim; . dH; NAU. For each j, H ; contains
two geodesic segments & [0, s(w;)1» B; l10.5(8,)1- Hence &(—oo s(a)) divides H into
two half-planes H,, Hg, say H, D a[t(a), 00). Then it follows from Lemma
2.2.2 and Corollary 2.2.1 that

c(Hy) < —A0Hy), (6.2.13)
c(Hp) <m — M0 Hp). (6.2.14)

Therefore we get
c(H) =c(Hy) +c(Hpg) < — (M0Hy) + A(0Hp)) = —A(0H). (6.2.15)
By Lemma 6.1.7, however,

limsup c(H;) < c(H). (6.2.16)

i— 00
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Figure 6.2.5

Thus it follows from (6.2.10) and (6.2.16) that

limsupc(H;) = lim ¢(H;) =7 — lim A(0H;) =7 — AM(0H) < c(H).

i—00 1—>00

This contradicts (6.2.15). O

Proof of Lemma 6.2.3. Set U := U;(K) for simplicity. It is sufficient to prove
that any divergent sequence {p;} has a subsequence {p;, } such that lim,_, o &k
(pj,) = 0. By Lemma 6.2.2 we may assume that for any j, A, (U) is nonempty.
For each j let y;, T; be the rays emanating from p; that form the boundary of
D; = D, (K), the domain defined in Definition 6.2.3; see Figure 6.2.5. If
7j(0) € A, (intU) then we may choose a ray «; with &;(0) € A‘p'j(U) in
such a way that there exists a component T; of intU N D; \ (c;[0, s(a;)] U
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a[t(a;), 00)) such that there is no ray emanating from p; whose subarc with
infinite length lies in T;. Let nx (p;) denote the inner angle of T; at p;. Define
nk(pj) = 0if y;(0) ¢ A, (intU). For each t;, we define the corresponding
inner angle of t; by Ax(p;). Then it is trivial that

éx(pj) < 0k(pj) +nk(pj) + Ax(p)). (6.2.17)
It follows from Theorem 6.1.3 that if we can prove that
lim ng(p;) = lim Ag(p;) =0,
j—o00 Jj—>00

then we obtain lim;_, ., £x(p;) = 0, our conclusion. If {y;} has a convergent
subsequence {y;,} then by Theorem 6.1.3 we get lim;_, o, ng(p;,) = 0. Thus
we may assume that {y;} is a divergent sequence. Since T; admits a cut point
of pj, by an analogous calculation to that for H; in the proof of Lemma 6.2.2
we arrive at

o(T) = 7 — M(T)). (6.2.18)

Choosing a subsequence of {p;} if necessary, we may assume that a straight
line o := lim;_, o c; exists and that a component H of U \ (a[t(a), 00) U
a(—o0, s(a)]) contains each 7; except for its finite subarcs. It follows from
Corollary 2.2.1 that

c(H) < —A(0H).
Thus on the one hand, by Lemma 6.1.7,
limsup c(T;) < —A(0H). (6.2.19)

j—o0

On the other hand, by (6.2.18),
limsup ¢(T;) = —A(0H) + limsup ng (p;). (6.2.20)
j—00 j—=oo

So, combining (6.2.19) and (6.2.20), we obtain

lim ng(p;) =0.

Jj—>00
In the same way,

j—00
Thus by (6.2.17), we find that

jli)T{.loéK(Pj) =0. O
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The poles and cut loci of a surface of revolution

It is not easy to find a nontrivial pole even on a surface of revolution, unless
the latter has a nonpositive Gaussian curvature. We shall give a necessary and
sufficient condition for a surface of revolution to have nontrivial poles. The
proof is achieved by obtaining Jacobi fields along any geodesic (see [101]). The
method is found in a classical work of von Mangoldt [59]. We will also determine
the cut loci of a certain class of surfaces of revolution containing well-known
examples: the two-sheeted hyperboloids of revolution and the paraboloids of
revolution (see [102]). von Mangoldt proved in [59] that any point on a two-
sheeted hyperboloid of revolution is a pole if the point is sufficiently close to
the vertex. Furthermore, he proved in [59] that the two umbilic points of a
two-sheeted hyperboloid are poles and that the poles of any elliptic paraboloid
are the two umbilic points. These surfaces are typical examples of a Liouville
surface. A definition of global Liouville surfaces was introduced by Kiyohara
in [44]. See also [40] for poles on noncompact complete Liouville surfaces.

7.1 Properties of geodesics

A surface of revolution means a complete Riemannian manifold (M, g) home-
omorphic to R? that admits a point p such that the Gaussian curvature of M is
constant on S(p, t) for each positive #. The point p is called the vertex of the
surface of revolution.

Throughout this chapter (M, g) denotes a surface of revolution and p denotes
the vertex of the surface. Note that the vertex is unique unless M has a constant
Gaussian curvature.

Lemma 7.1.1. The vertex p is a pole. Furthermore, for any linear isometry
FonTy,M, exp,oF o exp;l M — M is an isometry.

207
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Proof. Suppose that p is not a pole. Thus we can take a cut point x of p that is
an endpoint of the cut locus of p. Then x is a conjugate point of p along any
minimizing geodesic t: [0, d(p, x)] = M joining p to x. Fix such a geodesic
7. Since M is noncompact and complete, there exists a ray y: [0, c0) - M
emanating from p. Hence

G(y (1) = G(z(1))

foranyt € [0, d(p, x)],sinced(p, t(¢)) = d(p, y(t)) = ton [0, d(p, x)]. Thus
the Jacobi fields along ¥ |j0,a(p,x) and T|j0,4(p,x) Orthogonal to the geodesics
respectively satisfy the same differential equation. Therefore y (d(p, x)) is con-
jugate to p along y, which contradicts the fact that y is a ray. Thus we have
proved that p is a pole. Suppose that F is a linear isometry on T, M. Set
Jf i=exp,oF o exp;1 for simplicity. Since it is trivial that df, is a linear
isometry, we shall show that for any point ¢ distinct from p, df; is a linear
isometry. This means that f is an isometry on M. Let a point g (# p) be fixed.
Let y:[0,00) — M be the unit-speed geodesic emanating from p = y(0)
and passing through g = y(#); here we put 7y := d(p, q). By definition,
f(y()) = exp, t F(y(0)) holds for any 7. Hence

df, (7 (o)) = ¥ (to) (7.1.1)

where y(t) = exp,, tF(y(0)). Let v(f) be a unit-speed positively oriented
smooth curve in S, M emanating from v(0) = y(0). Then we get geodesic
variations

at,0) = expptv(é’) (7.1.2)
and

a(t,f) = f(expp tv(h)) = exp,, tF(v(0)) (7.1.3)

of y, y respectively. From the variations above we obtain the Jacobi fields
Y(t) := (3a/36)(t,0) and Y (¢) := (3&/36)(¢, 0) along y and 7 respectively.
It is easy to see that

Y (o) = d fo (Y (10)) (7.1.4)
and

Y(0) =0, Y'(0) = 0(0),

_ _/ : (7.1.5)
Y(0)=0, ¥(0)= F@()).

Here Y'(¢) and Y'() denote the covariant derivatives of Y(¢) and ¥ (¢) along
y and y respectively. However, by the Gauss lemma 1.2.1, Y(#)) and Y (1)
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are orthogonal to y(fy) and ¥ (1) respectively. Since G(y(¢)) = G(y(t)) for
any t € [0, to], it follows that Y and ¥ satisfy the same differential equation.
Therefore

1Y to)ll = 1Y (to)- (7.1.6)

Combining (7.1.1), (7.1.4) and (7.1.6), we observe that d f, is a linear isometry.
O

Definition 7.1.1. Foreachq € M\ {p}, let i1, : [0, 00) — M be the unit-speed
geodesic emanating from p through g = u,(d(p, q)), where p, is called the
meridian through q.

Let £: [0, 00) — M be a meridian. Then we can introduce local coordinates
(r,0) on M \ u[0, 00),i.e.,r(q) := d(p, q) and 6(g) denotes the oriented angle
measured from —£1(0) to f1,(0). The coordinates (r, 8) are called geodesic polar
coordinates around p on M. It follows from Lemma 7.1.1 that the function

9 9
5\ 90" 90

is constant on S(p, t) for each r > 0. Thus a smooth function m : (0, co) —
(0, 00) can be defined by

o 0
= —, — . 7.1.7
m(r(q)) 8q (ae 39> (1.1.7)
From the Gauss lemma 1.2.1, we obtain the relation

g = dr? + m?(r)de>. (7.1.8)

Proposition 7.1.1. The functionm is extensible to a smooth odd function around
0 satisfying m'(0) = 1.

Proof. Let y: R — M be a unit-speed geodesic with y(0) = p and let Y () be
the Jacobi field along y, with Y(0) = 0 and Y’(0) = 0(0), where v(9) is the
curve defined in the proof of Lemma 7.1.1. Then

Y() = (i)
90 y(0)

also holds for any positive ¢. Therefore

d
<£) =g(Y(@), E@®)E({) (7.1.9)
y(1)
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also holds for any positive 7. Here E(¢) denotes the unit parallel vector field
along the geodesic y with E(0) = Y’(0) (= ©¥(0)), which is orthogonal to y ()
for each t. Thus

m(t) = g(Y(1), E(t)) (7.1.10)

holds for any positive ¢. Let F' be the reflection on 7, M, with F'(y(0)) = —y(0).
It is easy to check that

df,oY (@) = =Y(-1), dfymE@) = E(—t) (7.1.11)
holds for any real 7, where f := exp, o F oexp;‘. Since f is anisometry on M,
g(Y (@), E(1)) = g(dfyY (@), dfyE@) = —g(¥Y (—1), E(—=1)). (7.1.12)

By equations (7.1.10) and (7.1.12), m(t) is extensible to a smooth odd function
and m'(0) = 1. O

Since the Jacobi field Y (¢) satisfies (1.4.1), we obtain
Corollary 7.1.1. The function m satisfies the following differential equation:
m’+Gm =0 (7.1.13)
with initial condition m(0) = 0, m'(0) = 1.

Lemma 7.1.2. Let f :[a, b] — R be a smooth function. Then there exists a
smooth function h satisfying

f(x) = fla) + (x — @)h(x).

Proof. 1tis trivial, from the following equation:

I'd
F) — fla) = f SO = oy
o dat

1
=(x —a)/ f@x+ (1 —1t)a)dr. O
0

Lemma 7.1.3. Let f:R — R be a smooth even function. Then the function

F:R?> > R, (x,y) = f(/x2 4+ y2), is smooth.

Proof. Let n be any positive fixed integer. Since f is an even function, f¢=1
(0) := (d*~!/dx?*~1) £(0) = 0 for any positive integer k. Thus it follows from
Lemma 7.1.2 that there exists a smooth function R, (¢) such that

n—1 f(zk
faoy=>Y) * (0)+t2"Rn<r>
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By induction on #, it is easily proved that the function
R’ > (x,y) > (2% + y")"Ru(vx> + ) €R
is C". Therefore F is C" for any positive integer n. O
The converse of Proposition 7.1.1 is true also.

Theorem 7.1.1. Let m : (0, 00) — (0, 00) be a smooth function that is exten-
sible to a smooth odd function around 0 with m'(0) = 1. Then the Riemannian
metric g = drg +m?(rp) d@g on R? defines a surface of revolution whose vertex
is the origin of R%. Here (ry, 0y) denotes geodesic polar coordinates around the
origin for the Euclidean plane (R?, go).

Proof. Let (x, y) be the canonical coordinates for (R?, 80), 1.., x = rycos b,
y = rg sin 6. Then it follows from direct evaluation that

3 9
g (— —) =14y’ f(r),

ax’ Ox
(i i)—— (r) (7.1.14)
g Bx’ay = —xyf(r), 1.
d 9\ )
8<5,@>—1+x f(r),

where r = /x2 4+ y2 and f(r) = (m*(r) — r?)/r*. From the assumption on
m and from Lemma 7.1.2 there exists a smooth even function k(#) satisfying
m(r) = r + r3k(r). Therefore

() = k()2 + r’k(r))

is a smooth even function. By Lemma 7.1.3 the function

R*5 (x,y) ~> f(V/x*+)?) eR

is smooth around the origin. It follows from (7.1.14) that g is a smooth
Riemannian metric on R2. Moreover, each geodesic ) = constant emanating
from the origin can be defined on 0 < r < co. By the Hopf-Rinow—de Rham
theorem 1.7.3, g defines a complete Riemannian metric. Therefore (R?, g)isa
surface of revolution with the origin as its vertex. O

In what follows, (r, ) denotes a set of geodesic polar coordinates around the
vertex p of a surface of revolution (M, g). Let y: I — M be a geodesic such
that y(¢) # p for any ¢t € I, where I denotes an interval. Define

r@):=r(y@),  0@0):=0(y@)).



212 7 Poles and cut loci of a surface of revolution

Proposition 7.1.2. Let y: I — M be a geodesic such that y(t) # p for any
t € I. Then y satisfies the following differential equations:

r —mm'(0)? =0, (7.1.15)

p m/r/9,
0" +2

=0. (7.1.16)

Conversely, any smooth curve (r(s), 0(s)) satisfying (7.1.15) and (7.1.16) is a
geodesic on M.

Proof. In terms of tensor calculus, set

811 i—g(

812 = 821 2=8(

822 —g(

Then it follows from (7.1.8) that

)
)
).

gu =1, g2 =g =0, gn =m’. (7.1.17)

%‘Q) $|m $’|Q.a
Lo o Y=

Thus the Christoffel symbols are
=T, =T =0
fori =1, 2, and

m/

1 _ ’ 2 _ 712 _
F22——mm, Flz—rﬂ—;.

By the differential equation for geodesics (1.2.1), we get (7.1.15) and (7.1.16).
The converse is trivial. O

It follows from (7.1.16) that

d
()0 (1) =0 (7.1.18)
for any ¢ € I. Therefore there exists a constant v such that
v
0t)= ——— 7.1.19
= ) 7119

for any t+ € I. If £(¢) denotes the angle made by the geodesic y(¢) and the
parallel through y(¢), i.e., S(p, d(p, y(t))), then we obtain Clairaut’s relation

m(r(t))cosé(t) =v

for any ¢ € 1. Summing up, we get
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Theorem 7.1.2 (Clairaut). Let y: I — M be a geodesic such that y(t) # p
foranyt € 1. Then there exists a constant v such that

m(r(t)) cos&(t) = v (7.1.20)

foranyt e I.

Definition 7.1.2. The constant v in (7.1.20) is called Clairaut’s constant for
the geodesic y.

Note that Clairaut’s constant is zero iff the geodesic is tangent to a meridian.
Therefore, if Clairaut’s constant for a geodesic is nonzero then the geodesic
does not pass through the vertex.

Lemma 7.1.4. A parallel S(p, ty) is a geodesic iff m’'(ty) = 0.

Proof. Suppose that the parallel S(p, ty) is a geodesic; then S(p, fy) can be
expressed as

rt) =1y, 0@1)=t. (7.1.21)

By (7.1.15), we get m'(ty) = 0. Alternatively, the curve defined by (7.1.21)
satisfies (7.1.15) and (7.1.16); therefore S(p, o) is a geodesic. ]

Lemma 7.1.5. Let y: I — M be a geodesic. If y is not a parallel then the zero
points of ¥’ are discrete. Furthermore, if r' = 0 for some sy € I then m'(r(sy))
is nonzero (see Figure 7.1.1).

Proof. If y is tangent to a meridian then the claim is trivial. Thus we may
assume that y(t) # p forany ¢ € I. Suppose r'(s9) = O for some sy € I. Then
y is tangent to the parallel S(p, r(so)). Since y is not a parallel, m’(r(so)) is not
zero by Lemma 7.1.4. By (7.1.15) and (7.1.19) r”(sp) is not zero. Therefore the
zero points of 7" are discrete. The fact 7'(sg) = 0 implies that y is tangent to
the parallel S(p, r(so)). Hence the latter claim is clear from Lemma 7.1.4. [J

Lemma 7.1.6. Let y:R — M be a geodesic not tangent to any meridian. If
r’ = 0 at two distinct parameter values then there exists a rotation T around p
and a nonzero constant b such that

T(y(®) =y +b)
for any t € R. In particular y ||0,o0) IS nOt a ray.

Proof. Suppose r’ = 0 att = s¢. Thus y is tangent to the parallel S(p, r(sp)).
Then there exists a reflection fy on M (i.e., exp;1 o foo exp,, is a reflection
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a parallel with m” = 0

points with " = 0

axis of rotation

Figure 7.1.1

on T, M) fixing the meridian through y (so) such that fo(y(¢)) = y(2s9 — t) for
any t. Hence if r’ = 0 at two distinct real numbers sy and s; then there exist
two reflections fy, fi on M such that

Jro foly(®) = y(t +2s1 — 250)

for any ¢; furthermore, f] o fy is a rotation around p. O
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I . ) J a geodesic (t)
—<] with bounded limit
limy_., d(p, (1))

a parallel
with m” =0

axis of rotation

Figure 7.1.2

Lemma 7.1.7. Let y : [0, 00) — M be a geodesic whose Clairaut’s constant
isv. If ro := lim,_, o d(p, y(t)) is bounded then m(ry) = |v| and m'(ry) = 0
(see Figure 7.1.2). Hence S(p, ry) is a geodesic.

Proof. From the assumption, Clairaut’s constant v for y is nonzero and y(t) #
p for any ¢ € [0, 00). If y is a parallel, the claim is trivial from Lemma 7.1.4.
Thus we can assume that y is not a parallel. It follows from Lemma 7.1.6 that
there exists a positive constant #y such that r’ # 0 on [fy, c0). Without loss of
generality, we may assume that y is a unit-speed geodesic. Thus

') +m*(r())') =1
for any ¢ € [0, 0o). It follows from (7.1.19) that on [#,, c0) either

, V2 , V2
F=l-2 o =1
m m
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If m(rg) # |v| then there exists a positive constant § such that

U2
- ——— >4
m*(r(t))

on [fy, 00). Therefore either ' > § on [y, o0) or r’ < —§ on [fy, 00). But this
contradicts the fact that 0 < rg < oo. Thus m(ry) = |v| and, in particular,
lim,_, o, ¥'(t) = 0. Suppose that m’(rg) # 0. Since lim,_, o, r(t) = ry, there
exists a constant #; > fq such that

vl m(ro)
- = < m(r(t)) < 2m(ro) = 2|v|
2 2
Im’(ro)| , ,
5 < I @) = 2im (o)
on [t;, 00). Thus it follows from (7.1.15) and (7.1.19) that
!/
|r//| > |m (r0)|
16m(rg)

on [t,00). This inequality implies that lim,_ ., r'(f) = + co. However,
lim,, o, ¥'(t) = 0. Therefore we have proved that m’(rg) = 0. The second
claim is clear from Lemma 7.1.4. O

Definition 7.1.3. Let f(r, v), g(r, v) be functions on {(r,v); r > 0, m(r) >
|v|} defined by

. v o m(r)
N e N

(7.1.22)

Proposition 7.1.3. Let y :[a,b)— M be a unit-speed geodesic whose
Clairaut’s constant v is nonzero. If r'(t) is nonzero on [a, b) then the geodesic
y parameterized by r satisfies

do
— =€f(r,v), (7.1.23)

dr

and moreover

r(b)

0(b) —0(a) =€ f(r,v)dr mod 2, (7.1.24)
r(a)
r(b)
b—a= e/ g(r,v)dr, (7.1.25)
r(a)

where € denotes the sign of r'(¢), t € [a, D).
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Proof. Since y is parameterized by arc length,
P2 +mir) 0% =1

for any ¢ € [a, b). Thus it follows from (7.1.19) that

€
r't) = ———. (7.1.26)
g(r(t),v)
Therefore
do o
— = — =€f(r,v).
dr r

Suppose that r'(b) # 0. It follows from (7.1.23) and (7.1.26) that

b r(b) dr r(b)
b—a:/dt:/ ,—=6/ g(r,v)dr
a r(a) r (t) r(a)

b do r(b)
o) —6(a) = / —dr =€ f(r,v)dr mod 2.
. dr r(a)
Now suppose that r'(b) = 0. By taking a strictly monotone increasing sequence
{b;} convergent to b, we get (7.1.24) and (7.1.25). Note that the integrals in
(7.1.24) and (7.1.25) are singular, since m(r (b)) = |v|, but both are finite, since
m'(r(b)) # 0. ]

Definition 7.1.4. For eachq € M \ {p}, let 7,: [0, oo) — M be the unit-speed
geodesic emanating from ¢ = 7,(0) through p = 7,(d(p, q)). For each positive
t, let L(¢) denote the length of S(p, t), which equals 2z m(t).

Lemma 7.1.8. If liminf,_, . L(t) = O then for any point q distinct from p the
subray [Lqlid(p,q).00) Of Ihq 1S a unique ray emanating from q.

Proof. Let {t;} be a divergent sequence with lim;_,, L(#;) = 0. Let ¢ be any
point distinct from p. For simplicity, put

p:=d(p,q).
It follows from the triangle inequality that
d(q, tq(ti + p)) =d(q, pg(t:) + d(pq(t), T4(t; + p))
<ti—p+3L@).
Since lim;_, o, L(#;) = 0, d(q, 7,(t; + p)) < t; for sufficiently large i. This
implies that 7, is not a ray. Let y be a geodesic emanating from ¢ that is not
tangent to any meridian. Since liminf,_, o, L(¢) = liminf,_, o 2rm(t) = 0, it

follows from (7.1.20) that the image of y is bounded. Hence y is not a ray.
Thus the geodesic piy][,,00) i @ unique ray emanating from g. O
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Lemma 7.1.9. Suppose that | loo L™2(t) dt is infinite. Let q be any point distinct
from the vertex. If a geodesic y emanating from q is not tangent to the meridian
through q then y is not a ray. In particular, the vertex is a unique pole.

Proof. Since y: [0, 00) — M is not tangent to (i, the Clairaut constant v for
y is non-zero. By Lemma 7.1.6, we may assume

lim r(t) = 400

—00
and the existence of a positive number b such that r’ is positive on [b, 00). It
follows from (7.1.24) that

0@)—0(b) = f(r,v)dr mod 2

for any real r > b. Since L(t) = 2nm(t), |0(s) — 6(b)| > 7 for some s > b.
This implies that y is not a ray. In particular, ¢ is not a pole. O

7.2 Jacobi fields

Choose a point g distinct from the vertex and let it be fixed throughout this
section. In order to derive the Jacobi fields along a geodesic emanating from ¢,
we need some notation. For brevity we put

p:=d(p,q). (7.2.1)

Let {ey, e>} be an orthonormal basis for 7, M such that

0 1 0
@ = (5); = am (@)q' 7:22)

For each v € [—m(p), m(p)] let B,, y»:[0,00) — M denote unit-speed
geodesics emanating from g whose velocity vectors at t = 0 are

L 4+ 7(0) L+
e e, L (0) = — e er.
o0 T Y 2o T ()
(7.2.3)

Bu(0) =

Here g(p, v) is defined in (7.1.22). Then it follows from (7.1.20) that the
Clairaut constant of each B, y, equals v. Since B,, y, are parameterized
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by arc length, we get
d : ,
(57(;‘%0))) +m*(r(Bu(1))) (%9(;‘%0)))2 =1

9 2
<5r()/u(t))> +m?(r (y,(1))) (%Q(J/u(t)))2 =L (7.2.4)

Since the two geodesics 8,, y, both depend smoothly onvifv € (—m(p), m(p)),
we obtain the Jacobi fields X, Y, :

d a
X(1) = %(ﬂv(t))a Y,(n) = a()/u(t)) (7.2.5)

along B, y, respectively. Since 8,(0) = g = y,(0)forany v € [—m(p), —m(p)],
it is trivial that

X,(0) = Y,(0) = 0. (7.2.6)

If X/, Y, denote the covariant derivatives along 8, y, respectively, we have

1
X,0) = —f(p, v)er + o) Y,(0) = f(p, v)er + e, (7.2.7)

m(p) m(p)
where f(p, v) is defined in (7.1.22).

Proposition 7.2.1. Let 8:[0, s] — M be a geodesic B. defined by (7.2.3) for
some ¢ € (—m(p), m(p)) such that p ¢ B[O, s). If ¥'(¢), i.e., dr(B())/dt, is
nonzero on [0, s) then the Jacobi field X . defined by (7.2.5) is given by

X.(1) /(t)/r(') m(r) d ! ( 0 ) . ’(t)( 9 ) }
) =r ——dr{——c| — r —
o w/mz(r)—c23 I/ gy 30/ gy

(7.2.8)
on [0, 5).

Proof. Fix any positive s; < s. Then it follows from the assumption that there
exists a positive § such that, for each v with |v — ¢| < §, the function

i t )
5 (B

is nonzero on [0, s1]. Put (¢, v) := r(B,(¢)) and 6(¢, v) := 6(B,(t)). In partic-
ular, put r(t) := r(z, c) and 6(¢) := 6(¢, ¢) for simplicity. Since r’ is positive
on [07 §1 ]’

0 (t,v)
—r(t, v
ot
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is positive for any ¢ € [0, s;] and any v with |v — ¢| < 4. Thus it follows from
(7.1.19) and (7.2.4) that, for each v with |v — ¢| < §,

9
o7t (7.2.9)

©g(r(.v),v)
holds on [0, s;]. By (7.1.25),

r(t,v)
t= / g(r,v)dr (7.2.10)
p

for any ¢ € [0, s1] and any v with |v — ¢| < 4. If we differentiate (7.2.10) with
respect to v, then we get

r(t)
g—r(r, ¢) = —cr’(t)/ _mn (7.2.11)
v o

However, it follows from Proposition 7.1.3 that
r(t,v)
o(t,v) =0(q) + / f@r,v)dr mod 27; (7.2.12)
P
hence, by (7.2.11),

a0 re
—(t,¢)=7r'(t)? / &3 dr. (7.2.13)
v o Jm2(r) —c?

It follows from (7.2.11) and (7.2.13) that for any ¢ € [0, s) we get (7.2.8). O

By an argument analogous to that in the proof of Proposition 7.2.1, we
conclude that the following holds:

Proposition 7.2.2. Let y: [0, s] — M be a geodesic y. defined by (7.2.3) for
some ¢ € (—m(p), m(p)) such that p ¢ y[0,s). If r'(t) (=dr(y(t))/dt is
nonzero on [0, s) then the Jacobi field Y, defined in (7.2.5) is given by

Y() = —r'(t) fr(t) _mn dr{—c <i) +r'(t) <i> }
‘ o JmAr)— /v 9/ w0

(7.2.14)
on [0, 5).
Corollary 7.2.1. Suppose that ¢ # 0. If r'(s) is zero then
c a
Ye(s) = ——— (—) . (7.2.15)
lelm'(r(s)) \or /

In particular, for each y, with |v| € (0, m(p)), Yvlj0.s] has no conjugate points
of q along vy, if or(y,(t))/ 0t is nonzero on [0, s).
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Remark 7.2.1. It follows from Lemma 7.1.5 that m’(r(s)) # 0.

Proof. From the definition of y,,, (7.2.3),
1

0= oo

(7.2.16)

By I’Hbpital’s theorem,
r m Lo
lim r'(¢t ———dr = lim — —dr
t—s—0 ) 0 (m2 _ C2)3/2 t—s—0 1’ /p m2 — C23
—(+\3 t
= Iim M (7.2.17)
1=5=0 p/(m2 — C2)~/
Thus by (7.2.16)
r(t) m 1
li (¢ ———dr=—. 7.2.18
A )/p =y T pemeey T

It follows from (7.1.15) and (7.1.19) that

o M)
i) = 7m3(r(t)) . (7.2.19)
By (7.2.18) and (7.2.19),
T m _ m(r(s)
[EEOI. (t)/p mdi’ = 702]11/(7‘(3)). (7220)
It follows from (7.2.16) that m(r(s)) = |c|. Therefore by (7.2.14) and (7.2.20)
we get (7.2.15). O

Proposition 7.2.3. Let y: [0, 0c0) = M be a geodesic y. defined by (7.2.3) for
some |c| € (0, m(p)). Suppose that there exists a positive point s, such that
so € (0,s1) is a unique zero point of r' on [0, s1]. Then the Jacobi field Y.
defined in (7.2.5) is given by

Y. (¢ —%t - t i + i 7.2.21
() = = (t,0) cg(ro,c)(ar)m <89>m (72.21)

on (g, $1], where
01, v) = 0(yu(1)). (7.2.22)
Proof. Since r'(sg) = 0, it follows that y is tangent to the parallel S(p, r(sp)).
By Lemma 7.1.4, m'(r(so)) is nonzero. Thus by (7.1.15) and (7.1.19)
82

ﬁr(hc)
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is nonzero at t = s¢. Here we have set
r(t,v) =r(p(1)). (7.2.23)

It follows from the inverse-function theorem that there exists a smooth function
s on (c — &, c + 8) for some positive § with § < |c| satisfying

s(v) = min{r > 0; dr(¢, v)/ot = 0}

for each v € (¢ — 8, ¢ + 8) and 5(c) = so. By taking a smaller § if necessary,
we may assume that for each v € (¢ — 8, ¢ + §), s(v) is the unique zero point
of ar(¢, v)/dt on [0, s1]. It follows from (7.1.24) and (7.1.25) that, for each
ve((—246, c+9),

r(t,v)

f(r,v)dr + / f(@r,v)dr mod 27
r(s(v),v)
(7.2.24)

o

0(z,v) EG(q)+/

r(s(v),v)

and

o r(t,v)
t= / g(r,v)dr +/ g(r,v)dr (7.2.25)
r(s(v),v) r(s(v),v)

on (s(v), s1]. Since

g(r,v) = +vf(r,v)

1
g(r,v)
holds, it follows from (7.2.25) that

P 1 r(t,v) 1
t =/ dr +/ dr
rGwy) 85 V) Gy (s V)

r(t,v)
+v </ﬂ S@r,v)dr +/ f@r,v) dr) . (7.2.26)

E),v) r(s(v),v)

If we differentiate equation (7.2.26) with respect to v, we get

0= ;8_"(,, V) + v %(;’ V). (7.2.27)
g(r(t,v),v) dv v
Note that
L Vm v
g(r,v) m(r)
atr = r(s(v), v) and
o 1 _ —f(r,v).

v g(r,v) -
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Hence
or
%(t, V) = —v g(r(t,v), v) (t V) (7.2.28)

holds for any ¢ € (s(v), s;] and v € (¢ — 6§, ¢ + §). By (7.2.28) we obtain
(7.2.21). O

Let a; be a small positive number such that m’ is positive on [0, a;]. Note
that m’(0) = 1 by Proposition 7.1.1. Let k& : [0, m(a;)] — R be the inverse
function of m|(g 4,1. By Corollary 7.1.1,

k') =1, k"(0)=0
By Lemma 7.1.2 there exists a smooth function /2 on [0, m(a,)] satisfying
K'(t)=1+17h(). (7.2.29)

Proposition 7.2.4. Let Yy be the Jacobi field Y, along T, = y,, defined by
(7.2.5), forv = 0. Then Y, is given by

m(ay)
Yo(r) = {—% + 2m(a)h(m(a,)) — / th'(t) dt
0

ot [ L (a> (7.2.30)
/—r—i—/ —}(qum 2.

Proof. Fix an arbitrary number ¢ > p. Since Y, depends smoothly on v, it
follows from Proposition 7.2.3 that

on (p, 00).

Yo(t) = lim Y,(t) = li t 7.2.31
o0) = lim V(1) = lim = (v)<89>m> (7.231)

on (p, 00). If we set m(r) = t then it follows from integrating by parts that, for
any sufficiently small positive number v,

a m(ap) ’
/ f@r,v)dr = / (arccos K) +v (\/ 12— v2> h(t)dt
r(s(v),v) v
+ vy m(a;)* — v? h(m(a,))

m(al)
/ V2 — v () dt. (7.2.32)

= a.rccos
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Thus
aj 1 m(ap)
im — fr,v)ydr = ——— +m(ay) h(im(ay)) — th'(t)dt.
v=>+0 IV S5y, m(ay)
(7.2.33)
By (7.2.24),
20 0 [¢
lim —(t,v) =2 lim — f(r,v)dr
v—>+0 gV v—>+0 JV r(V),v)
8 r(t,v)
+ +08 / f@r,v)dr + hm 8_/;1 f(r,v)dr.
(7.2.34)

Therefore, combining (7.2.31), (7.2.33) and (7.2.34), we obtain (7.2.30). O

Corollary 7.2.2. If | 100 L(t)~2 dt is finite then there exists a positive constant §
such that, for any point g with 0 < d(p, q) < 6, there is no conjugate point of q
along t,. If |, loo L(t)~% dt is infinite then, for any point q distinct from p, there
exists a conjugate point of q along t, . Moreover the geodesic (ig|id(p,q),00) IS @
unique ray emanating from q.

Proof. Suppose that

el |
/1 L &

is finite. Thus, by the relation L(¢) = 2w m(t),

is finite also. Choose a small positive number § satisfying

/“1 d +/°° Ly 2
_ — dr — dr—
5 m? o m? m(ap)

m(ay)
+ 2m(a)h(m(ay)) — 2 / th'(t)dt < 0. (7.2.35)
0

Then, for any point ¢ with 0 < d(p,q) < é and any t > d(p, q), Yo(¢) is
nonzero by (7.2.30) and (7.2.35). Since p is a pole, it is trivial that ¥;, does not
vanish on (0, p]. Therefore, for any point g with 0 < d(p, q) < §, there is no
conjugate point of g along 7,. Suppose that

/OO ! dt
1 L@)?
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is infinite. Then

© 1
——d
/al mi(r)

is infinite also. Take any point g distinct from p; by (7.2.30) there existsat; > p
such that Yy(#;) = 0. Therefore there is a conjugate point of g along 7,. The
last claim of the corollary is clear from Lemma 7.1.9. O

From now on, we will regard
liminf L(¢)
11— 00

as nonzero. Since L(t) = 2nm(t), by taking a smaller positive number a, if
necessary, we may assume that

m(t) > m(ay) (7.2.36)

for any ¢ > a;. Suppose that the point g satisfies p < a;. Then it follows from
the choice of a; that, for each v € (0, m(p)), the function

or (. v)
—(t, v
at

has a unique zero point at ¢t = #(v), where r(¢, v) is the function defined by
(7.2.23) and ¢(v) is the unique solution ¢ > 0 of (¢, v) = k(v). Geometrically,
y, 1s tangent to a unique parallel S(p, k(v)) at a unique point y,(¢(v)) for each
v € (0, m(p)). By (7.1.25) we have

p
t(v) =/ g(r,v)dr.
k()

Definition 7.2.1. For each positive number p < ay, let ¢,(r, v) be a function
on {(r, v); m(p) > v > 0, r > k(v)} defined by

P r
Gp(r,v) = f@r,v)dr + f@r,v)dr, (7.2.37)
k(v) k(v)

where f(r, v) is defined in (7.1.22).

Proposition 7.2.5. Let y: [0, 00) — M be a geodesic y,. defined by (7.2.3) for
some ¢ € (0, m(p)). If the number p is less than a; then the Jacobi field Y,
defined in (7.2.5) is given by

Yoty = —— 2% 00y oy L —er0), ) <i> 4 (i)
o gz(r(t), ©) v 7 ¢ 7 ar y() 90 y()
(7.2.38)

on (t(c), 00), where r(t) = r(y(1)).
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Proof. From (7.2.24) we have
00
v
where 0(¢, v), r(¢, v) are functions defined by (7.2.22) and (7.2.23) respectively.
Thus it follows from (7.2.28) that

09, ar
t,v) = —@,v),v)+ —@&,v) f(r,v),v), (7.2.39)
av av

¢p

g (1, v), v)g—i(t, V)= (e v).v) (7.2.40)

holds on {(¢, v); t > £(v), 0 < v < m(p)}. From Proposition 7.2.3 we obtain

(7.2.38). O
Lemma 7.2.1. The inequality
aa—v k;) fr,v)dr
< (1 () + Q@)+ m(@) Com) (1241)

holds on {(r, v); v € (0, m(p)), k(v) < r < a}, where
C(m) := max{|h(D)|, | (®)]; 0 <t < m(a))} (7.2.42)
is a constant depending on m.
Proof. By the same procedure as for equation (7.2.32), we get
f(r v)dr = arccos T + v\/m h(m(r))

m(r)

V2 —v2 B (t)dt. (7.2.43)

k(v)

Thus

3 [ ~1 )
— | Forv)dr = ———(1 4+ V?h(n(r)))

v Jrw) vm@r)? —v?
+v/m(r)? = v? h(m(r))

m(r) 2
N / (Vg _ m) H(dr. (7.2.44)
v t

2_ 2
Since
m(r) 2 m(r) t
i ﬁh’(t) dt| < C(m)v i ﬁ dr
= COom)vy/m2(r) =2,

(7.2.41) follows. O
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Lemma 7.2.2. Suppose that

liminf L(r)

—>0o0

* 1
/1 oY

is finite. Then there exists a positive constant b < ay such that, for each positive
number p < b,

is nonzero and that

09,
ov

is strictly negative on {(r, v); r > k(v), m(p) > v > 0}.

(r,v)

Remark 7.2.2. von Mangoldt [59] proved this lemma for a two-sheeted hyper-
boloid of revolution.

Proof. Choose a positive number b < a; satisfying

% > Ci(m) + 27)* g(ay, m(b))? / loo 0 dr, (7.2.45)
where
Ci(m) :=22m*(a1) + m(ay)) C(m) (7.2.46)
is a constant depending on m. Note that
m*(b)C(m) < 1 (7.2.47)

because the right-hand side of the inequality (7.2.45) is positive. Suppose that
r <a;. By Lemma 7.2.1,

85%(1: V) < —%\/%fg) + Ci(m) — % (7.2.48)
Since
140> h(m(r)) = 1 —m*(b)C(m) > 0
and
140> h(m(p)) = 1 —m*(B)C(m) > 0,
by (7.2.47), we obtain
% r,v) < —M + Ci(m). (7.2.49)

ov - m(b)
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Therefore, again by (7.2.47),

¢p =)

is negative on {(r, v); 0 < v < m(p), a; > r > k(v)} for each positive p < b.
Suppose that » > a;. By Lemma 7.2.1,
¢p 1 —m?(b)C(m)

(r )S—T+Cl(m)+/a

" m

L (m? —v2)Y?
Since

m(r) _ &) - (2n)*g(ar, m(b))?
) — R =) 120)

on [a;, 00), we get

2
3 1y < LT OICE) |y
v m(b)

+ 2n)g(ar, mb))’ /

dr. 7.2.50
From the choice of b, the right-hand side of (7.2.50) is negative. Therefore we
have proved the lemma. O

Lemma 7.2.3. Let M be a surface of revolution with vertex p. If a point q (# p)
is a pole then any point x with d(p, x) < d(p, q) is also a pole. Hence the set
of poles on M forms a closed ball centered at p.

Proof. 1t follows from Lemma 7.1.1 that any point on S(p, p), where p =
d(p, q), is a pole. Thus it is sufficient to prove that any point x with 0 <
d(p,x) <d(p, q)is apole. Take such a point x and fix it. Let A, be the set of
all unit tangent vectors v such that the geodesic y,(¢) := exptv, t € [0, 00),isa
ray. We shall prove that A, is openin Sy M. Fix any v € A,. Since y, intersects
S(p, p) at a pole y on S(p, p), y—, is a subray of the ray emanating from y
through x. Note that each point on S(p, p) is a pole. Hence there exists an open
arc I containing —v of S, M such that, for any w € I, y,, intersects S(p, p).
This implies that, for any w with —w € I, y,, is a subray of a ray emanating
from a point on S(p, p). Thus A, is open in S, M. Since A, is a nonempty
closed set, it follows from the connectedness of S(p, p) that A, = S; M. O

Definition 7.2.2. For a surface of revolution M with vertex p, define a number
r(M) by

r(M) :=sup{d(p, q); q is a pole}.
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Theorem 7.2.1. Let M be a surface of revolution with vertex p. Then the set
of poles on M forms the closed ball with radius r (M) centered at p. Moreover,
r(M) is nonzero iff M satisfies

< 1
/1 20 dt < o0 (7.2.51)
and
litril)igf L(t) >0, (7.2.52)

where L(t) denotes the length of S(p, t).

Proof. The first part of the claim is clear from Lemma 7.2.3. If r (M) is nonzero
then it follows from Lemmas 7.1.8 and 7.1.9 that we obtain (7.2.51) and (7.2.52).
Suppose that the conditions (7.2.51), (7.2.52) hold. We shall prove that if a
point ¢ is sufficiently close to p then, for any geodesic emanating from g,
there is no conjugate point of g along the geodesic. Note that any geodesic
equals B,, [v| < m(p), or y,, [v| < m(p). If 0 < d(p, g) < a; then for, each
v € (—=m(p), m(p)),

TR
—r(Bu(0)

is nonzero on [0, co). Therefore it follows from Proposition 7.2.1 that there is
no conjugate point of g along B,. If v = +m(p) then

TR
—r(Bu(0)

iszeroatt = Obutpositive on (0, co). Take any positive #;. If we apply Corollary
7.2.1 to the reversed geodesic of B, |0, emanating from B,(#;) then g is not
conjugate to B,(t;) along B,. Since ¢, is arbitrary, there is no conjugate point
of g along B,, in the case v = £m(p). It follows from Corollaries 7.2.1 and
7.2.2, Proposition 7.2.5 and Lemma 7.2.2 that if d(p, ¢q) is sufficiently small
then for each v € [0, m(p)) there is no conjugate point of g along y,,. Therefore,
by Lemma 7.1.1, for each v € (—m(p), m(p)) there is no conjugate point of g
along y,, if d(p, q) is sufficiently small. Thus the proof is complete. O

Corollary 7.2.3. Let M be a surface of revolution admitting a total curvature
c(M). If c(M) is less than 2w then the set of poles on M forms a closed ball
centered at the vertex of M, which does not consist of a single pole.

Proof. 1t follows from Theorem 5.2.1 that

lim @ =21 — c(M).

1—>00
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Thus the function L(¢) satisfies the conditions (7.2.51) and (7.2.52). By Theorem
7.2.1 the claim is clear. O

7.3 The cut loci of a von Mangoldt surface

Definition 7.3.1. A surface of revolution M is called a von Mangoldt surface
if G(x) is not greater than G(y), for the Gaussian curvatures G(x), G(y) of
any two points x, y on M with d(p, x) > d(p, y), where p denotes the vertex
of M.

Lemma 7.3.1. Let M be a von Mangoldt surface with vertex p. If on the
geodesic T, emanating from a point q there is no conjugate point of q then
q is a pole.

Remark 7.3.1. The lemma above was proved by von Mangoldt [59] in the case
where M is a two-sheeted hyperboloid of revolution.

Proof. Suppose that g is not a pole. Take an endpoint x of the cut locus of g.
Since the cut point x admits a unique sector, g is conjugate to x along any
minimal geodesic joining g tox.Lett: [0, d(g, x)] — M be aminimal geodesic
joining ¢ to x. Since p is a pole,

d(p. (1) = |d(p,q) —d(q, (1)) |
on [0, d(g, x)]. Thus it follows from the triangle inequality that
d(p, 7q(1)) =d(p, T(1))
on [0, d(g, x)]. This inequality implies that
G(ry(1) = G(z(n)

on [0, d(g, x)], since M is a von Mangoldt surface. By the Sturm comparison
theorem (Lemma 4.2.4), there exists a conjugate point of g along 7,. This
contradicts the assumption on ;. O

Lemma 7.3.2. Let M be a surface of revolution with vertex at p and let q be
any point distinct from p. Let (r, 0) be geodesic polar coordinates around p
such that 6(q) = 0. If two points q1, q, satisfy

r(g) =r(q), 0=0(q)<6(q)=n

then d(q, q1) < d(q, q2).
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Figure 7.3.1

Proof. We may assume that
0 < 6(q1) < 6(q2) <, (7.3.1)

because the remaining case reduces to this one. Let ¢ : [0, d(gq, g2)] — M be
a minimizing geodesic joining g to g,. By the assumption (7.3.1), ¢ intersects
g, at a unique point x. Then it is trivial that

d(q,x)+d(x, q2) = d(q, g2). (7.3.2)
It follows from the assumption r(q;) = r(g2) and the triangle inequality that
d(x,qy) < d(x, q). (7.3.3)
Hence it follows from the triangle inequality that

d(g,q1) =d(q,x)+d(x,q1) < d(g,x)+d(x, q2) = d(q. q2).
Thus the proof is complete. O

Theorem 7.3.1. If M is a von Mangoldt surface with vertex p then, for any
point g € M\ {p}, the cut locus C, of q equals t,[ty, 00), where t,(ty) denotes
the first conjugate point of q along t,.

Proof. First, we will prove that C, C 7,(d(p, q), 00). Supposing the existence
of a cut point g; of g such that ¢, ¢ 7,(d(p, q), 00), we shall obtain a contra-
diction. If we note that p is a pole, there exists an endpoint g; of C, such that
q1 ¢ t4ld(p, q), 00) U 410, oo) (see Figure 7.3.1). Since ¢, admits a unique
sector X.(g1), it is conjugate to ¢ along any minimal geodesic joining g to ¢q;.
Since any minimizing geodesics joining ¢ and g; do not intersect the meridian
g, Within its interior, the inner angle of X.(g;) at g is also greater than 7.
Letc : [0, 1] — C, be a Jordan arc emanating from g; = ¢(0) and for each
t € (0, 1) let £F(c(¢)) be the unique sector at ¢(¢) containing c¢(¢, 1]. Since the
inner angle of ¥.(q;) at g, is also greater than m, for any sufficiently small
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positive ¢, that of £ (c(#)) at ¢(¢) is also greater than 7. Therefore the function
[0,1] > t — d(q, c(?)) is strictly monotone increasing on [0, #;] for some
positive ;. Thus there exists a unit-speed geodesic 8 : [0,d(q, c(t;))] — M
joining ¢ to c(#1) such that the angle determined by ,(0) and B(0) is less than
that between ,(0) and &(0), where « : [0, d(g, g1)] — M denotes a unit-speed
minimal geodesic joining g to gq;. It follows from the first variation formula that
B is longer than . Moreover, for each s € (0, L(«)), where L(«) denotes the
length of «, there exists a unique parameter value #(s) of 8 satisfying

B(a(s)) = 0(B(1(s))).

Note that both the functions 6 o «, 8 o 8 are strictly monotone increasing.
Here we assume the geodesic polar coordinates (r, ) are chosen in such a way
that 8(q) = 0 < 6(q1) < mw. Fix s € (0, L(«)). Let (a, b) be the connected
component containing #(s) of the set {t € (0, L(B)); d(p, B(t)) < d(p, a(s))}.
Ifa =0 (resp. b > L(x)) then s > a (resp. s < b). Hence we may assume
that @ > O (resp. b < L(w)) in order to prove s > a (resp. s < b). From the
definition of (a, b) we have

d(p,a(s)) = d(p, Ba)) = d(p, B(b)).

Since 0 < O(B(a)) < O(x(s)) = 6(B(t(s))) < O(B(b)) < =, it follows from
Lemma 7.3.2 that

a=d(q,pa)) <s =d(q,als)) <d(q, (b)) = b,

which implies that d(p, B(s)) < d(p, a(s)) for any s € (0, L(«)). Since M is a
von Mangoldt surface,

G(a(s)) < G(B(s))

for any s € [0, L(«)]. As noted above, g is conjugate to g; along «. Thus,
by the Sturm comparison theorem, ¢ is conjugate to S(s;) along S for some
s1 € (0, L(a)] C (0, L(B)). This is a contradiction. Thus C, is contained in
7,(d(p, q), 00).If C, is nonempty then it follows from Lemma 7.3.1 that the first
conjugate point of ¢ along 7 is 7,(f). Forany r > 19, 7|0, is not a minimizing
geodesic. Thus there exist at least two minimizing geodesics joining g to 7,(?),
each of which is distinct from 7,,. Hence 7,(?) is a cut point of g for any t > 1.
Thus we have proved that if C, is nonempty then

74lt0, 00) C Cy.

Suppose that 7,0, is not minimizing. Then there exists a cut point 7,(#)
of g with 0 < #; < ftg such that 7,][0 ;) is minimizing. Since 7,(#;) is not
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conjugate to g along 7, there exists a minimizing geodesic y joining g to 7 ()
that is distinct from z,. Then the two minimizing geodesics 7,[0,,,7 and ¥ |j0,1,
bound a relatively compact domain D. Take any geodesic ¢ : [0,00) - M
emanating from g such that c|jo lies in D for sufficiently small positive ¢. If
the geodesic ¢ does not meet y or 7, except at ¢ then the geodesic is aray. Note
that C, C 7,(d(p, q), 00). But this is a contradiction, since the image of c is
bounded. Thus ¢ meets y or 7, again. Since ¥ 10,11, T4 |[0,1,] are minimizing, ¢
meets them at y(¢) = 7,(#;). This fact means that z,(#;) is conjugate to g along
7,. This is a contradiction. Therefore we have proved that C; = 7,[fp, 00). O

Proposition 7.3.1. Let g be a point on a von Mangoldt surface M. Suppose that
there exist two distinct unit-speed minimizing geodesics «, § emanating from
q that meet at T,(so) for some positive sq. If the relatively compact domain D
bounded by a, B does not contain the vertex of M then the Gaussian curvature
G of M is constant on the set {x € M; r; <d(p, x) < rp}, where

ri i=min{d(p, a(t)), d(p, B(1)); 0 <t < L(a) = L(B)}

and

ry = max{d(p, a(r)), d(p, B(1)); 0 =t < L(a) = L(B)}.

Proof. Without loss of generality, we may assume that for each ¢ € (0, L(«)),
the subarc o) l10,d(p.a()) Of the meridian py ) meets 8. Then, by the proof of
Theorem 7.3.1, the inequalities

d(p, ) =d(p,a(r)),  G(a(n) = G(B))

hold on [0, L(«)]. Furthermore, it follows from Theorem 7.3.1 that there is no
cut point of ¢ in the domain D. Therefore g is conjugate to 7,(so) along o and
B respectively. It follows from the Sturm comparison theorem that

G(a(t) = G(B(1)

foranyt € [0, L(«)]. Since M is a von Mangoldt surface, the Gaussian curvature
of M is constant on the set

A1) == {x € M; d(p, p(t)) = d(p, x) < d(p, a(1))}

foreachr € (0, L(«)). Sincetwosets A(t;), A(f,) have acommon pointif |} —1, |
is sufficiently small, G is constant on the set {x € M; r; <d(p,x) <r}. O

Definition 7.3.2. For each smooth function f : [0, c0) — R that is extensible
to a smooth even function around 0, let M(f) denote the surface of revo-
lution in the three-dimensional Euclidean space E* defined by the equation

7= f(/x2+y?).



234 7 Poles and cut loci of a surface of revolution

Note that the Gaussian curvature of the surface M(f) at a point (x, y,
F(/x2+y2), x > 0, is given by
s
x(1+ f/(x)?)?
and at the vertex it is f”(0).

Remark 7.3.2. Itfollows from Lemma7.1.3 that M ( f)is a smooth Riemannian
manifold. Such an M(f) that is also a von Mangoldt surface was called a
flattening surface by Elerath. Theorem 7.3.1 was proved for a flattening surface
by him in [22].

Example 7.3.1. Let f; be the function defined by
fitx) :=avx*+b,

where a, b are positive constants. Then the surface M(f}) is a two-sheeted
hyperboloid of revolution. Moreover the surface is a von Mangoldt surface,
since the Gaussian curvature at (x, y, f1(v/x2 + y?)) equals

a’b
(1 +a?)x?+by*

Let x = x(¢) : [0, c0) — R be the inverse function of

t= [ i+ ey

Thus
xi(t) = ! (7.3.4)
l —_— 7,. oJe
VI fix(@)?
If L(¢) denotes the length of the parallel on M (f}) with radius ¢ then
L(t) = 2mx(¢). (7.3.5)
By I’Hbpital’s theorem and (7.3.4), we get
L(t 2
im 0 Z 27 tim 2y = —2 (1.3.6)
t—oo t—00 (12 +1

Therefore it follows from Theorem 7.2.1 that the set of poles on M(f1) forms
a nontrivial closed ball centered at the vertex of M( f;).

Example 7.3.2. Let f> be the smooth function defined by f>(x) = ax?, where
a is a positive constant. Then M(f>) is a paraboloid of revolution and a von
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Mangoldt surface. Let x = x,(¢) : [0, c0) — R be the inverse function of

t:/O J1+ £@)? dx.

If L(¢) denotes the length of the parallel on M( fz) with radius ¢ then we get

© 1 1 00 1
= 2
/1 20" = Gay [1 0 (27r) \/m dx.

() X2
(7.3.7)

Thus

* ] a Rl |
/ 5 dr > - —dx = o0. (7.3.8)
1 LA() 272 Sy X

This inequality implies that the vertex is a unique pole on M( f>), by Theorem
7.2.1.

Example 7.3.3. Let¢ : [0, co) — [0, 1] be a smooth monotone nondecreasing
function such that ¢ = 0 on [0, 2] and ¢ = 1 on [4, o). Then the function
f3 : [0, 00) — Riis defined by

) = 21 — $(x)) + @

with f3 = f; = 0 at x = 0. In order to check that the surface M( f3) is a von
Mangoldt surface, we shall introduce a function k defined by

t
k() = ——=.
W=y
Since the function k is monotone decreasingon [1/ V3, 00), the function k( f3(x))
is monotone nonincreasing on [1/2+/3, 00). Thus on this interval the function

RS 4 0 (6))
x (14 f15? x

is also monotone nonincreasing. Since f3(x) = x%on [0, 2],

R4
x (14 52 1+4x2

is monotone decreasing on [0, 2]. Thus M( f3) is a von Mangoldt surface. It is
easy to check that the conditions (7.2.51) and (7.2.52) hold and that
L(t
lim Q =0

t—o00

for the surface M (f3). Thus the total curvature of the surface is 277 and the set
of poles on the surface forms a nontrivial closed ball.
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In [56], Maeda found an upper bound for the diameter of the set of poles on
a nonnegatively curved Riemannian manifold M, as follows. Let p be a point
on M. For each positive ¢, let D(¢) denote the diameter of S,(¢). Then he and
Sugahara proved in [100]:

Theorem 7.3.2. Let M be a complete connected Riemannian manifold with
nonnegative sectional curvature. Then the number

1?2

do(M) := lim sup
t—00 t
is independent of the choice of the point p, and the diameter of the set of poles
on M is not greater than than dy(M)/8.

As aremark on this theorem the following lemma implies that the vertex of a
surface of revolution M with nonnegative Gaussian curvature is a unique pole
if do(M) is finite.

Lemma 7.3.3. Let (M, g) be a surface of revolution with vertex p. If the
Gaussian curvature of M is nonnegative then lim,_, o, D(t)/L(t) is positive.

Proof. Since the claim is trivial in the case where the Gaussian curvature is
identically zero, we omit this case. Let y: R — M be a unit-speed geodesic
with y(0) = p. Then, by Lemma 7.3.2,

D(1) = d(y (1), y(—1))

holds on [0, 00). Since D(t) is Lipschitz continuous, its derivative exists almost
everywhere, and

D(t):/ D'(t)dt (7.3.9)
0

holds for any positive t. By (2.2.5), if D(t) is differentiable at r > 0 then there
exists a unique minimizing geodesic «;, joining y (¢) and y(—t) in each closed
half-plane cut off by y, and

D'(t) = cos0(t) + cos B(—1) (7.3.10)

holds, where 6(¢) and 6(—t) denote the inner angles at y(¢) and y(—t) of the
domains bounded by «; and y |[_; ;) respectively. Note that 8(¢t) = 6(—t) by the
symmetry of M. Since the Gaussian curvature of M is not identically zero, y is
not a straight line. Thus, for sufficiently large ¢, the geodesic «; and that given
by the reflection with respect to y bound a compact domain A(¢). It follows
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from the Gauss—Bonnet theorem and Theorem 2.2.1 that
c(A(r)) = 46(1), c(M) < 2m. (7.3.11)

Since the Gaussian curvature of M is nonnegative, it follows from (7.3.11) that
0(t) < /2 for almost all ¢. Therefore D(¢) is monotone nondecreasing by
(7.3.9) and (7.3.10). Let B(t) denote the open ball with center p and radius ¢.
Since L(t) = 2mm(t),

L'(t) = 27 — c(B(1))

for any positive #. Therefore L(¢) is also monotone nondecreasing, since the
Gaussian curvature of M is nonnegative. If L(¢) is bounded then it is trivial that
D()
im ——
t—00 L([)

is positive. By the Gauss—Bonnet theorem,

D'(t) = 2cos oa®) > sin (n C(B(t))>
= T =

2 4

(7.3.12)

holds for almost all sufficiently large . By I’Hopital’s theorem, we get

. Ly ..,
lim — = lim L'(¢t) = 27 — c¢(M),
t—oo t—00
D(t M
im 29 tim /(1) = 2008 <M. (7.3.13)
t—o00 f t—o0
Hence, if the total curvature c(M) is less than 27 then
D(t 2cos Le(M
® _ 1M (7.3.14)

lim =

t—oo L(t) 2m — c(M)
holds. On the one hand, if ¢(M) equals 2w and lim;_, o, L(¢) = oo then by
Lemma 5.2.1 we get

.. .D( . .. D@ . osint 1
liminf —— > liminf > lim — = —. (7.3.15)
t—oo  L(t) t—oo  L'(t) t—oo0 2f 2

On the other hand, the inequality

I b® 1 (7.3.16)
imsup — < — 3.
moel Lty ~ 2

holds, since 2D(t) < L(¢) for any positive . By (7.3.15) and (7.3.16), we have
lim, o D()/L(t) = 1/2. O

For a von Mangoldt surface M, let us calculate the number r(M) (see
Definition 7.2.2).
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Theorem 7.3.3. Let M be a von Mangoldt surface with

1
/ L4 <o,
1 L2)
If the bounded number c(L) defined by

. ® L) —tL'(t)
c(L) ._4/0 EETEE dr (7.3.17)

is nonpositive then r(M) = oo, and if c(L) is positive then r(M) equals the
unique zero point of the function F : (0, 00) — R defined by

F(r):=c(L) - /-00 Lz;(t) dr. (7.3.18)

Proof. Let g be a point distinct from the vertex of M. It follows from (7.2.30)
that the Jacobi field Yy along 7, is given by

m(ay)
Yo(t) = (_ 2 + 2m(a)h(m(a,)) — 2/ th'(t) dt
0

m(ar)

1 R |
+ 2,/,;1 m—z(r) dr — /p —mz(r) dr
00—1 d><a> (7.3.19)
B /l.—p m(r) ’ 90 7,(1) o

on (p, 00). Since Yy(¢) is independent of the choice of a;,

2 m(s) [ee) 1
C := ——— 4 2m(s)h(m(s)) — 2/ th'(t)dr + 2/ ———dr
m(s) 0 s mi(r)
(7.3.20)
is constant on (0, a;]. It follows from integrating by parts that
4/00'"_”"/(1 2[00 Lo 2 (7.321)
——dr = —dr — —— 3.
t m3 ;. m? m2(t)

holds for any positive ¢. Thus we have

o0 _ ’ 2 2
C=4/ m rmdr+ s

m3 m2(s)  m(s)

m(s)
+ 2m(s)h(m(s)) — 2 / th (1) dt,
0

for any s € (0, a;]. From I"Hopital’s theorem and Corollary 7.1.1,

. s 1 s —m(s)
Iim | ————— )= lim ——F— =
s—>+0 (mz(s) m(s)) s—>+0  m2(s)
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Since C is independent of s, we get

. ®m—rm )
C=1lmC=4 ———dr =Q2n)c(L). (7.3.22)
0 m

s—+0

From (7.3.19) and (7.3.22),

— (92 _ [T 9
Yo(r) = 2m) {F(p) /,p L(r)zdr}<89)w) (7.3.23)

for any # > p. If c¢(L) is nonpositive then Yy(¢) is nonzero for any ¢t > p. This
implies that there is no conjugate point of g along 7,. Hence by Lemma 7.3.1 ¢
is a pole. Since q is arbitrary, »(M) = oo. Suppose that c(L) is positive. Let s
be the unique zero point of the function F'. Then it is trivial that if p is greater
(resp. less) than sy then Yy(¢) has a zero point (resp. no zero point) in (o, 00).
Hence r(M) is equal to the zero point of F by Lemma 7.3.1. O

As an application of Theorem 7.3.3, we will construct a von Mangoldt surface
that has a positive constant Gaussian curvature around the vertex, but each
point of which is a pole. That is, we will construct a Riemannian manifold with
sectional curvature of both signs but without conjugate points. Such a manifold
was first constructed by R. Gulliver in [33]. Let mg : (0, 0c0) — (0, c0) be a
smooth function defined by

mo(r) = (1 — ¢(r))sinr + ¢(r)(r — ¢ + tan2c), (7.3.24)

where c is a positive constant less than 7 /4 and ¢: R — R denotes a smooth
nondecreasing function such that ¢(r) = 0 forr < c and ¢(r) = 1 for r > 2c.

Lemma 7.3.4. The value

/OO mo(r) — rmg(r) dr
0

3
mo(r)
is negative.

Proof. Fix a positive constant € (< ¢). Then, integrating by parts, we have

0 o o 1 1 [ 1Y\
/ Mdr=/ _zdr+_f <_2> dar
c my(r) e My 2 Je mg

1 [ 1 €
= —/ —dr— ——. (7.3.25)
2Je mg 2sin“ €
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Since my(r) > sinr on [c, 2c],

| o *© dr
[y Ny -
e mg e Sin“r 5. (r—c+tan2c)

IA

= —cot 2¢ +cote + ———. (7.3.26)
c + tan2c¢
By I’Hopital’s theorem,
. . sinecose —¢€
lim (cote— — ): im ——— =0.
e—+0 sin” € e—>+0 sSin” €
It follows from (7.3.25) and (7.3.26) that
o —rm, t2 1
/ mo(r) — rmy(r) - rmyr) g, < SO <0. (73.27)
0 mg(r) 2 2(c + tan2c)
O

By (7.2.22), it is clear that —mg/mo = 1 on (0, ¢) and —mg/mo = 0 on
(2¢, 00). Thus there exists a smooth nonincreasing function K : [0, c0) - R
such that K < —m(/mg on (0,00), K = 1 on [0, c] and K = constant on
[2¢, 00). If m denotes the solution of the following differential equation,

m’"+Km =0,

with initial conditions m(0) = 0, m’(0) = 1 then m(r) is not less than m(r)
for any nonnegative r, by the Sturm comparison theorem. If (ry, 6p) denotes
geodesic polar coordinates around the origin for the Euclidean plane (R?, go)
then it follows from Corollary 7.1.1 and Theorem 7.1.1 that (R?, dr? + m(ro)>
d9§) is a von Mangoldt surface whose vertex is the origin and whose Gaussian
curvature equals the function K.

Theorem 7.3.4. The von Mangoldt surface constructed above has a posi-
tive constant Gaussian curvature around the vertex (and a negative constant
Gaussian curvature outside a compact subset) but no conjugate points.

Proof. Since m(r) > my(r) on [0, 00), it follows from (7.3.25) that

o0 !/ o0 /
m—rm my—rm
0 m 0 my

Therefore, from Theorem 7.3.3 and Lemma 7.3.4, each point on the surface
(R?, dr§ +m?*(r9)d6]) is a pole and, in particular, has no conjugate points. The
claim regarding the Gaussian curvature is clear from the property of K, since
the Gaussian curvature equals the function. O
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We shall now prove the two analytic inequalities below ((7.3.28) and (7.3.29)).

Proposition 7.3.2. Let f : (0,7/2] — (0, 00) be a smooth function that is
extensible to a smooth odd function around 0 with f'(0) = 1. Suppose that the
function f"/f is monotone nondecreasing on (0, /2] and that 7w /2 is the least
positive zero point of the function f'. Then the following inequalities,

T
f(E) <1, (7.3.28)
T2 @) —tf' (1) m
4 d , 7.3.29
fo TP 7329

hold and each equality holds iff f(t) = sint.

Proof. Extend the function f to a smooth positive-valued function F on (0, 00).
Let G : [0,00) — R be a smooth monotone nonincreasing function such
that G < —F”/F on (0,00) and G = —F”/F on (0, w/2]. Let m be the
solution of the differential equation m” + Gm = 0 with initial conditions
m(0) = 0, m’(0) = 1. Then, by the Sturm comparison theorem, m > F > 0
on (0, 0o). Thus it follows from Corollary 7.1.1 and Theorem 7.1.1 that we
arrive at a von Mangoldt surface (M, g) := (R?, dr? +m?(r)d6?), where (r, 0)
denotes geodesic polar coordinates around the origin for the Euclidean plane
(R?, go). It follows from Lemma 7.1.4 that the parallel S p(1/2) is a geodesic,
where p denotes the vertex of M. Let ¢ be any point on S,(7r/2). By Theorem
7.3.1, the semicircle of S,(rr/2) emanating from ¢ is minimizing. Thus the
length of the semicircle is not greater than that of the geodesic segment 7, [0 7]
Since the length of the semicircle is wm(;/2), we obtain (7.2.35). By (7.2.30),
the Jacobi field Y (¢) along 7, is given by

m(ay)
Yo(t) = (-i + 2m(a)h(m(ay)) — 2/ th'(t)dt
0

m(ap)

/2 1 t—m/2 1 9
+2/ — dr +/ —2dr) (—) (7.3.30)
a m /2 m 00 7, ()

on (1r/2, 00). Since Y(¢) is independent of a;,

2 m(s) /2 1
C = —— 4+ 2m(s)h(m(s)) — 2/ th'(t)dr + 2/ —dr (7.3.31)
m(s) 0 s m?

is constant on (0, a;]. It follows from integrating by parts that

2 — rm! /2 ] T 2s
4 —dr=2 —d - 7.3.32
/s o f w2 T i T 0P
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Thus by (7.3.31)

2 m(s) , 2s
C = ——— 4+ 2m(s)h(m(s)) — 2/ th'(t)dt + ——
m(s) 0 m?(s)
b4 2 m—rm’
o / o (7.3.33)

holds for any s € (0, a;]. It follows from I’Hopital’s theorem and Corollary
7.1.1 that

s 1
li —— = —1]1=0
5_1)1110 (mz(s) m(s))
Thus from (7.3.33) we get

2 m—rm' 4
€= limc= 4/0 m? - m2(1/2) (7339
By (7.3.30),
72 m—rm' - t—m/2 1 0
Vo) = {4/0 m3 dr = m(1 /2) * /n/z Wdr} <3_9>rq(t)
(73.35)

for any t € (m/2,00). Since 7,(w) is a cut point of g, it follows from
Theorem 7.3.1 that there exists a ty € (w/2, ] such that Yy(tp) = 0. By

(7.3.35),
/2 _ ’ /2 1
4/ m :m dr — 27[ :/ _2er0
0 m- m=(m/2) to—mj2 M

Therefore we get (7.3.29). Suppose that the equality in (7.3.28) or in (7.3.29)
holds. Then 7, |[0,] is also minimizing. It follows from Proposition 7.3.1 that the
Gaussian curvature of M is constant on the closed ball B(p, 7 /2). Therefore,
by Corollary 7.1.1, f(¢) = m(t) = sint on [0, 7 /2]. Conversely, if f(¢) = sint
then the Gaussian curvature of M is constant on the closed ball B(p, 7 /2). Thus
it is trivial that the equalities hold. O
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The behavior of geodesics

In this chapter, we shall discuss the behavior of geodesics in Riemannian planes
admitting a total curvature. Our main purpose is to study the global topological
shapes of complete geodesics sufficiently close to infinity, originally studied
in [93] and [95]. In particular, we give some explicit estimates of the Whitney
rotation number and, in some cases, even the number of self-intersections of
such geodesics in terms of the curvature at infinity (or the total curvature). Also,
the existence of such a geodesic is discussed.

8.1 The shape of plane curves

In this section we introduce some preliminary notions needed in order to state
the main theorems of this chapter.
Let M be a two-dimensional differentiable manifold without boundary.

Definition 8.1.1 (Transversal immersion). A C*-map «:/ — M for an in-
terval I C R is said to be a weakly transversal immersion (resp. transversal
immersion) if it satisfies the following conditions, (1) and (2) (resp. (1), (2)
and (3)).

(1) (Immersibility condition) a(t) # O foranyt € I.
(2) (Source transversality condition) Whenever «(a) = a(b) =: p for
a # b, the tangent vectors ¢(a) and ¢(b) are linearly independent in 7, M.
(3) (Target transversality requirement) The mapping « has no triple points,
i.e., there exist no different a, b, ¢ € I such that a(a) = a(b) = a(c).

Note that in the case where « is a geodesic in a Riemannian manifold, « is
weakly transversal iff it is nonclosed.

243
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Lemma 8.1.1. If «:I — M is a proper weakly transversal immersion then
the set of crossing points of «a is a discrete subset of M. In particular, if I is
compact then o has at most finitely many double points.

Proof. Suppose that the set of crossing points of a proper weakly transversal
immersion «: I — M is not discrete. Then there is a sequence of crossing
points p; = a(a;) = B(b;),i = 1,2..., converging to a point p € M. Since
«a is proper, there are subsequences a;(;, bjq) of a;, b; tending respectively to
some numbers a, b € I. Then it follows that p = «(a) = B(b). Recall now
that for a: I — M to be differentiable we require that & can be differentiably
extended on an open interval containing /. The differentiability of o shows that
there exists an € > 0 such that «|;—, +4) has no self-intersection points, so that
we have a # b. Moreover, a(a;;)) = B(bj(;) implies that &(a) = +B(b). This
contradicts the source transversality condition of «. O

Assume from now on that M is diffeomorphic to R? and that an orientation
of M is fixed.

Definition 8.1.2 (Rotation number). Let «: I — M be a proper weakly trans-
versal immersion of a closed interval / C R. A double point p = a(a) = a(b),
a < b, of « is said to have a positive sign (sgn p := 1) if the basis (&(a), ¢ (b))
has positive orientation and a negative sign (sgn p := —1) otherwise. Here, any
n-ple point p = a(a;) = - - - = a(a,) such that a; # a; fori # j is interpreted
as consisting of (}) different double points a(a;) = a(a;) for all i # j. When
[ is a compact interval, the rotation number rot « of « is defined by

ot o :=|ny —n_|,

where n (resp. n_) is the number of positive (resp. negative) double points of
o«. When I = R, the rotation number of « is defined by

rot o ;= limsuprot |5 (e {0, 1,...,00}).
§—>—00
t—+00

The maximal subrotation number maxrot « of a proper weakly transversal
immersion «: R — M is defined by

maxrot o := supf{rot&; & is a subarc of }.

It is clear that rota < maxrot«. Note that rot « is an invariant of the com-
pactly supported regular homotopy class of «. Here, two proper transversal
immersions «, 8: R — M are said to be compact supported regular homotopic
if there exist two numbers @ < b such that «(¢) = B(t) for any t € (—o0, a] U
[b, 400) and such that there exists a regular homotopy between o[, 5 and
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teardrop tomato

Figure 8.1.1

Blia.p) fixing &(a) and B(b). However, the maximal subrotation number is not
an invariant up to a compactly supported regular homotopy.

Definition 8.1.3 (Semi-regular curves). A proper transversal immersion «:
R — M is called a semi-regular curve if there exists a (finite or infinite)
sequence of numbers --- < ay <a; <b; <bpy <--- such that «(a;) = a(b;)
foralli = 1,2, ..., are the double points of «. A semi-regular arc is defined
to be a subarc of some semi-regular curve.

In order to describe semi-regular curves we now classify loops and biangles
up to diffeomorphisms.

Recall thataloopin M isacurve «: [a, b] — M suchthata(a) = a(b) =: p,
where p is called the base point of the loop «. A loop «: [a, b] — M is said to
be simple if ([, has no crossing point. Since M is diffeomorphic to R?, any
simple loop o bounds a compact disk domain A(x) in M. In the absence of a
Riemannian structure on M, we cannot measure the inner angle 6 of A(«) at the
base point; nevertheless, for any Riemannian metric on M, we can distinguish
(independently of the given Riemannian metric) which of the relations 6 < r,
60 = m, 0 > m holds. The disk domain A(w) is called a teardrop if 8 < w and
a tomato if 6 > m (see Figure 8.1.1).

A biangle in M is defined to be the union of two curves «: [a, a'] — M and
B:1b,b'] - M such that a(a) = B(b) and a(a’) = B(b’). A biangle o U B is
said to be simple if the join of the two curves « and 8, which forms a piecewise-
closed curve, is simple. Any simple biangle o« U 8 in M bounds a compact disk
domain A(x U B) in M. When the two inner angles 8, and 6, of such a domain
A(a U B) are both not equal to 7, one of the three following possibilities holds
(see Figure 8.1.2).
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lemon heart apple

Figure 8.1.2

(1) 64, 6, < m, in which case A(x U B) is called a lemon.

(2) 6; < m and 6 >  for some i = 1,2 (where i denotes the number in
{1, 2} different from i), in which case A(x U B) is called a heart.

(3) 61,6, > m, in which case A(x U B) is called an apple.

Let o be a nonsimple semi-regular curve and let p; = «a(a;) = a(b;), i =
1,2, ..., be the double points of @ such that --- <ay <a; <b; <b, < ---
The subarc « |4, 5,115 a simple loop bounding a disk domain, say By, that must be
ateardrop because « is proper. The union of the two subarcs o4, 4, ;1Y |15, ,.5:1
is a simple biangle bounding a disk domain, say B;, that satisfies one of the two
sets of equivalent conditions:

(1) sgn pi_1 #sgn p; < B; N U;;ll Bj = {pi} <= B, is alemon.
(2) sgn piy =sgn p; <= B; U{pi} D U;_:ll B; <= B; is a heart.

Definition 8.1.4 (Semi-regularity index). The semi-regularity index (or sim-
ply index) ind ¢ € {0, 1,2,...,00} of a semi-regular curve « in M is de-
fined to be the number of disks B; associated with « that are not lemons (see
Figure 8.1.3).

The following proposition is easily proved.

Proposition 8.1.1. For a semi-regular curve a we have:

(1) rot @ < maxrot @ < ind a < #{p;},
(2) «ais simple iff ind « = 0.

Proposition 8.1.2. Let o be a semi-regular curve in M and f : NU {0} — Z
a recursive function defined as follows:

f(0) :=0;
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p1

2

Figure 8.1.3 A semi-regular curve of index 3.

fori>1,
P {1 + £ =1)  if Byis notalemon
1— f(i—1)  otherwise;
Jori = #{p;},
f@) = fG—=D.
Then

rot o = limsup | (7).
i—00

Proof. Eliminate the lemons by using compactly supported regular homotopies.
O

Definition 8.1.5 (Regular and almost regular curve). A semi-regular curve o
is said to be almost regular if the largest heart (if any) contains no lemons. A
semi-regular curve « is said to be regular if it has no lemons.

Define a sequence of integers k(j) for j =0, 1, ..., ind « associated with a
semi-regular curve « by the following:

k(0) :=0;
k(1) =1 if o is nonsimple;

k(j+1):=min{i € N; i > k(j) + 1 and B; is a heart}.

The following are obvious.
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Proposition 8.1.3

(1) If a is a regular curve then rot « = maxrot o = ind « = #{p;}.
Given that a semi-regular curve o has a finite index, we have:

(2) «is regular iffind o = #{p;},

(3) « is almost regular iff ind o = k(ind «);

(4) if  is almost regular, then

{ind a—1  if#{p;) —ind « is odd,
ot o =

ind o if #{pi} — ind « is even or infinite.

Proposition 8.1.4. Let K be a compact disk domain in M, and let a be a semi-
regular curve in M outside K such that K C int Bj if o is nonsimple. Then any
lift & of « to the universal covering space N of N := M \ K is a semi-regular
curve in the differentiable plane N \ dN. Moreover, if « is almost regular then
the lift & is simple.

Exercise 8.1.1. Prove Propositions 8.1.3 and 8.1.4.

Exercise 8.1.2. A point p in a Riemannian manifold M is called a pole if the ex-
ponential map exp,,: T, M — M is a local diffeomorphism. In particular, if M
is simply connected, this condition is equivalent to the condition that the expo-
nential map exp,: T, M — M is a diffeomorphism. Prove that in a Riemannian
plane admitting a pole any semi-regular complete geodesic becomes regular.

Definition 8.1.6 (Reverse semi-regular arc). A reverse semi-regular arc in M
is defined to be a transversal immersion « of a compact interval / C R into M
satisfying the following condition: there exists a diffeomorphism ¢: M — C
suchthat0 ¢ goa(l)andthecurve I > t — 1/pow(t) € C(where Cisthe com-
plex plane) is a semi-regular arc with an associated teardrop containing 0 € C.

8.2 Main theorems and examples

In this section we shall present the main results of this chapter; proofs will be
given in the later sections.

Riemannian planes M admitting a total curvature are classified into three
classes, contracting Riemannian planes, expanding Riemannian planes and
building Riemannian planes (see Figure 8.2.1 and Definition 8.3.1 below).

For example, if ¢(M) < 27 then M is expanding (see Proposition 8.3.2).
The positive (resp. negative) curvature locus M™ (resp. M™) of M is defined
to be the subset of M where the Gaussian curvature is positive (resp. negative).
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contracting expanding building
Riemannian plane Riemannian plane Riemannian plane
Figure 8.2.1

In the case c(M) = 2, if M is bounded and M~ is unbounded then M is
contracting; if M+ is unbounded and M ~ is bounded then M is expanding; if M
is flat outside a compact subset then M is building. It holds that M is building
iff arbitrarily close enough to infinity there exists a simple closed geodesic (see
Proposition 8.3.1 below).

Theorem 8.2.1. IfM is an expanding Riemannian plane, any complete geodesic
in M close enough to infinity is semi-regular.

Under the more strict assumption that ¢c(M) < 2w, we have the (almost)
regularity of a complete geodesic and the control of its index. Let us first see
the following simple (but typical) example.

Example 8.2.1

(1) In a flat cone C := cone S'(6/27), 6 > 0, any geodesic y (not passing
through the vertex o) is regular. Let C be the universal covering space of
C \ {0}, and let 7 be a lift of y (see Figure 8.2.2). There is aray o in C
from the vertex such that a lift & of o is parallel to 7. The index of y
coincides with the number of all lifts of ¢ intersecting y, which is equal to
n(@) :=max{k € Z; k6 < m}.

(2) Let M be a Riemannian plane that contains a compact subset K outside
which the Gaussian curvature is zero. Then there is a compact disk
domain K’ of M containing K such that M\ K’ is isometrically embedded
into the cone over S'(Aoo(M)/27). Therefore, any complete geodesic
y in M close enough to infinity is regular and with index
ind y = n(Aoo(M)).
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2

Qv

V/ —e

Figure 8.2.2

In a general Riemannian plane M with ¢(M) < 2m, all geodesics close
enough to infinity almost behave as in the above examples. Indeed, we have:

Theorem 8.2.2. Let M be a Riemannian plane with .o (M) > 0 such that either
Aoo(M) = 400 or m/Aoo(M) is not an integer. Then any complete geodesic
sufficiently close to infinity is regular and its index is [77 /Aoo(M)].

In particular, if ¢(M) < m, the above theorem implies that any complete
geodesic sufficiently close to infinity is proper and simple.

Theorem 8.2.3. Let M be a Riemannian plane such that it / Lo(M) is an integer.
For a complete geodesic y, consider the following three conditions:

(1) y is regular and
indy =n/rAo(M)—1;
(i) y is regular and

. {n/xoo(m if (M) # 7,
ind y =
Oorl ifc(M) =m;

(iii) y is not regular but almost regular (with possibly infinitely many double
points) and

ind y = /Aoo(M).
Then, for a complete geodesic y sufficiently close to infinity we have:

(1) if M~ is bounded then all y satisfy condition (i);
(2) if M~ is unbounded and M is bounded then all y satisfy condition (ii);
(3) if both M™ and M~ are unbounded then all y satisfy (i), (ii) or (iii).
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__

Figure 8.2.3

Remark 8.2.1. Asshown by the next example, the condition M ~ is unbounded,
M is bounded and ¢(M) = 7 does not determine the index of a complete
geodesic y in M suffciently close to infinity; the index may then satisfy ind y =
0 or 1. Nevertheless, if there is a compact subset of M outside which M is
negatively curved then any such geodesic y satisfies ind y = 1.

Example 8.2.2. Let f:[0, +00) — R be a unique continuous function such
that f£(z) := 1/(t —Int) for all t € (0, +00), and set A := {(x, y) € R*; x >
0, ¥y < f(x)}; see Figure 8.2.3. The curve ¢ := 0A is the image of a smooth
proper curve defined on R containing the negative y-axis, asymptotic to the
positive x-axis and with only one inflection point, p, := (a, f(a)),l <a < 2.
Therefore, considered as a function with values in [0, +00), the radius of cur-
vature of ¢ is bounded away from 0 by a positive number ry.
For any p = (x,, y,) € R? let

B, :={(x,y,2) e R’ |z] < 1/2,
(x —x,)" + (v — y,)* < (eIn4)’g(2)*},

where 0 < € < ryand where g: [—1/2, 1/2] — Ris aunique continuous func-
tion such that g(r) := (In(1/4—1¢?))~! forall t € (—1/2, 1/2). Note that B, is a
smooth revolution ball of axis {p} x R with north pole (x,, y,, 1/2) and south
pole (x,, y,, —1/2). The boundary M := 3B of B := |J,., B) is a smooth
Riemannian plane embedded in R? with ¢(M) = 7. The surface M is flat on
(Ax{1/2,—1/2}) UD,where D := {(x, y,z) € M; x <0, y < 0}. Note that
the meridian u, := M N B, for any p € c is a geodesic arc of M and satisfies
UPEC mp = M\int(A x {—1/2, 1/2}). Decompose ¢ — { p,} into three subarcs,
co, c+ and c_, where ¢ is the closed negative y-axis, c, is the open bounded
subarc between the origin and p, and c_ is the open unbounded subarc starting
at p, asymptotic to the positive x-axis. Now, it follows that D = [ peco Mps
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MT = Upec+ w,and M~ = Upa-, W,» where p1, ==, — {poles} and M*
is the positive or negative curvature locus of M. Let ¢ := M N (R* x {0}),
and let ¢,, with x = 0, 4+, —, be the image of the mapping of c, into ¢ by the
normal projection from c to ¢. Among all complete geodesics of M, it is easily
verified that those which orthogonally intersect ¢y are simple and those which
orthogonally intersect ¢_ are regular and of index unity with their double points
on ¢y. Arbitrary close to infinity there exist complete geodesics in M of these
two types.

Theorem 8.2.4. In a Riemannian plane M with |, y G+dM < 2w, any com-
plete geodesic is semi-regular and

T

indy <-——
MY S ow =, G dM

Theorem 8.2.5. Let M be a Riemannian plane with c(M) = 2. Foranyn > 1
there exists a compact subset K,, of M such that any proper complete geodesic
in M outside K, satisfies

maxrot y > n.

The following corollary is a direct consequence of Theorems 8.2.1 and 8.2.5.

Corollary 8.2.1. Let M be an expanding Riemannian plane with c(M) = 2.
Then for any n > 1 there exists a compact subset K, of M such that any
complete geodesic y in M outside K, is semi-regular and of index ind y > n.

Regarding the existence of a complete geodesic arbitrarily close to infinity,
we have:

Theorem 8.2.6

(1) If M is a contracting Riemannian plane then there exists a compact subset
of M having an intersection with any complete geodesic in M.

(2) If M is an expanding Riemannian plane then for any subset K of M there
exists a complete geodesic in M not intersecting K.

8.3 The semi-regularity of geodesics

Throughout this section, let M be a Riemannian plane for which a total curvature
exists. The purpose of this section is to prove the semi-regularity of geodesics
(see Theorem 8.3.3 below).
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Lemma 8.3.1. For any compact subset K of M there exists a compact disk
domain C in M containing K and which is either locally convex or locally
concave.

Proof. To prove the lemma, it may be assumed that K is a compact disk do-
main. Let {p;} be a sequence of points in M \ K such that d(p;, K) tends to
+o00 as i — 0o. Among all loops in M \ K with base point p; that are not
homotopic to zero, we can find a minimal loop ¢; for each i. Then each ¢; is
a simple closed curve bounding a compact disk domain D; containing K that
is locally convex except possibly at p;. If ¢;, for an iy does not intersect K
then it must be a geodesic loop, and consequently D;, =: C is either locally
convex or locally concave (in fact, D;, is a teardrop, a tomato or a disk do-
main bounded by a simple closed geodesic). Assume that every ¢; intersects
K. Find lifts p; of p; for all i in a common fundamental domain D(@°, o)
of the universal covering space U of U := M \ K, where o is a ray in M
from K. For each i, there exist different two subarcs «; and B; of pr’l(ci)
connecting p; to aU, both of which are contained in D(o~!, 6%) because of
the minimal property of ¢;. Applying Lemma 3.2.2 yields that the inner an-
gle of D; at p; tends to zero, so that D; is locally convex for sufficiently
large i. L

Definition 8.3.1 (Classification of Riemannian planes). A locally convex (resp.
concave) filling of M is defined to be a family F of compact locally convex
(resp. concave) contractible subsets of M such that for any compact subset K
of M there exists a C € F with K C C. By Lemma 8.3.1, Riemannian planes
are classified into the following three cases.

(1) (Contracting case) M has a locally concave filling and no locally convex
filling, in which case it is said to be contracting.

(2) (Expanding case) M has a locally convex filling and no locally concave
filling, in which case it is said to be expanding.

(3) (Building case) M has both a locally concave filling and a locally
convex filling, in which case it is said to be building.

Proposition 8.3.1. The Riemannian plane M is building iff M has a sequence
{y;i} of simple closed geodesics such that d(p, y;) - +ooasi — oo for a fixed
point p € M.

Proof. Assume that M is building. Then there exists a monotone increasing
sequence {C;} of locally concave disk domains in M with | J; C; = M. For
each i, we can find a locally concave disk domain C; D C;. Since each C; \ C;
is locally convex and homotopy-equivalent to S!, if we can find a minimal
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closed curve y; in C/ \ C; not homotopic to zero, we see that it must be a simple
closed geodesic. It is clear that d(p, y;) — +o0.

Let us prove the converse. Assume that there exists such a sequence {y;}
of simple closed geodesics. Each y; surrounds a compact disk domain A(y;).
Choosing any compact disk domain K in such a way that | M\K G,dM < 2m,
we can exclude the case where D; N K = @, because ¢(D;) = 2x. If i is
sufficiently large then we have y; N K = @, so that A(y;) must contain K.
The arbitrariness of K shows that 7 := {A(y;)} is a locally convex and locally
concave filling. O

For a compact subset K of M let

S(K) =21 — / G dM — max{0, c(K)}
M\K

=min{27r—/ G, dM, 271—/ G+dM+/ G_dM}.
M\K M K

It follows that

8(K)=min{27r—/ GydM, Aoo(M)—/
M\K

G_dM }
M\K

provided c¢(M) > —oo.
We observe the following easy lemma.

Lemma 8.3.2. Let K and K’ be two compact subsets of M.

(1) If K C K’ then §(K) < §(K').

(2) Ifeither K C K' or K N K’ = @ holds then 2w — ¢(K') > 8(K).
(3) As K tends to M, §(K) tends to Aoo(M).

%) 6(¥) =27 — fM G,dM.

Proposition 8.3.2. If c(M) < 27 then M is expanding.

Proof. Since Aoo(M) > 0, Lemma 8.3.2(3) implies that there exists a con-
tractable compact subset K of M such that §(K) > 0. By Lemma 8.3.2(2) and
the Gauss—Bonnet theorem, any compact contractable subset K’ of M contain-
ing K is not locally concave, which implies that M is expanding. O

Let A be a Riemannian manifold diffeomorphic to the annulus S 1%[0, 1], and
let A,, A,, be the two connected components of d A. For an arc « in A, denote by
A(w) the union of « and of all connected components of A\« not intersecting
A,.Leti,: (A, A — (D%, dD?), with * = n, w, be an embedding; D? is the
two-dimensional unit disk.
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Lemma 8.3.3. Let y be a geodesic arc in int A such that

(1) if y is nonsimple, it has a subarc that is a simple geodesic loop not
homotopic to zero;
(2) for any subarc y of y, the region A(y) is not locally concave.

Then, t,, o y and 1, o y are respectively semi-regular and reverse semi-regular
arcs in D?.

Proof. Lety:[a, b] — A beageodesic arc. The lemma is trivial if y is simple,
so we will assume that y is nonsimple. Then, we can find a subarc y |4, 5,] thatis
a simple geodesic loop. It follows from condition (2) that Z, A(y (4, ,6,1) < 7,
where p; := y(a1) = y(b1), and hence t,, © ¥|[4,.5,] 1S semi-regular. Assume
now that a subarc ¢, o ¥ (4.5, 1 sSemi-regular and that y (a;) = y(b;) =: p; for

i = 1,...,k are the double points of y |45, Where ar < --- < a; < b <
- < by. Since y has at most a finite number of crossing points, it suffices to
prove that if there is a self-intersection point of y other than py, ..., p; then

we can find a double point prr1 = y(ar+1) = Y (bry1) such that apy < ag,
by < byyr and such that 1, o ¥4, b, i semi-regular. Let us prove the
following:

Sublemma 8.3.1. The subarc y |, ) does not intersect y|iq, b, and has no
self-intersection points.

Proof. Suppose the contrary and let

fo :=inf {t € (b, b]; y(t) € ylax, 1)};

see Figure 8.3.1. We will show that Dy := A(y|(4,.,1) is locally concave, which
is contrary to condition (2). Note in general that for a geodesic arc o in A, A(o)
is locally concave iff for any p € dA(o) there exist v € S, M and € > 0 such
that exp, fv € A(o) for any t € R with |t| < €. Since A(y|4.b,1) 1s locally
concave except at py, it suffices to verify that Dy is locally concave at p; and
y(ty). Since y(by — €, by + €) C Dy for a sufficiently small € > 0, the region
D is locally concave at p;. Moreover, we can find a number sq € (ay, fo) such
that y (s9) = y(#p). Then we have y (so — €, so+¢€) C Dy for a sufficiently small
€ > 0. Thus Dy is locally concave, which leads to a contradiction. O

As well as Sublemma 8.3.1, we have that y [, 4,) does not intersect ¥ |(4,.5,]
and has no self-intersection points. Suppose that there exists a self-intersection
point of y other than py, ..., pr. Then y[a, a;) N y (b, b] is nonempty, and
hence there exist ;1 € [a, a;) and by € (b, b] suchthat y (axs1) = Y (bry1)
and y(ax41, ax) N y(by, bry1) = V. Since, by condition (2), A(Y |ja.,be11) 18
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Aﬂ)

Figure 8.3.1

not locally concave, it must be convex at py1. Therefore t,, o ¥ |i4,,, 5,1 15 @
semi-regular arc, which completes the proof of Lemma 8.3.3. O

Theorem 8.3.1 (Semi-regularity of geodesic arcs). Fora Riemannian plane M
we have the following.

(1) If M is expanding, any geodesic arc in M close enough to infinity is
semi-regular.

(2) If M is contracting, any geodesic arc in M close enough to infinity is
reverse semi-regular.

B Iff vy G+ dM < 27, any nonclosed geodesic arc is semi-regular.

Proof. (1), (2): Let M be a Riemannian plane that is either expanding or con-
tracting. Then there exists a compact disk domain K with smooth boundary
such that

6 fM\K G,dM < m;
(ii) if M is expanding (resp. contracting), there are no contractible compact
locally concave (resp. convex) subsets containing K.

Let y be a geodesic arc in M outside K and find a compact disk domain K’ in
M, with smooth boundary, such that y U K C int K. Set A := K’ \ K and

A, :=0K, A, :=0K’ if M is expanding,
A, :=0K', A, :=0K if M is contracting.
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To verify condition (1) of Lemma 8.3.3, we suppose that there is a subarc of y
that is a simple geodesic loop homotopic to zero; then it bounds a disk domain
whose total curvature is > 7 by the Gauss—Bonnet theorem, which contradicts
(). Condition (2) of Lemma 8.3.3 is implied by (ii). Note that the definition of
A(y) in Lemma 8.3.3 depends on which side of the components of 0K A, lies.
The lemma leads to (1) and (2) of the theorem.

(3): Let y be anonsimple and nonclosed geodesic arc in M with || y G+ dM <
27. Then there exists a subarc y |(4, 5,] that is a simple geodesic loop. Find two
compact disk domains K and K’ in M with smooth boundary in such a way
that K C int A(y|[4.6,1) and y U K C int K’. We apply Lemma 8.3.3 to
A= m, A, .= 0K, A,, := 0K’ and y, where condition (1) of Lemma
8.3.3 is trivial, and, with regard to condition (2), the Gauss—Bonnet theorem
and [ y G+ dM < 27 together show that any locally concave domain must be
bounded by a simple closed geodesic; this implies condition (2), on recalling
that y is nonsimple. O

Remark 8.3.1. Let y be a geodesic in M such that any subarc of y is semi-
regular. Then, we cannot conclude that y is semi-regular if y is improper, and
Theorem 8.3.1 does not directly imply Theorem 8.2.1. Nevertheless there exists
asequence--- < ay <a; < by <by---suchthaty(a;) = y(b;),i =1,2,...,
are the double points of y.

Proposition 8.3.3. For a Riemannian plane M we have the following.

M IS y G+ AM < 27, any closed geodesic is simple.
2) IffM G dM < 2m, there exist no closed geodesics in M.

Proof. Apply the Gauss—Bonnet theorem to the region A(y) for any closed
geodesic y. O

Exercise 8.3.1. For a contractible compact subset K of M, prove the follow-
ing.

(1) If 8(K) > 0 then

(1) any closed geodesic in M outside K is simple;

(i1) any nonclosed geodesic arc y in M outside K is semi-regular.
(2) If 6(K) > 0, there exist no closed geodesics in M outside K.

Lemma 8.3.4

(1) Let K be a compact disk domain in M such that
K? :={x € K; d(x,0K) > p} for some p > 0 is contractible and
8(K*) > 0. Then any half-geodesic in M outside K is proper.

2 IffM G dM < 27, any half-geodesic in M is proper.
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Note that the disk domain K as defined in (1) necessarily exists if c(M) < 27.

Proof. Let K be the empty set if | y G+ dM < 27 and let it be as defined in (1)
otherwise. We set p := +o00if K = (. In either case we have (K) > 0. Inorder
to prove (1) and (2), it suffices to show that any half-geodesic y withy N K = @
is proper. Suppose there exists an improper half-geodesic y : [0, +00) - M
such that y N K = . Then there is a sequence t; ' 400 such that y(¢;) tends to
some nonzero vector v € T,M, p € M \ K. Forr := min{p, conv p}/2, there
exists an iy such that y(#;) € B(p,r)andt; +4r < t; foranyi > iy. For each
i > ip, we can find a unique geodesic segment o; : [0, s;] — B(p, 2r) from
v (tit1) to y(t; +r) whose image is different from that of y; := y|j;,+,,,,1- Each
A(y: U 0;) has at most two positive exterior angles, possibly at y(¢; + r) and
y(ti+1), bothtending to zeroasi — +oc. Hence, by the Gauss—Bonnet theorem,

liminfc(A(y; U o)) > 2m.

No geodesic o;, for i > iy, intersects K” and neither does y; U o;, where we
agree that K” = (J if K = . Since A(y; U o;) either contains K or does not
intersect K, Lemma 8.3.2(2) implies that

c(A(yi Uoy)) <2m — 8(K?) forany i > i,
which is a contradiction. O
The following simple lemma will be used frequently later in the chapter.

Lemma 8.3.5. If K C D C M then

c(M)—/ G+dM§c(D)§c(M)+/ G_dM.
M\K M\K

Proof. The lemma follows from

c(D) = c(M) — c(M\D),

—/ G_dM < c(M\D) 5/ G dM. O
M\K M\K

Lemma 8.3.6. Assume that a contractible subset K of M satisfies |, M\K G dM
< ¢(M) — . Then M contains no simple proper complete geodesic outside K .

Note that such a K exists if c(M) > 7.

Proof. Suppose there exists a simple proper complete geodesic in M outside
K . Such a geodesic will split M into two Riemannian half-planes, one of which,
say H, contains K. The Cohn-Vossen theorem implies that c(H) < 7. On the
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Figure 8.3.2

contrary, however, by Lemma 8.3.5

c(H)zc(M)—/ Gy dM > m. O
M\K

Lemma 8.3.7. Assume that c(M) = 2n and that there exists a compact disk
domain K in M such that M\K contains no simple closed geodesic, K” for
some p > 0 is contractible and |, M\K? G.dM < m. Then any simple half-
geodesic outside K is proper.

Note that if M is either contracting or expanding then such a K exists.

Proof. For a compact subset C of M, a number 0 < § < min{p, r} with
r := conv C and a simple geodesic arc y: [t —r, t' +r] — M outside K,
t < t', we consider the following condition:

@ y@®,y@)eC, ' —t>r, dy@®),y) <.

Under condition (i), for a unique minimal geodesic o : [0, £] — M from y(t)
to y(¢') we describe the second condition:

(i1) The two bases (y(¢), 6 (0)) and (y(¢'), 6 (£)) have orientations opposite to
each other (see Figure 8.3.2).

Sublemma 8.3.2. For any compact subset C of M there exists a number 0 <
8 < min{p, r} such that no simple geodesic arcy : [t —r, t'+r] — M outside
K satisfies conditions (i) and (ii) simultaneously.

Proof. Suppose the contrary, that there exist a compact subset C of M and sim-
ple geodesic arcs ys: [ts —r, t;+r] — M outside K for all § € (0, min{p, r})
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that satisfy conditions (i) and (ii). Taking a subarc of y; for each § if necessary,
we may assume that y;s intersects o only at ys(f5) = 05(0) and ys(z5) = o5(£),
where o7 is as in condition (ii), so that ys|;, ;1 U os forms a simple closed curve.
Since y; is simple, an easy discussion using the triangle comparison theorem
(Theorem 1.7.4) implies that

d(ys(ts — s), yg(té + 5)) < w(6) forany s € [—r/2, r/2],

where w(§) is a function tending to zero as § — 0 and depending only on r and
the supremum on C of the absolute value of the Gaussian curvature of M. By
using the triangle comparison theorem (Theorem 1.7.4) together with condition
(ii), it can be proved easily that

| L(ps(ts), 65(0)) — L(=ps(t), 65(0) ] < &(8).

Denote by Ds the disk domain bounded by y |;,,,;j U 0. The above inequality
and the Gauss—Bonnet theorem imply that

|e(Ds) — 1 | < w(8).

Note that 0 Dy = y; l125.11 Y 05 possibly intersects K but does not intersect K”.
If Ds contains K”, we have 2w — ¢(Ds) = c¢(M \ Ds) < fM\Kﬂ G dM, which
together with the above inequality implies that 0 < 7 — |, M\K? G dM < w(d);
this is contrary to the arbitrariness of §. Hence D; is contained in M \ K* and
so c(Ds) < f M\K? G dM, which leads to a contradiction. O

To prove Lemma 8.3.7, we suppose that there exists an improper and simple
half-geodesic y outside K. Then there exists a sequence a; — +0o of numbers
such that y(a;) tends to a vectorv € T,M, p € M \ K. Let {C;};—1 >, bea
monotone increasing sequence of compact subsets of M such that | J; C; = M
and p € int Cy, and let §; be associated with C; as in Sublemma 8.3.2. For a
vectorw € T, M perpendicular to v we define a geodesico : (—48/2, §/2) - M
by o(t) := exp,tw, t € (=§/2, §/2), where § is a small number such that
8§ <8 ando C Ci.Lets, s, t and ' be any four numbers such that s # s’,
t #t',0(s)=y(t)and o(s") = y(¢') and such that o5 ¢ := 0 |(min(s.5'}, max{s.s'})
does notintersect ¥, » := ¥ |min{r,}, max{r,r'}) (€€ Figure 8.3.3). Sublemma 8.3.2
shows that both (6 (s), y(¢)) and (6(s’), y(¢')) induce the same orientation of
M and that y — y; » does not intersect o, . Therefore, the intersection points
of o and y are expressed as o(s;) = y(t;), j = 1,2,..., where s5; — 0
and ¢t; / +o0 are monotone sequences. By reversing the parameter of o if
necessary, it may be assumed that {s;} is monotone increasing. We obtain:
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Figure 8.3.3

Sublemma 8.3.3. For any i, j, t and t' such that t; < t < t' < tj4,
d(y(t), y(")) < 8 and y(t), y(t') € Ci, we have

min {t, —t, t—tj+tjy — t— (Sj_;,_] — Sj)} < ;.

Proof. Observe that oy, s,,,1Y ¥ |i1;.1,.,) forms a simple closed curve with two
break points and apply Sublemma 8.3.2 to y |y, O

il

We denote by D; the disk domain bounded by o|(s;.5;.,1 Y ¥ l1z;.1;,,1- Note
that {D;} is a monotone sequence. If y is bounded, then by Sublemma 8.3.3
the limit set D, := lim; D; is a disk domain and its boundary is the simple
closed geodesic Yoo := lim; Y0005 which does not intersect int K. The
existence of the closed geodesic Y, contradicts the assumption, so that y is
unbounded. Thus, {D;} is monotone increasing and the limit set Do, = | i Dj
is bounded by the limit yoo = lim; ¥, 1,1, Which consists of disjoint simple
complete geodesics not intersecting int K. Now, by Lemma 8.3.6, any simple
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complete geodesic in M outside int K is not proper, so that in particular each
component 7: R — M of y is not proper. Therefore there exists a sequence
{br} with |by] — 400 such that 7(b;) tends to a point ¢ € M. Taking an i,
with ¢ € int C;, and a small number r € (0, §;,] such that B(q, r) C intC;,, we
obtain that the number of components of B(g,r) N ¥y, tends to 00 as
J — 00, because a subarc of y |, ;. tends to 7. This contradicts Sublemma
8.3.3, and the proof of Lemma 8.3.7 is now complete. O

Theorem 8.3.2. If M is either contracting or expanding, then any geodesic in
M sufficiently close to infinity is proper.

Proof. When ¢(M) < 2m, the theorem follows from Lemma 8.3.4(1). When
c¢(M) = 2m, Theorem 8.3.1 (see also Remark 8.3.1) implies that any half-
geodesic sufficiently close to infinity contains a simple sub-half-geodesic, which
is proper by Lemma 8.3.7. O

The following theorem includes Theorem 8.2.1.
Theorem 8.3.3 (Semi-regularity of complete geodesics).

(1) If M is expanding, any complete geodesic in M sufficiently close to
infinity is semi-regular.
2) IffM G dM < 27, any complete geodesic in M is semi-regular.

Proof. (1) follows from Theorems 8.3.1(1) and 8.3.2.
(2) follows from Theorem 8.3.1(3) and Lemma 8.3.4(2) (see also the proof
of Theorem 8.3.2). O

8.4 Almost-regularity of geodesics;
estimate of index

Lety : R — M be a semi-regular geodesic in a Riemannian plane M. With the
notation of Section 8.1, let { B; } be the sequence of disk domains in M associated
withy,andset D; := ByjyU- - -UBy(j4n-1forj =1,...,inda—1. Moreover,
when ind a < 00, set Djpg o 1= Bk(ind @) Set 0y .=, 9j = Zpk(jJrl)—l Bk(j-H)—l
and ¢; := /p, . By, for j = 1,...,ind y — 1. When ind y < o0, set also
Qind y = eind y = Zpk(i“d y)Dind Y-

Lemma 8.4.1. If there exists a constant ¢ < 2w such that ¢(D;) < c for each
j=1,...,ind y then

ind y < .
v 2w — ¢
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Proof. Applying the Gauss—Bonnet theorem to each D; yields
2 +6; —0;_1 <c(Dj) <c.
Adding up this for j = 1, ..., ind y completes the proof. O

Proof of Theorem 8.2.4. By Theorem 8.3.3(2), any complete geodesic y in M
is semi-regular. For ¢ := [, y G+dM we apply Lemma 8.4.1 and obtain an
estimate of the index of . ]

Lemma 8.4.2. Let y be a semi-regular geodesic for which k(j) = j for some
Jj > 1. If there exists a constant ¢’ such that ¢(B;) > ¢’ foreachi =1,...,]
then

pj=m—jQr =),
and if in addition ¢(B;) > ¢’ for somei =1, ..., j then
;> —j@2r —c).
Proof. The Gauss—Bonnet theorem implies that
27 4+ @i — i1 = c(B;) foreachi =1,...,J,
which leads to the lemma. O

Let us here demonstrate a method of proving the regularity of a geodesic and
of estimating its index (see Theorems 8.2.2 and 8.2.3). Assume that —oco <
c(M) < 2m. Choose a sufficiently large compact disk domain K in M. Let y be
a complete geodesic in M outside K, which is semi-regular by Theorem 8.3.3,
and let jj be the maximal number of j-values for which k(j) = j. Then, since
each D; contains K, each c(D;) is nearly equal to c¢(M). Assume for simplicity
that ¢(D;) = ¢(M) foranyi = 1, ..., jo. By Lemma 8.4.1, we have an upper
estimate of the index of y. If a := m — jo(2r — ¢(M)) > 0 then Lemma
8.4.2 implies that ¢, > a, and we can assume that fM\K G, dM < a,sothatif
Bj,+1 exists and is alemon then fM\K G+ dM = c(Bj+1) = ¢j, = a,whichisa
contradiction. In this way we obtain the almost-regularity of y . Finally, we will
prove that @j,q ,, is so small that the inequality @ing , > 7 —ind y 27 — c(M))
implies the lower estimate of the index.

Lemma 8.4.3. Let K be a compact contractible subset of M such that §(K) >
7. Then any geodesic outside K is simple.

Note that, by Lemma 8.3.2(3), if c(M) < = then a sufficiently large compact
subset K of M satisfies §(K) > 7.
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Proof. Suppose that a nonsimple geodesic outside K exists. Then it has a subarc
that is a simple geodesic loop. The disk domain bounded by this geodesic loop,
say D, satisfies ¢(D) > m by the Gauss—Bonnet theorem. If D N K = (J then
7 <c(D) < fM\K G,.dM < 2w — §(K), contrary to 8(K) > 7. If D D K
thennzn—fM\DG+dM=8(D)28(K). O

For 6 > 0, we set

n(0) := max{k € Z; k6 < w}, n' ) := [7/6],

7 —n(6)6 WO+ Do —x
“O =TT COF e
It follows that
, [0 ifn/0¢Z,
) —n@®)= {1 if 7/60 € Z,

7 —n@) =min{r —kO; ke Z, 0 <k < m},
WO +1)0 -7 =min{k@ —n; ke Z, k6 > 7}

and in particular that € (0) are positive for any 6 > 0.
From now on, assume that —oco < c¢(M) < 2m and that a compact con-
tractible subset K of M satisfies

/ G dM < e (Ao(M)), / G_dM < e_(Aoo(M)).
M\K M\K

Note that such a K exists and satisfies §(K) > 0. For simplicity we set
€r = €x(hoo(M)),  ni=n(heo(M)), 1’ = n'(heo(M)).

Proposition 8.4.1 (Upper estimate of the index). For any semi-regular comp-
lete geodesic y in M outside K, the index satisfies

indy <n/,
and if M~ C K then
ind y <n.
Proof. Letc :=c(M)+ fM\K G_dM. It follows that 0 < §(K) < 2w — c and

hence ¢ < 2. By Lemma 8.3.5, we have ¢(D;) < cforany j =1,...,ind y.
Applying Lemma 8.4.1 yields

T T

< =n+1.
hoo(M) — [y g G- dM ~ koo(M) — €

ind y <
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If M~ C K, since fM\K G_dM = 0 we have ind y < 7 /As(M), which
means that ind y < n. O

Lemma 8.4.4 (Almost-regularity of complete geodesics). If y is a complete
geodesic in M outside K that is semi-regular but not regular then 7w [ oo(M) is
an integer > 1 and y is almost regular with indexind y =n' =n + 1.

Proof. Let jo be the smallest integer j such that the disk domain B ; associated
with y is a lemon, in other words, the greatest integer j such that k(j) = j.
Let ¢’ := c(M) — fM\K G4+ dM. Since ¢(D;) > ¢/ forany j = 1,..., jo (see
Lemma 8.3.5), applying Lemma 8.4.2 yields

Pjo Z T = Jo <)»oo(M)+/ G+dM>.
M

\K
By the Gauss—Bonnet theorem, we have ¢, < ¢(Bj,41) < f M\K G+ dM, which
together with the above implies that

T — jorooM) < (jo+ 1) G.dM < (jo+ e,
M\K

Proposition 8.4.1 implies that j, < ind y < n’ and hence that
o+ Der <+ ey =7 — nhoo(M).
Therefore, we obtain
n+1<jo<n,
which completes the proof. O
Proposition 8.4.2. [fM™* C K, any semi-regular geodesic outside K is regular.

Proof. TheGauss—Bonnettheorem provesthenonexistenceofassociatedlemons.
O

Proposition 8.4.3 (Lower estimate of the index). If y is a regular complete
geodesic in M outside K then

ind y > n.

Proof. When n = 0, the lemma is trivial. Assume that n > 1 or equivalently
c(M) > m. Since fM\K G dM < e, <1 — Ao(M) = ¢(M) — , Lemma
8.3.6 implies that y is nonsimple. With the notation of Section 8.1, let Dinq 5 41
denote the Riemannian half-plane bounded by y (—00, @ing U ¥ [bing 5, +00)
and containing Bing, = Ding, (Where ind y is finite, by Proposition 8.4.1).
Note that Djyq ,+1 has a unique inner angle equal to 27 — ;4 , . It follows from
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the Cohn-Vossen theorem that ¢(Ding 4+1) < 27 — 6ing -, Which together with
¢(Ding y+1) = c(M) — fM\K G dM (see Lemma 8.3.5) implies that

Oind < AOO(M)+/ G, dM. (8.4.1)
M\K

However, applying Lemma 8.4.1 to ¢’ := ¢(M) — fM\K G dM yields

Ounay > 7 —ind y (AOO(M) +f Gy dM) .
M

\K

Therefore

indy +1> il > il
hooM) + [y G2 dM  doa(M) + €5

> n(M). O

Lemma 8.4.5. Assume that M™ is bounded, M~ is unbounded and 7 | Aoo(M)
is an integer > 2. If M™ C K then the index of any regular complete geodesic
y in M outside K satisfies

indy >n"=n+1.

Proof. Since /A oo(M) > 2 we have ¢c(M) > 3w /2 > m, so that by Lemma
8.3.6, y is nonsimple. Since M~ is unbounded and M+ C K C Bj, we have
0> c(M\ By) = c(M)— c(By)and so ¢(B;) < ¢’ := ¢(M). Applying Lemma
8.4.1 yields

Oind y > 7 —1Ind ¥ Aoo(M).
However, remarking that f M\K G+ dM = 0 and using (8.4.1) we have 6,4 , <

Aoo(M). Thus

1=n/—l=n. O

ind y > —
Ao (M)

Proof of Theorems 8.2.2 and 8.2.3. Theorems 8.2.2 and 8.2.3 (1), (3) follow
from Propositions 8.4.1 and 8.4.3 and Lemma 8.4.4.

(2) of Theorem 8.2.3 follows from Propositions 8.4.1, 8.4.3 and 8.4.2 and
Lemma 8.4.5. O

8.5 The rotation numbers of proper complete geodesics
The purpose of this section is to prove Theorem 8.2.5.

Proof of Theorem 8.2.5. For an arbitrarily given number n > 1 we take a
compact disk domain C in M with smooth boundary in such a way that
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fM\C |G|dM < 1/(100n). Moreover, we can find such a C that will satisfy
also

Aaps(0C) < / |G| dM. (8.5.1)
M\C

In fact, we can find a sufficiently large compact disk domain that is either locally

convex or locally concave (see Lemma 8.3.1) and deform its boundary to obtain

a smooth compact disk C that is also either locally convex or locally concave.

Since |A(0C)| = |27 — c(C)| = |c(M\C)| < fM\C |G| dM, this C is the one

desired.

Theorem 6.1.3 implies the nonexistence of a critical point in M\ B(C, R) of
the distance function to C for large R > 0. Hence, by Lemma 4.4.3, for any two
numbers r; and r, with R < r; < r, the annulus A(C, ry, r») is homeomorphic
to S! x [r1, r2]. Set K, := B(C, R) and N := M—\Cand let pr : N — N be
the universal covering. Find any proper complete geodesic y in M outside K,
and a lift 7 of y in N. Since y is proper, the function R 5 t — d(y(t), C) =
d(y (1), dN) attains its minimum at some number #,;,. Let o be a ray in M from
C (i.e., d(o(s),C) = s for any s > 0) and let o' for i € Z be the lifts in N
of o suchthat--- <o ! <0% <ol <--- and 7 (tmin) € D0, o), where
D(o',o7) fori < j denotes the Riemannian half-plane in N bounded by o,
o/ and the subarc of d N from o (0) to o/ (0). For ¢ € R denote by o; a minimal
segment from dN to 7(¢). Let 9N : R — 3N be a positive parameterization
relative to the orientation of N and let s(¢) := N ~!(c,(0)). It follows from the
first variation formula that

£(61(0), AN(5(1))) = (61, (L(G ). 7 (tomin)) = %

for any ¢t € R, where L(-) denotes the length of a curve; note that s(¢) is strictly
monotonic in ¢ near #,;,. We then assume that s(¢) is monotone increasing in ¢
near fmi,, reversing the parameterization of y if necessary. Define two minimal
segments o,~ and 0,7 from 3N to 7(¢) as follows:

o, (0) = dN(minfs € R; dN(s) is a foot point on N of 7(#)})
and
oﬁ(O) = dN(max{s € R; AN (s) is a foot point on N of 7).

Let I, be the subarc of d N from o, (0)to 0,7 (0) and let D, be the region bounded
by 0,7, 0,7 and I, (see Figure 8.5.1). The Gauss—Bonnet theorem implies that

c(Dy) = Z;"/(z)Dt — A(LY).



268 8 Behavior of geodesics

tmin

ON
Figure 8.5.1

Since D; is contained in D(c?, o'*!) for some i, and since by (8.5.1), we have

(DI, [MUID] = [y IGIdM. Hence

1
LoDy <2 f GldM < —. (8.5.2)
M\C 50

Denote by J; the subarc of d N joining o, . (0) to 0;(0). In the case where 7|, ;)
does not intersect o, for some ¢ > iy, the four arcs oy, J;, o, and P[]
together bound a disk domain E;. Note that if 7 is close enough to i, then E,;
is defined. For any ¢ > fy;, such that E; is defined, we have

T
c(E) = Zf/(r)Et - E — A(Jp),
and hence, if E, is contained in D(c°, o),

1
ok =G| s [ 1G1am < g 853

We will prove the following:

Sublemma 8.5.1. If 7|, for some t >ty is entirely contained in
D(c°, o™) then 7|, 1) does not intersect o,.

Proof. Suppose the contrary. Then, setting
to = nf {1 > tmin 71ty C DO, 0", P10 N 00 # B},

we have fiin, < fp < +00. It follows from (8.5.2) and (8.5.3) that s(#) is strictly
monotone increasing in ¢ € [ tmin, fo). Since o, does not intersect 7|, for
any ¢t € (tmin, fo), it follows that o, = lim; »,, 0; does not intersect ¥ |{;,...1)-
However, there exists a sequence {#; \{ fo};>1 such that 7|, ;) intersects o,
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Figure 8.5.2

for any i > 1. Since any sequence {s;} with 7(s;) € o, and s; € [ tmin, #;) does
not accumulate at #o, a limiting minimal geodesic 7 of {0, } intersects ¥ |14, 1)
and satisfies N ' (0,7 (0)) < 0N ~'(z(0)). Let 7(a), fmin < a < fo, be a point
in T N P|{t.0.0)- Then we must have s(a) = 3N ~1(z(0)), which contradicts the
monotonicity of [ #yin, to) 3 t > s(¢). This completes the proof of Sublemma

8.5.1. O

Let t4 := sup{t > tmin; 7ltpmt) C D%, 6™ }. Sublemma 8.5.1 implies
that [ fmin, £+) 3 ¢ +— s(¢) is a strictly monotone increasing function and in
particular that 7|, . ;,) is simple. We next prove the following:

Sublemma 8.5.2. 7|;,,...+o0) intersects o".

Proof. Suppose the contrary, that 7|, +co) is contained in D(c?, o). We
denote by H the Riemannian half-plane bounded by 7 (4., +00)s O, » the subarc
of N from ;.. (0) to 0"(0) and o (see Figure 8.5.2). Since H C D(o*, o),
we have c(H) > —n fM\C |G| dM. Howeyver, it follows that

3
MOH) > - Aabs(3C),
which together with A.(H) > 0 implies that

C(H) =1 — hoo(H) — AOH) < — % +n/ |G| dM.
2 M\C

This is a contradiction. O
In the same way as above, we can prove that 7|(_o.s,,, ] intersects o 1. Set

t— = inf{t < tmin 7lsy,1 © D071, 1) } and let tyax be one of the £-values
for which the function [7_,7,] 3 ¢t — d(7(¢), dN) attains its maximum. Set
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Pmin = d(¥ (tmin), C) and ryax 1= d(¥ (tmax), C). By remarking that A(C, 7pyx,
Fmin) is homeomorphic to §' X [ #max, 7min 1, We deduce that if #;n4 < #inin then
the number of intersection points of y[(;.. ;.1 and ¥ |[s....m.1 15 at least n, and
rot(y|s_s, 1) = n. When tya > tiin, we also have rot(y [f;_ s, 1) = n. O

8.6 The existence of complete geodesics
arbitrarily close to infinity

Proof of Theorem 8.2.6(1). Suppose that there is a sequence {y;} of complete
geodesics tending to infinity. By Theorem 8.3.3, for every sufficiently large
i we have that y; is semi-regular. Since the family of teardrops associated
with the semi-regular geodesics y; is a locally convex filling, M cannot be
contracting. O

A main purpose of this section is to prove Theorem 8.2.6(2).

Lemma 8.6.1. If c(M) > 7 then for any compact subset K of M there exists
a simple geodesic loop that bounds a disk domain containing K.

Proof. Let € be a fixed positive number such that 5¢ < ¢(M)—m ande < /2.
Find a core C, of M such that fM\CE |G|dM < € and C. contains a given
compact subset K of M. Then, for aray o from C,, we have A(D(c’, o)) =
2w — (M) < m — 5¢. Applying Lemma 3.7.2 yields that there exist a number
T > 0 and a minimal segment y, in D(c°, o') joining 0%(T) to o!(T) that
does not intersect dC, (in particular, y, is a geodesic segment). The projection
of y, into M \ C. is a simple geodesic loop with base point o (7') that bounds
a disk domain containing K. O

The following lemma is part of Theorem 8.2.6(2).

Lemma 8.6.2. If M is expanding and c(M) > 7 then for any compact subset
K of M there exists a complete geodesic in M outside K.

Proof. Let K be a given compact subset of M. Since M is expanding and,
by Theorem 8.3.1(1), there exists a compact contractible subset K’ of M such
that the interior int K’ of K’ contains K and any geodesic arc outside int K
is semi-regular. By Lemma 8.6.1, there exists a simple geodesic loop y that
bounds a disk domain D containing K. Since D is not locally concave, it is a
teardrop. Let y’ be the geodesic that is maximal, so thaty C ' C M \ int K.
Then, since ' is semi-regular, '\ y cannot intersect D, so that y’ is a complete
geodesic in M not intersecting K. O
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Definition 8.6.1 (Visual image and diameter). For a point p € M and a subset
ACM,let

F:;(A) :={v € §,M; exp, tv € A for some ¢ > 0}.

We call F[f(A) the visual image of A at p. The visual diameter of A at p is
defined to be the diameter of I",(A) with respect to the canonical angle—distance
function on S, M.

If A is a fixed closed subset of M then the visual diameter diam F;(K ) is
upper semicontinuous in p € M.

Theorem 8.6.1. Let M be afinitely connected complete Riemannian 2-manifold
possibly with boundary, and let C be a core of M. If a component V of M \ C
satisfies Loo(V) > 0 then the visual diameter diam F;(C ) tends to zero as
p €V tends to the end corresponding to V.

Proof. Since C is compact, so is the visual image I",(C). Hence there are two
vectors u,, v, € I',(C) such that Z(u,, v,) = diamI",(C). We can find lifts
ii,, v, € S;,V, p € D(0° o) for aray o from C. Applying Lemma 3.3.2
to any geodesic segment y emanating from p yields that y is contained in
D(c",0™)\ (6" U c™) for some m <0 and n > 1 independent of p and y.
Thus, the two geodesics «, and 8, emanating from p and respectively hav-
ing directions u; and v are both contained in D(c™, 0") and connect p
to I(c™,0") = aV N D(c™, o"), because u, v € I',(C). As in the proof
of Proposition 3.2.3, we can find two curves o), and B, connecting a point
p' € dA(ap U By)to I(c™, 0™). Lemma 3.2.2 shows that if p is close enough
to infinity then 5’ = p and the angle /(u,, v,) tends to zero as p tends to
infinity. O

Theorem 8.6.1 implies the following:

Corollary 8.6.1. Let M be a Riemannian plane with c(M) < 2x. Then for any
compact subset K of M there exists a number R > 0 such that through any point
p € M\ B(K, R) there passes a complete geodesic outside K.

Proof of Theorem 8.2.6(2). The theorem now follows from Lemma 8.6.2 and
Corollary 8.6.1. O

Let I" denote the set of unit-speed geodesics y : R — M. Recall that there
exists the canonical Lebesgue measure on the unit tangent bundle SM with
Sasaki metric (see Example 1.3.2). The bijective map from the unit tangent
bundle SM to I that assigns y, € I" to each v € SM, where y, () := exptv,
t € R, induces ameasure m on I'. Let C be a compact subset of M with nonzero
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volume. Onthe set I'c := {y € I'; y(0) € C }, the probability measure proby..
is defined naturally by

for measurable A C I'c.

For a measurable subset K of M let
EK):={y eTl'; yNK #@}.

Then E(K) N T'¢ is a probability event with respect to the probability space
(Cc, probr,.). We define Fé’, probrg and E*(K) in the same manner, replacing
" with the set I'" of half-geodesics y : [0, +00) — M.

Corollary 8.6.2. Let M be a Riemannian plane with c((M) < 2m, let K be a
compact subset of M and let {C;} be a sequence of compact subsets of M with
nonzero volume such that Ui C; = M. Setting I'; := I'¢, and 1"1.+ = Fa, we
have

lim proby. (E(K)NT;) = lim probr+ (E¥(K)NT}) = 0.

Proof. Lete > 0 be fixed. By Theorem 8.6.1, there exists a compact subset C,
of M such that diam ' (K) < € for any p € M \ C.. Therefore

probr.+ (EX(K)NT\TE) < % for each i.
It follows that
m(I'¢,)
m(T7)
m(I"\T¢)
m(T7)

probr+(ET(K)NT}H) = probr+ (EX(K)NT; NT{)

probr-+ (EX(K)NTF\TE).

Theorem 5.2.1 implies that M has infinite volume and hence that m(Fi+ ) tends
to infinity as i — oo. Consequently, we have

€
li ENK)NT) = li ENK)NT\TE) < —
iir(ryloprobrr( (K)NnT;) iirr;probrr( (K)NT;"\ CE)—ZN’
which completes the proof. O

Conjecture 8.6.1. Let M be a Riemannian plane with ¢(M) = 2m. Then we
have

liminf u(IH(K)) = 7,

M>p—o00
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where u denotes the canonical Lebesgue measure on S, M and M > p — o0
means that the distance between p € M and a fixed point in M tends to infinity.
In addition, if M is expanding then

Jim w(TH(K)) = 7.

If the conjecture were true we would obtain the following statements in the
same way, as in the proof of Corollary 8.6.2. With the same notation as in
Corollary 8.6.2, if M is a Riemannian plane with ¢(M) = 2 then

lim probp (E(K)NT;) =1,
1—> 00
1
liminf probr+ (ET(K)NT}) = =
i—o0 i 2
In addition, if M is expanding, then

1
: + +y -
il_l)r(r’loprobrr (E (K)NT; ) =5
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Index

Ap, 189
Ap(intU;), 199
ApUi), 199
A(t) (area of the z-ball of C), 170
o, 91
angle, 2
/xR (inner angle of R at x), 84
apple, 246
arc
Jordan, 139
reverse semi-regular, 248
semi-regular, see curve, semi-regular

B(p, r) (metric ball at p of radius r), 29
By, 218

biangle, 245

branch point, 156

Busemann function, 124

c(M) (total curvature of M), 134
c(2) (total curvature of a domain €2), 34
C(C) (cut locus of C), 134
C (smooth Jordan curve), 133
Cy, order relation < on, 80
Cm, 79
curves cross in, 79
near infinity, 79
parallel relation between curves in,
85
pseudo-distance function on, 81
C-segment, 134
Christoffel symbols, 3
Clairaut’s constant, 213
Clairaut’s theorem, 13, 212, 213
compactification of M, 95
canonical topology of, 95

Gauss—Bonnet theorem for, 104
piecewise-smooth curve in, 96
concave, locally, 56
cone, 111
vertex of, 111
cone X (cone over X), 111
conjugate point, 21
conv p (convexity radius at p), 29
convex, 29
locally, 29
totally, 66
coray, 85
core, 42
covariant derivative, 9
curvature
at infinity, 75
Gaussian, 17
geodesic
total, 34, 42—-43
negative, 248
positive, 248
principal, 28
Ricci, 17
sectional, 17
total geodesic, 34, 42-3,
curvature locus
curvature tensor, 11
curve
almost regular, 247, 262
associated integers k), 247
divergent, 43
Jordan, 139
locally minimizing property of, 3
maximal subrotation number of, 244
parallel, 10
proper, 43
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curve (cont.)
proper convergence of, 84
regular, 247
rotation number of, 244
semi-regular, 245
semi-regularity index B;, 246
variation along, 4

cut locus, 134

cut point, 133, 140
anormal, 143
degenerate, 143
normal, 142
order of, 156
totally nondegenerate, 143

dwo (pseudo-distance function on Cyy), 80
doo (Tits metric on ideal boundary), 95

D(a, B), 79

D(u,v), 194

D,(K), 199

8(K), 254

A(A), 87

AABC (triangle), 105

distance function
critical point of, 160
inner, 47
interior, 87

double point
sign of, 244

E(x), 79
Ey, 149
Eq, 149
& (set of exceptional values), 156
€+(0), 264
e-approximation, 111
e-sector, 141
end, 42
equation
Codazzi, 16
Gauss, 16
Ricci, 17
exponential map, 5

f(r,v),216
filling
locally concave, 253
locally convex, 253
filtration, 176
fine boundary, 38
flattening surface, 234

Index

focal point
first negative, 134
first positive, 134
formula
first variation, 18
second variation, 18
function
convex, 29
variation of, 135

g(r,v), 216
G (Gaussian curvature), 17
v, 218
ys(), 134
Yu(t) (geodesic from p tangent to u), 194
I'(x) (the set of all C-segments from x) 141
F;(A) (visual image of set A at point p), 271
geodesics, 3

almost-regularity of, 262

complete, 55

minimal, 29

minimizing, 29, 32

semi-regularity of, 252
geodesic polar coordinates, 14, 209
geodesic curvature, 10
geodesic curvature vector, 10
Gromov—Hausdorff convergence, 111
Gromov—Hausdorff topology, 111

H(e, B), 202
heart, 246

I(a, B), 80

ideal boundary, 94-95
Tits distance on, 95

index form, 25

Jacobi field, 20
Jordan curve, 133
cut locus of, 134

k(s) (geodesic curvature vector), 10
k(t), 211

K?*,257

k(s) (geodesic curvature), 10
Kronecker delta, 3

L(t) (length of ¢-circle of C), 170

X, as a Radon measure, 76

Aabs, 76

Aoo(M) (curvature at infinity of M), 76



r_,76
Ay, 76
Aj, (Lebesgue—Stieltjes measure),
134
left tangent, 147
lemma
Gauss, 6
Sard, 137
lemon, 246
length-decreasing deformation, 33
line element, 3
loop, 245
C-, 145
geodesic, 55
maximal, 70

M( f) (surface of revolution generated
by f), 233
M (c0) (ideal boundary of M), 94-5
M= (compactification of M), 95
manifold
finite connectivity of, 41
finitely connected, 41
infinitely connected, 41
maxrot « (maximal subrotation
number of «), 244
meridian, 209
1 (Lebesgue measure on S, M), 189
g (meridian through a point g), 209

n(0), 249, 264

NC (normal bundle of C), 134

N(c0), 99

N(s), 134

v (distance functions of cut locus),
140

v (Gauss normal map), 43

normal bundle, 15, 134

normal connection, 15

normal field, 15

() (Landau’s symbol), 105

P, :=min P, r), 149

P, 55

pr: N — N, 99

— = - 00

pre:N — N ,99

Proo : N(00) = N(00), 99

7 : NC — C (projection of the normal
bundle NC), 134

Mc: M\ C — M(c0), 98
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parallel field, 10
pole, 55, 248

r(M), 229
p (distance function of the cut locus),
140
Pe> 47
pr (:= min(p, r)), 149
radius
convexity, 29
injectivity, 7
ray, 47, 165
asymptotic, 85
from a compact set, 47
pH- 47
Riemannian curvature tensor, 11
Riemannian manifold, 2
complete, 30
Riemannian metric, 1
Riemannian plane, 52, 55
building, 253
classification of, 253
contracting, 253
expanding, 253
right tangent, 147
rot « (rotation number of «), 244

s(y), 188
S(p, r) (metric sphere at p of radius r),
125
SpM (unit tangent sphere at p), 189
So, 55
S, 55
Ye(x) (e-sector at x), 141
Sasaki metric, 13
sector, 141
segment in H, 47
sgn p (sign of double point p),
244
shape operator, 15
short-cut principle, 31
simple point, 55
straight line, 47
pu-, 47
surface of revolution, 12, 207
vertex of, 207

t(y), 188

t-value
anormal, 152
exceptional, 152
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t-value (cont.)
non-exceptional, 152

normal, 152
74,217
teardrop, 245
theorem

Clairaut’s, 13
Gauss—Bonnet, 34-35, 38
for the compactification of M,
104
generalized I"Hopital’s, 169
Huber’s, 46
Sturm comparison, 172
triangle comparison, 31
Tits distance, 95
tomato, 245
transversal immersion, 243
weak, 243
tree, 145
endpoint of, 145
local, 145

Index

triangle
e-almost-flat, 105
tube, 42

V(f) (total variation of a
function (f)), 151
variation, 4
proper, 18, 27
vector field, 15
visual diameter, 271
visual image, 271
volume element, 2
von Mangoldt surface, 230

X,,219
§k(p), 199

Y,, 219
Yi(1), 134

zo0 (curve preserving C), 133
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