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Preface

The study of the curvature and topology of Riemannian manifolds is main-
stream in differential geometry.Manyof the important contributions in this topic
go back to the pioneering works by Cohn-Vossen in 1935–6, [19] and [20]. In
fact the study of total curvature on complete noncompact Riemannianmanifolds
made by him contains many fruitful ideas. Many hints in his thoughts lead us
to the study of the curvature and topology of Riemannian manifolds.
The well-known Gauss–Bonnet theorem states that the total curvature of a

compact Riemannian 2-manifold is a topological invariant. Cohn-Vossen first
proved that the total curvature of a finitely connected complete noncompact
Riemannian 2-manifold M is bounded above by 2πχ (M), where χ (M) is the
Euler characteristic of M . Among many beautiful consequences of this result,
he proved the splitting theorem for complete open Riemannian 2-manifolds of
nonnegative Gaussian curvature admitting a straight line. The structure theorem
for such 2-manifolds was also established by him. He investigated the global
behavior of complete geodesics on these 2-manifolds and this gave rise to the
study of poles. The Bonnesen-type isoperimetric problem for complete open
surfaces admitting a total curvature was first investigated by Fiala [26] for the
analytic case and then by Hartman [34] for the C2 case. Here the Cohn-Vossen
theorem plays an essential role. The total curvature of infinitely connected
complete open surfaces was discussed by Huber from the point of view of
complex analysis. Busemann considered the notion of total curvature on a
G-surface X (see Section 43, [12]), in which he suggested that Cohn-Vossen’s
results would follow on Busemann G-surfaces when the total curvature was
replaced by the Busemann total excess of X .
It took more than thirty years to obtain higher-dimensional extensions of

Cohn-Vossen’s results. They are the Toponogov splitting theorem [103] and the
structure theorem for complete noncompact Riemannian manifolds of positive
sectional curvature [30] and of nonnegative sectional curvature [17]. The total

vii
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curvature of higher-dimensional complete noncompact Riemannian manifolds
of nonnegative sectional curvature was discussed in [69].
The purpose of this book is to study the geometric significance of the total

curvature of complete noncompact Riemannian 2-manifolds. The total curva-
ture c(M) of such a manifold M is not a topological invariant but is dependent
upon the choice of Riemannian metric. Therefore we may consider that c(M)
describes certain geometric properties of M . These phenomena are seen in the
asymptotic behavior of the mass of rays on M and that of the isoperimetric in-
equalities for metric balls and their boundaries. Moreover, the size of the ideal
boundary equipped with the Tits metric is determined by c(M) and the topology
of M . The global behavior of complete geodesics on Riemannian planes is con-
trolled by c(M). It is expected that many results will be extended to complete
noncompact Alexandrov surfaces with the Busemann total excess.
This book iswritten as a self-contained text includingmany examples, figures

and exercises. First-year graduate students will find this book very useful. The
reader will quickly acquire the tools necessary for the study of Riemannian
geometry.
In Chapter 1, the basic tools in Riemannian geometry are prepared. We

first use only local coordinates and introduce the Levi–Civita connection and
curvature tensor. We then use vector field notation to simplify the working. We
want to acknowledge two books which have been very useful in writing this
chapter. The discussion in Sections 1.4 to 1.7 is based on the book by Gromoll,
Klingenberg and Meyer [29]. The discussion on the Sasaki metric is based on
Sakai’s book [73].
In Chapter 2, the classical results by Cohn-Vossen and Huber on the total

curvature of complete open surfaces are introduced. All the ideas employed by
Cohn-Vossen in [19] and [20] are explained here. We deal with the Gauss–
Bonnet theorem for compact simplicial complexes on surfaces in such a way
that the Gauss–Bonnet theorem can be extended to them.
InChapter3, theidealboundaryM(∞)ofacompletenoncompactRiemannian

2-manifold M with total curvature is obtained by using the idea of Ballmann,
Gromov and Schroeder [7], which they discussed using Hadamard manifolds.
New ideas are introduced. We establish the Gauss–Bonnet theorem for the
compactification M ∪ M(∞) of M by attaching an ideal boundary equipped
with the Tits metric. A new triangle comparison theorem is established for
special triangles bounding domains having small total absolute curvature.
Furthermore, we prove that the scaling limit of M with finite total curvature is
the union of flat cones generated by M(∞) all having a common vertex. The
behavior of Busemann functions is discussed.
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In Chapter 4, the structure of the cut loci of circles on complete open surfaces
with (or without) total curvature is discussed. The classical Hartman theorem
on geodesic parallel circles is introduced. The topological structure of metric
circles is discussed in detail.
In Chapter 5, the isoperimetric inequalities for metric circles and for balls

around a smooth Jordan circle are discussed. The classical Fiala–Hartman
theorem is extended. The infinitely connected case is also considered.
In Chapter 6, the mass of rays emanating from a point on M is discussed.

Integral formulae for the mass of rays are treated in connection with the isoperi-
metric inequalities.
In Chapter 7, the classical result due to von Mangoldt is presented. The

set of poles on a surface of revolution homeomorphic to a plane is determined
explicitly: it consists of a unique trivial pole or forms a closed ball centered at the
vertex. We find a necessary and sufficient condition for a surface of revolution
to have many poles. The cut locus of a standard surface of revolution, such as
a two-sheeted hyperboloid, is determined explicitly.
In Chapter 8, the global behavior of complete geodesics on a Riemannian

plane M having a total curvature is discussed. The number of self-intersections
of complete geodesics away from a compact set (near the ideal boundary) is
estimated explicitly in terms of the total curvature of M . This involves the
Whitney regular homotopy of curves and the rotation numbers.
The authors would like to express their thanks to Takao Yamaguchi, Kunio

Sugahara,QingMingCheng,Kazuyuki Enomoto andYoshikoKubo for reading
and criticizing the first draft of this book.Wewould like to thankManabuOhura
for typing the first draft.





1

Riemannian geometry

We introduce the basic tools of Riemannian geometry that we shall need as-
suming that readers already know basic facts about manifolds. Only smooth
manifolds are discussed unless otherwise mentioned. The use of a local chart
(local coordinates) will be convenient for readers at the beginning. Tensor cal-
culus is used to introduce geodesics, parallelism, covariant derivative and the
Riemannian curvature tensor. In Sections 1.1 to 1.3 the Einstein convention
will be adopted without further mention. However, it is not convenient for
later discussion, for example, the second variation formula or Jacobi fields. To
avoid confusion we shall use vector fields and connection forms to discuss such
matters as Jacobi fields and conjugate points.

1.1 The Riemannian metric

Let M be an n-dimensional, connected and smooth manifold and (U, x) local
coordinates around a point p ∈ M . A point q ∈ U is expressed as x(q) =
(x1(q), . . . , xn(q)) ∈ x(U ) ⊂ Rn . The tangent space to M at p is denoted by
TpM or Mp and T M := ⋃

p∈M TpM denotes the tangent bundle over M . We
denote by π : T M → M the projection map. Let X (M) and X (U ) be the
spaces of all smooth vector fields over M and U respectively and C∞(M) the
space of all smooth functions over M . A positive definite smooth symmetric
bilinear form g : X (M) × X (M) → C∞(M) is by definition a Riemannian
metric over M . The metric g is locally expressed in (U, x) as follows. Let
Xi ∈ X (U ) be the i th basis-vector field tangent to the i th coordinate curve, i.e.,
Xi := d(x−1)(∂/∂xi ), where ∂/∂xi is the canonical vector field in x(U ) ⊂ Rn

parallel to the i th coordinate axis of Rn . Then TqM for every q ∈ U is spanned
by X1(q), . . . , Xn(q). If X, Y : U → TU are local vector fields expressed as

1



2 1 Riemannian geometry

X =∑i φ
i Xi and Y =

∑
j ψ

j X j and if gi j := g(Xi , X j ) then

g(X, Y ) =
n∑

i, j=1
φiψ j gi j , (1.1.1)

where gi j = g ji and the gi j are smooth functions onU . Thus the length (or norm)
‖v‖ of a vector v ∈ TpM is defined by ‖v‖ := gp(v, v)1/2 = (

∑
gi j (p)viv j )1/2,

where v :=∑ vi Xi (p). The angle � (u, v) between two vectors u and v in TpM
is thus defined by

cos � (u, v) := 〈u, v〉
‖u‖ ‖v‖ . (1.1.2)

Here the angle � (u, v) takes values in [0, π ] and 〈u, v〉 = gp(u, v).
The volume of a parallel n-cube in TpM spanned by X1(p), . . . , Xn(p) is

given by |X1(p)∧· · ·∧ Xn(p)| = (det gi j (p))1/2. Thus the volume element dM
of M is expressed as follows:

dM = (det gi j )
1/2 dx1 ∧ · · · ∧ dxn. (1.1.3)

ThemanifoldM equippedwith aRiemannianmetric g is called aRiemannian
manifold and denoted by (M, g) or simply by M .
By a smooth curve c : [α, β]→ M we always mean that there exists an open

interval I ⊃ [α, β] such that c is defined over I and is regular at all points on I .
A piecewise-smooth curve c : [α, β]→ M is a continuous map consisting of
finitely many smooth curves. Namely, there are finitely many points t0 = α <
t1 < · · · < tk = β such that c|[ti ,ti+1], for every i = 0, . . . , k − 1, is a smooth
curve. A piecewise-smooth vector field X along a curve c : [α, β]→ M is by
definition a piecewise-smoothmap X : [α, β]→ TcM such thatπ ◦X (t) = c(t)
for all t ∈ [α, β], where TcM := ⋃

t∈[α,β] Tc(t)M . A curve c : [α, β] → U in
a coordinate neighborhood is expressed by x ◦ c(t) = (x1(t), . . . , xn(t)), for
t ∈ [α, β]. Its velocity vector field is

ċ(t) =
n∑

i=1

dxi

dt
Xi ◦ c(t).

The length L(c) of a curve c : [α, β]→ U is given by

L(c) =
∫ β

α

‖ċ‖ dt =
∫ β

α

√√√√ n∑
i, j=1

gi j (c(t))
dxi

dt

dx j

dt
dt. (1.1.4)

If s(t) for t ∈ [α, β] is the length of the subarc c|[α,t] of c then ds(t)/dt =
‖ċ(t)‖ > 0, and hence s(t) has an inverse, t = t(s). Thus c can be parameterized



1.2 Geodesics 3

by its arc length s ∈ [0, L], where L = L(c) is the total length of c. From the
relation ds(t) = ‖ċ‖ dt we derive a quadratic differential form

ds2 =
n∑

i, j=1
gi jdx

i dx j ,

which we call the line element of M .

1.2 Geodesics

Fromnowon theEinstein convention is used.Once the length of a curve inM has
been established, we discuss a curve with the special property of having a local
minimum in length among the neighboring curves with the same endpoints.
This is referred to as the locally minimizing property. Such a curve, a geodesic,
is obtained as the solution of a nonlinear second-order ordinary differential
equation, (1.2.1) below, whose coefficients depend only on the gi j and their
partial derivatives. Thus geodesics are defined as the solutions of (1.2.1). The
set of all solutions with a fixed starting point p corresponds to a domain in TpM
that is star-shaped with respect to the origin. Thus the exponential map and its
injectivity radius at that point is introduced here.

Definition 1.2.1. A unit-speed curve c : [α, β]→ M is said to have the locally
minimizing property iff there exists for every s ∈ [α, β] a positive number δwith
[s − δ, s + δ] ⊂ I and a neighborhood N around c([s − δ, s + δ]) such that
c([s − δ, s + δ]) has the minimum length among all the curves in N joining
c(s − δ) to c(s + δ).
We define the Christoffel symbols

�i
jk := 1

2g
i�(∂ j g�k + ∂kg j� − ∂�g jk),

where ∂ j g�k := ∂g�k/∂x j and (gi j ) is the inverse matrix of (gi j ), i.e.,

gi�g�k := δik .

Here δij is the Kronecker delta, i.e., δ
i
k = 1 for i = k and δik = 0 for i �= k.

With this notation we prove

Theorem 1.2.1. If a unit-speed curve c : [α, β]→ M has the locally minimiz-
ing property, then the local expression

x ◦ c(s) = (x1(s), . . . , xn(s))
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of c in a coordinate neighborhood U satisfies

d2xi

ds2
+ �i

jk

dx j

ds

dxk

ds
= 0. (1.2.1)

Proof. Since the discussion is local, wemay restrict ourselves to the case where
c([α, β]) is contained entirely in a coordinate neighborhood U and write x ◦
c(s) = (x1(s), . . . , xn(s)). A variation along c : [α, β]→ U is by definition
a (piecewise-smooth) map V : (−ε0, ε0)× [α, β]→ U such that

V (0, s) = c(s) for all s ∈ [α, β]

and Vε(s) := V (ε, s) for every ε ∈ (−ε0, ε0) is a curve Vε : [α, β]→ U . If x ◦
V (ε, s) = (x1(ε, s), . . . , xn(ε, s)) for (ε, s) ∈ (−ε0, ε0)× [α, β] then the vari-
ational vector field Y : [α, β]→ TcM associated with V is given by

Y (s) = dV(0,s)

(
∂

∂ε

)
= ∂xi

∂ε
(0, s) Xi ◦ c(s).

The length L(ε) of each variation curve Vε is given by

L(ε) := L(Vε) =
∫ β

α

√
gi j
∂xi (ε, s)

∂s

∂x j (ε, s)

∂s
ds.

Thus we have, by taking the arc length parameter 0 ≤ s ≤ L =: L(c),

dL

dε

∣∣∣∣
ε=0

=
∫ L

0

∂

∂ε

√
gi j
∂xi (ε, s)

∂s

∂x j (ε, s)

∂s

∣∣∣∣∣
ε=0

ds

= 1

2

∫ L

0

(
(∂kgi j )

∂xk

∂ε

∂xi

∂s

∂x j

∂s
+ 2gi j

∂2xi

∂s∂ε

∂x j

∂s

) ∣∣∣∣
ε=0

ds.

Since the second term in the integrand can be expressed as

∂

∂s

(
gi j
∂xi

∂ε

∂x j

∂s

)
− ∂

∂s

(
gkj
∂x j

∂s

)
∂xk

∂ε

we have

dL(0)

dε
= gi j

∂xi

∂ε

∂x j

∂s
(0, s)

∣∣∣∣L
0

−
∫ L

0

(
∂�gkj

∂x�

∂s

∂x j

∂s
+ gkj

∂2x j

∂s2
− 1

2
∂kgi j

∂xi

∂s

∂x j

∂s

)
∂xk

∂ε

∣∣∣∣
(0,s)

ds.

By setting 2[i j ; k] := ∂i g jk + ∂ j gik − ∂kgi j , we see that �k
i j gk� = [i j ; �], and
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then the integrand can be rewritten as(
1

2
(∂�gkj + ∂ j gk� − ∂kg�j ) dx

�

ds

dx j

ds
+ gkj

d2x j

ds2

)
∂xk

∂ε

= gkj

(
d2x j

ds2
+ � j

�m

dx�

ds

dxm

ds

)
∂xk

∂ε
.

Therefore we obtain

L ′(0) = g(ċ, Y )|L0 −
∫ L

0
gkj

(
d2x j

ds2
+ � j

�m

dx�

ds

dxm

ds

)
Y k ds. (1.2.2)

The locallyminimizing property of c then implies that L ′(0) = 0 for every varia-
tion V with V (ε, 0) = c(0) and V (ε, L) = c(L) for all ε ∈ (−ε0, ε0). Therefore
g(ċ, Y )|L0 = 0 follows from Y (0) = Y (L) = 0. The proof is concluded since
the variation vector field Y can be taken as arbitrary.

Now the differential equation (1.2.1) will be discussed. Changing the param-
eter via s = at for a constant a > 0, we observe that (1.2.1) becomes

d2xi

dt2
+ �i

jk

dx j

dt

dxk

dt
= 0.

Geodesics are always parameterized proportionally to arc lengths. The equation
(1.2.1) is equivalent to the following system of first-order differential equations:

vi (s) = dxi

ds
,

dvi

ds
+ �i

jkv
jvk = 0. (1.2.3)

Because the �i
jk are smooth functions, the above differential equations satisfy

the Lipschitz condition and hence have a unique solution for given initial con-
ditions. Let p ∈ U and ξ ∈ TpM be expressed as x(p) = (p1, . . . , pn) and
ξ = ξ i Xi (p). Then (1.2.1) has locally a unique solution for the initial condi-
tions xi (0) = pi and dxi/ds(0) = ξ i for i = 1, . . . , n. If γ (s) := γ (p, ξ ; s)
for s ∈ [0, s0) is the maximal solution of (1.2.1) with γ (0) := γ (p, ξ ; 0) = p
and γ̇ (0) = ξ then γ (p, ξ ; t) = γ (p, aξ ; t/a) = γ (p, tξ ; 1). If we set

M̃ p := {u ∈ TpM ; γ (p, u; 1) makes sense}
then M̃ p is a domain in TpM that is star-shaped with respect to the origin of
TpM .

Definition 1.2.2. The exponential map at p ∈ M is a map defined on M̃ p such
that

expp u := γ (p, u; 1).
Clearly expp is a smooth map.
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Theorem 1.2.2. There exists an open set Up ⊂ M̃ p around the origin such that
expp |Up : Up → M is an embedding. In particular, there exists an open set
Vp ⊂ Up such that any two points in expp Vp can be joined by a geodesic.

Proof. It is clear from the definition of the exponential map at p that

d(expp)|o = En,

where En is the n × n identity matrix and u = (u1, . . . , un). Therefore we
can find a small neighborhood Up around the origin of TpM as desired. Let
T̃ M := ⋃

p∈M M̃ p and φ := (π, exp) : T̃ M → M × M . Then the above

discussion shows that, at each zero section o ∈ T̃ M ,

dφ|o =
(
En En

0 En

)
.

Therefore we can find an open set W ⊂ T̃ M around the set of zero sections
such that φ|W is an embedding. Thus there exists an open set Vp ⊂ Up around
p such that Vp × Vp ⊂ φ(W ). This proves Theorem 1.2.2.

Lemma 1.2.1 (The Gauss lemma). If u ∈ M̃ p and if A ∈ TuTpM is orthogonal
to u then

〈d(expp)u A, d(expp)uu〉 = 0.

Proof. The conclusion is obvious if d(expp)u A = 0. Assume that d(expp)u
A �= 0. We then choose a geodesic variation V : (−ε0, ε0)× [0, �]→ M along
the geodesic γ : [0, �]→ M with γ (0) = p, γ̇ (0) = u/‖u‖ and � = ‖u‖ such
that

V (ε, t) := expp t(u/‖u‖ + εA).

Then Vε : [0, �]→M for every ε ∈ (−ε0, ε0) is a geodesic with length
�
√
1+ ε2‖A‖2. If Y (t) := dV(0,t)(∂/∂ε) is the variational vector field asso-

ciated with V then Y (0) = 0, Y (�) = d(expp)u A and (1.2.2) implies that

L ′(0) = 〈Y (t), γ̇ (t)〉 |�0 = 0.

A geodesic polar coordinate system around a point p is defined by the
embedding expp |Up : Up → M . Let B(0, r ) := {u ∈ Rn; ‖u‖ < r} and
Sn−1 := {u ∈ Rn; ‖u‖ = 1}. They are placed in TpM by a trivial identification.
If (θ1, . . . , θn−1) is a local coordinate system of Sn−1 around a point u ∈ Sn−1

then expp |Up is expressed locally by (expp |Up )
−1(q) = (r (q), θ1(q), . . . , θn−1
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(q)) ∈ Up. By setting u1 := r, u2 := θ1, . . . , un := θn−1, we see from the
Gauss lemma that the metric g can be expressed as

gi j du
i du j = dr2 + hab dθ

a dθb, (1.2.4)

where (hab) is a positive definite symmetric (n − 1)× (n − 1) matrix.

Definition 1.2.3. The injectivity radius of expp at p is defined by

i(p) := sup{ r > 0 ; expp |B(0,r ) is an embedding}.

Lemma 1.2.2. If r < i(p) then every point q ∈ expp B(0, r ) is joined to p by
a unique geodesic whose length attains the infimum of all the lengths of curves
joining p to q. In particular every geodesic has the locally minimizing property.

Proof. It follows from Theorem 1.2.2 that in expp B(0, i(p)) there exists a
uniquegeodesic joining p toqwith length r (q). Let c : [0, 1]→ expp B(0, i(p))
be a (piecewise-smooth) curve with c(0) = p and c(1) = q. There exists a lift
ψ : [0, 1] → B(0, i(p)) ⊂ TpM of c such that c(t) = expp ◦ ψ(t) for all
t ∈ [0, 1]. Then the lift can be expressed by ψ(t) = (r (t), θ1(t), . . . , θn−1(t)),
and hence

ċ(t) = d(expp)ψ(t)ψ̇(t) = d(expp)ψ(t){ṙψ(t)/‖ψ‖ + r A(t)},

where r (t) = ‖ψ(t)‖, ψ(t)/‖ψ(t)‖ = (θ1(t), . . . , θn−1(t)) ∈ Sn−1p and A(t) is
the component of ψ̇(t) tangential to Sn−1p at ψ(t)/‖ψ(t)‖. Then we have

L(c) = lim
ε→0

∫ 1

ε

‖ċ‖ dt = lim
ε→0

∫ 1

ε

√
gi j u̇i u̇ jdt

= lim
ε→0

∫ 1

ε

√
ṙ2 + habθ̇a θ̇b dt ≥

∫ 1

ε

∣∣∣∣drdt
∣∣∣∣ dt

≥
∫ 1

0
dr = r (q)− r (p) = r (q).

Wenow consider a (piecewise-smooth) curve c : [0, 1]→ M joining p to q that
is not contained in expp B(0, i(p)). Then there exists a point c(t0) such that the
subarc c|[0,t0) is contained entirely in expp B(0, i(p)). The previous discussion
now implies that L(c|[0,t0]) ≥ i(p) > r (q). This means that such a curve has
length greater than i(p) > r (q).
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1.3 The Riemannian curvature tensor

Newton’s first law states that the motion of a particle is in a straight line at con-
stant speed if no force acts upon it. Geodesics on a Riemannian manifold are
understood to be subject to Newton’s first law: it is considered that the straight-
ness of a geodesic is equivalent to the existence of a parallel velocity vector
field along it. In view of equation (1.2.1), this idea leads us to the definition of
parallel fields along a curve.

Lemma 1.3.1. Let Z (t) = ξ i (t)Xi ◦ γ (t) be a vector field along a curve γ ,
where γ (t) = (x1(t), . . . , xn(t)) in a coordinate neighborhood U. Then the
map

t �→
(
dξ i

dt
+ �i

k jξ
k dx

j

dt

)
Xi ◦ γ (t)

is independent of the choice of local coordinates, and hence is a vector field
along γ .

Proof. Let (V, y) be another set of local coordinates such that U ∩ V contains
a subarc of γ , which is expressed by x ◦ γ (t) = (x1(t), . . . , xn(t)) and y ◦
γ (t) = (y1(t), . . . , yn(t)). The line element ds2 is expressed in U ∩ V as
ds2 = gi jdxidx j = habdyadyb. We denote by (Aa

i ) = (∂ya/∂xi ) the Jacobian
matrix and by (Bi

a) = (∂xi/∂ya) its inverse matrix. Clearly we have Z (t) =
ξ i Xi ◦ γ (t) = ηaYa ◦ γ (t), where ξ i = Bi

aη
a . By differentiating the relation

gi j = Aa
i A

b
j hab with respect to x

k , we obtain

∂kgi j = Aa
i A

b
j A

c
k

∂hab
∂yc

+
(
∂2ya

∂xk∂xi
Ab
j +

∂2yb

∂xk∂x j
Aa
i

)
hab.

Also, by setting

�̄a
bc := 1

2h
ad (∂bhdc + ∂chbd − ∂dhbc),

[bc, a] := hda�̄
d
bc,

we get

[i j, k] = Ab
i A

c
j A

a
k [bc, a]+

∂2yd

∂xi∂x j
Ae
khed .

It can be shown that

�i
jk = Ab

j A
c
k B

i
a�̄

a
bc +

∂2yd

∂x j∂xk
Bi
d .
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Therefore we have(
dξ i

dt
+ �i

jkξ
j dx

k

dt

)
Xi

=
{
d

dt

(
Bi
aη

a
)+ (Ab

j A
c
k B

i
a�̄

a
bc +

∂2yd

∂x j∂xk
Bi
d

)
ξ j
dxk

dt

}
Ae
i Ye

=
{(

∂2xi

∂ya∂yc
dyc

dt
ηa Ae

i + Bi
a

dηa

dt
Ae
i

)
+ ηb dy

c

dt
δea�̄

a
bc

+ ∂2yd

∂x j∂xk
δed B

j
a B

k
c η

a dy
c

dt

}
Ye

=
{
dηe

dt
+ ηa dy

c

dt

(
∂2xi

∂ya∂yc
Ae
i +

∂2ye

∂x j∂xk
B j
a B

k
c + �̄e

ac

)}
Ye.

It follows from

0 = ∂

∂ya

(
∂ye

∂xk
∂xk

∂yc

)
= ∂2ye

∂xk∂x j
B j
a B

k
c + Ae

k

∂2xk

∂yc∂ya

that (
dξ i

dt
+ �i

jkξ
j dx

k

dt

)
Xi ◦ c(t) =

(
dηe

dt
+ �̄e

bcη
b dy

c

dt

)
Ye ◦ c(t).

The above reasoning shows that if Z is a vector field defined in a neighborhood
around p and if its restriction to a curve c emanating from p = c(0) with a given
initial tangent vector v = ċ(0) ∈ Mp is expressed by Z ◦ c(t) = ξ i (t)Xi ◦ c(t)
then the vector (dξ i/dt +�i

jkξ
jdxk/dt)Xi (p) is independent of the choice of c

and depends only on v and Z . We write

∇vZ :=
(
dξ i

dt
+ �i

jkξ
j dx

k

dt

)
Xi (p) (1.3.1)

and call ∇vZ the covariant derivative of Z in v.
The covariant derivative also defines a map ∇ : X (U )× X (U )→ X (U ) as

follows. If Y, Z ∈ X (U ) then a vector field∇Y Z ∈ X (U ) is obtained by setting
Y = φi Xi and Z = ψ i Xi :

∇Y Z := φi
(
∂ψk

∂xi
+ �k

i jψ
j

)
Xk .

Exercise 1.3.1. Show that the covariant derivative of a vector field has the
following properties. If Y, Z : U → TU and α, β are functions defined
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on U then 
∇αY Z = α∇Y Z ,

∇Y (βZ ) = Y (β)Z + β∇Y Z ,

Xg(Y, Z ) = g(∇XY, Z )+ g(Y,∇X Z ),

∇XY − ∇Y X = [X, Y ].

(1.3.2)

Here [X, Y ] is the vector field defined by [X, Y ] f := X (Y f ) − Y (X f ) for a
smooth function f .

A vector field Z : [0, �]→ TcM along a unit-speed curve c : [0, �]→ U is
by definition parallel iff ∇ċ Z = 0. The geodesic curvature vector k(s) of c at
c(s) is defined by

k(s) :=
(
d2xi

ds2
+ �i

jk

dx j

ds

dxk

ds

)
Xi ◦ c(s),

where s is the arc length of c. The geodesic curvature κ(s) of c is defined by

κ(s) := ‖k(s)‖.

Remark 1.3.1. The geodesic curvature vector k(s) at a point c(s) of a unit-
speed smooth curve c has the following property. Let γ± : [0, a±]→ M for a
sufficiently small h > 0 be a unit-speedminimizing geodesic with γ±(0) = c(s)
and γ±(a±) = c(s ± h) and let τ : T M → Tc(s)M be the parallel translation
along the minimizing geodesics at c(s). Then

lim
h→0

τ ◦ ċ(s + h)− ċ(s)

h
= k(s). (1.3.3)

To see this we define parallel fields ξ± along γ± that are generated by ξ±(a±) :=
ċ(s ± h). If x ◦ c(s) = (x1(s), . . . , xn(s)) and x ◦ γ±(t) = (x1±(t), . . . , x

n
±(t))

and if ξ±(t) = ξ i±(t)Xi ◦ γ±(t) for 0 ≤ t ≤ a± are local expressions then

ξ i±(a±)− ξ i±(0) = a±
dξ i±
dt

(ãi±), i = 1, . . . , n

for some ãi± ∈ (0, a±). The i th component of the left-hand side of (1.3.3) is
expressed as

1

h

(
ξ i±(0)−

dxi (s)

ds

)
= 1

h

(
dxi (s ± h)

ds
− dxi (s)

ds

)
+ 1

h

(
a±�i

jkξ
j
±
dxk±
dt

)
.

Taking the limit as h→ 0, we see that γ̇±(a±) converges to ±ċ(s) and that
limh→0(a±/h) = 1. This proves (1.3.3).
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Theorem 1.3.1. If Z and W are parallel vector fields along a curve c then the
inner product g(Z ,W ) is constant. In particular, a curve is a geodesic iff it is
auto-parallel (parallel to itself ).

Proof. Setting Z (s) = ξ i (s)Xi ◦ c(s) and W (s) = η j (s)X j ◦ c(s), we see that

d

ds
g(Z ,W ) ◦ c(s) = ∂kgi j dx

k

ds
ξ iη j + gi j

(
dξ i

ds
η j + ξ i dη

j

ds

)
= ∂kgi j dx

k

ds
ξ iη j − gi j

(
�i
�mξ

� dx
m

ds
η j + �i

�mη
� dx

m

ds
ξ j
)

= dxk

ds
ξ iξ j

(
∂kgi j − gpj�

p
ik − giq�

q
jk

)
= 0.

The rest is now clear.

Now the Riemannian curvature tensor of M is defined. Let u, v,w ∈ TpM
and choose a local coordinate system (U, x) around p such that x(p) is the
origin of Rn . At the origin in x(U ) consider a parallelogram Pab spanned by
a(dx)pu and b(dx)pv for sufficiently small numbers a, b. Let τab : TpM →
TpM be the parallel translation along x−1(Pab) passing through p1, p3, p2
in this order, where x−1(Pab) has corners at p, p1 := x−1(au1, . . . , aun),
p2 := x−1(bv1, . . . , bvn) and p3 := x−1(au1 + bv1, . . . , aun + bvn). If
u := ui Xi (p), v := vi Xi (p) and w := wi Xi (p) then τabw −w is expressed as
w1−w2, where w1 (resp. w2) is obtained by the parallel translation of w along
the subarc of x−1(Pab) from p to p3 passing through p1 (resp. p2). By using
the equation for a parallel field in Lemma 1.3.1 and a Taylor expansion, the i th
component of τabw − w is expressed as

(τabw − w)i = {
a
(
�i
jk(p2)− �i

jk(p)
)
uk + b

(
�i
j�(p)− �i

j�(p1)
)
v�

+ ab
(
�i
m�(p1)�

m
jk(p)− �i

mk(p2)�
m
j�(p)

)
ukv�

}
w j ,

neglecting higher-order terms. By using themean value theorem in the first term
of the right-hand side of the above relation, we find points p′1 = x−1(a′i (dx)pu)
for some a′i ∈ (0, a) and p′2 = x−1(b′i (dx)pv) for some b

′
i ∈ (0, b) such that

�i
jk(p 2)− �i

jk(p) = b∂m�
i
jk(p

′
2)v

m

and also

�i
j�(p)− �i

j�(p1) = −a∂k�i
j�(p

′
1)u

k .
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Therefore, by setting

Ri
jk� := ∂��i

jk − ∂k�i
j� + �i

a��
a
jk − �i

ak�
a
j�, (1.3.4)

we have

lim
a,b→0

τabw − w

ab
= −Ri

jk�u
�vkw j Xi (p). (1.3.5)

The Ri
jk� are understood as follows. In view of the definition (1.3.1) of the

covariant derivative, we see that ∇Xi X j = �k
i j Xk and hence

Ri
jk�Xi = ∇X�∇Xk X j − ∇Xk∇X�X j .

If Z , V,W are vector fields defined in a coordinate neighborhood U such that
Z (p)= u, V (p)= v,W (p)=w then R defines a multilinear map R :X (U ) ×
X (U )× X (U )→ X (U ) such that

R(Z , V )W := ∇Z∇VW − ∇V∇ZW − ∇[Z ,V ]W. (1.3.6)

Thus we observe that R(u, v)w = R(Z , V )W |p = Ri
jk�u�vkw j Xi (p) is inde-

pendent of the choice of local coordinates around p. The quantity R is called
the Riemannian curvature tensor of M and plays an essential role in the study
of Riemannian geometry.
If τba : TpM → TpM is a parallel translation along the reversed orientation

of x−1(Pab) then τ−1ab = τba and (1.3.5) implies that R(u, v)w = −R(v, u)w .
From (1.3.4) we observe that Ri

jk� = −Ri
j�k . Other properties of R are

summarized in the following.

Exercise 1.3.2. Prove that theRiemannian curvature tensor R has the following
properties. If gim Rm

jk� = Ri jk� then

Ri jk� = 1
2 (∂ j∂�gki + ∂k∂i g j� − ∂i∂�g jk − ∂ j∂kg j�)
+ gab

(
�a
ik�

b
j� − �a

i��
b
jk

)
,

Ri jk� = −Ri j�k = −R jik� = Rk�i j ,

Ri jk� + Rik�j + Ri�jk = 0,

Ri jk� = 〈R(X�, Xk)X j , Xi 〉.

Example 1.3.1 (Geodesics on a surface of revolution in R3). For a positive
smooth function f : R→ R+ we define a surface of revolution with its profile
curve y = f (x) by M := {( f (u) cos v, f (u) sin v, u) ∈ R3; u ∈ R, 0 < v ≤
2π}. Then, setting u1 := u, u2 := v, we have ds2 = (1 + ( f ′)2)(du1)2 +
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f 2(du2)2 and

�1
12 = �2

22 = �2
11 = 0,

�1
11 =

f ′ f ′′

1+ ( f ′)2
, �1

22 = −
f f ′

1+ ( f ′)2
, �2

12 =
f ′

f
.

Computations show that R1
212 = f f ′′/(1+ ( f ′)2)2. If γ (s) := (u(s), v(s)) is a

unit-speed geodesic on M then(
du

ds

)2

(1+ ( f ′)2)+
(
dv

ds

)2

f 2 = 1 (1.3.7)

and equation (1.2.1) is written as
d2u

ds2
+ f ′ f ′′

1+ ( f ′)2

(
du

ds

)2

− f f ′

1+ ( f ′)2

(
dv

ds

)2

= 0,

d2v

ds2
+ 2

f ′

f

du

ds

dv

ds
= 0.

(1.3.8)

We observe from the above relations that every profile curve v(s) equal to a
constant is a geodesic. Therefore γ̇ is not tangent to any profile curve if γ̇ (s0)
for some s0 is not a tangent. The second relation in (1.3.8) reduces to

d

ds

(
dv

ds
f 2
)
= 0,

and hence (dv/ds) f 2 is constant. If θ (s) is the angle between γ̇ (s) and the
profile curve v = v(s) passing through γ (s) then −π < θ < π and f sin θ (s)
is constant. Thus we have proved

Theorem 1.3.2 (Clairaut’s theorem). If γ (s) = (u(s), v(s)) is a geodesic on a
surface of revolution then the angle θ (s) between γ̇ (s) and the profile curve
passing through γ (s) satisfies

f (u(s)) sin θ (s) = const.

The general case of this theorem is proved later in Theorem 7.1.2.

Example 1.3.2 (The Sasaki metric over T M). We shall introduce the Sasaki
metric over the tangent bundle T M of a Riemannian n-manifold (M, g). Let
(U, ϕ) be a local set of coordinates. Let πM : T M→M be the projection map.
Then Ũ :=π−1M (U ) is a local coordinate neighborhood of T M and its coor-
dinate map ψ : Ũ→R2n is expressed as follows. For a point (p, u) ∈ Ũ we
have ϕ(p) = (x1(p), . . . , xn(p)) and u = ui (∂/∂xi )(p), and hence ψ(p, u) =
(x1(p), . . . , xn(p), u1, . . . , un) ∈ R2n .
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The tangent space T(p,u)T M to T M at (p, u) ∈ Ũ contains the n-dimensional
linear subspace TuTpM , and this TuTpM is naturally identified with TpM by
parallel translation. Since d(πM )(p,u)A = 0 for every A ∈ TuTpM , we observe
that the kernel of d(πM )(p,u) is TuTpM . This kernel TuTpM is called the vertical
space of T(p,u)T M at (p, u) and denoted by Vu .
In order to find vectors in T(p,u)T M transversel to Vu we take a vector X ∈

TpM and a curve c : (−ε, ε)→ M fitting X . In local expressions we write ϕ ◦
c(t) = (x1(t), . . . , xn(t)), c(0) = p and X = Xi (∂/∂xi )(p). Let ξ : (−ε, ε)→
T M be the parallel field along c generated by u = ξ (0) ∈ TpM . Then t �→
(c(t), ξ (t)) is a curve in T M emanating from (p, u), and its velocity vector v at
t = 0 is expressed as v = (xi , ui , Xi , dξ i (0)/dt) = (xi , ui , Xi ,−�i

jk X
jξ k).

This v is called the horizontal lift of X at (p, u). Clearly we have d(πM )(p,u)v =
X , and the set of the horizontal lifts of all vectors in TpM is isomorphic to TpM .
It is called the horizontal space of T(p,u)T M at (p, u) and denoted Hu . Thus we
have the decomposition T(p,u)T M = Vu ⊕ Hu .
If α = Xi (∂/∂xi )+ Zi (∂/∂ui ) ∈ T(p,u)T M then the decomposition of α into

horizontal and vertical components α = αh + αv is expressed in local coordi-
nates by αh = (xi , ui , Xi ,−�i

jku
j Xk) and αv = (xi , ui , 0, Zi+�i

jku
j Xk). The

connection map K : T T M → T M is defined by K (α) := (p, Zi +�i
jku

j Xk).
Then K |TuTpM : TuTpM → TpM is clearly an isomorphism, by which Vu is
identified with TpM . Also Hu is identified with TpM by d(πM )(p,u).
Making use of this decomposition we introduce the Sasaki metric G over

T M as follows. If α, β ∈ T(p,u)T M then

G(α, β) := g(d(πM )(p,u)αh, d(πM )(p,u)βh)+ g(K (αv), K (βv)).

The Sasaki metric is also defined on the unit-sphere bundle SM over M by the
restriction of G.

1.4 The second fundamental form

Let (M, g) be a Riemannian n-manifold and N a smooth Riemannian
m-manifold. If f : N → M is an immersion then the induced Riemannian
metric h from g through f is defined as follows. If X, Y ∈ X (N ) then

h(X, Y ) := g(d f (X ), d f (Y )).

To each point q ∈ N an (n−m)-dimensional linear subspace Tq N⊥ ⊂ T f (q)M is
assigned such that it is orthogonal to d fq (Tq N ) in T f (q)M with respect to g. We
then have an n-dimensional vector bundle f ∗T M and an (n −m)-dimensional
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normal bundle T N⊥ over N :

f ∗T M :=
⋃
q∈N

T f (q)M, T N⊥ :=
⋃
q∈N

Tq N
⊥.

The orthogonal decomposition of f ∗T M is given as

f ∗T M = d f (T N )⊕ T N⊥,

where d f (T N ) is often identified with T N in localized contexts. A map X :
N → f ∗T M is by definition a vector field along f iff π ◦ X = f . A map ξ :
N→ T N⊥ is called a normal field along f iff π ◦ ξ = f . We denote byX f and
X⊥

f the spaces of all vector fields and normal fields along f . Every vector field
Y along f has a unique decomposition Y = Y +Y⊥, where Y⊥ ∈ X⊥

f and Y
 

may be considered as a vector field over N by the identification d f (Y ) ≡ Y .
The covariant derivatives of N and M are denoted by D and ∇ respectively.

The covariant derivative along f is also denoted by∇, where∇ : X (N )×X f →
X f . For a point q ∈ N and for vectors x, y ∈ Tq N we take the (local) field
extensions X, Y of x, y. By identifying X with d f (X ), the covariant derivative
along f of Y in x is expressed as

∇xY = (∇xY )
 + (∇xY )

⊥.

Here the first term is identified with

(∇xY )
 = (∇xd f (Y ))

 = d f (DxY ),

and the second term is written as

B(X, Y )q := (∇xY )
⊥ = ∇xY − d f (DxY ). (1.4.1)

Thus B : X f×X f → X⊥
f is a symmetric bilinear form. The symmetric property

of B follows from that of the Christoffel symbols.
The tangential component of the covariant derivative along f of a normal

field ξ along f is written as

Aξ (q)X = ∇xξ − (∇xξ )
⊥. (1.4.2)

The quantity Aξ : T N → T N is linear and is called the shape operator of f .
The symmetry property of Aξ is observed from

g(B(X, Y ), ξ ) = −g(Aξ X, Y ) = −g(AξY, X ). (1.4.3)

The normal component on the right-hand side of (1.4.2) induces a normal
connection along f . That is, ∇⊥ : X f × X⊥

f → X⊥
f by the relation

∇⊥x ξ := ∇xξ − Aξ (q)X. (1.4.4)
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It can be shown that if α, β ∈ C∞(N ) then ∇⊥αX+βY ξ = α∇⊥X ξ + β∇⊥Y ξ and
∇⊥X αξ = X (α)ξ + α∇⊥X ξ .
Let R and S be the Riemannian curvature tensors of M and N respectively.

The relation (1.3.6) then implies, by identifying X, Y, Z ∈ X (N ) with the
vector fields along f and by using (1.4.1),

R(X, Y )Z = ∇X∇Y Z − ∇Y∇X Z − ∇[X,Y ]Z

= ∇X (DY Z + B(Y, Z ))− ∇Y (DX Z + B(X, Z ))

− (D[X,Y ]Z + B([X, Y ], Z ))

= S(X, Y )Z + B(X, DY Z )+ AB(Y,Z )X + ∇⊥X B(Y, Z )
− B(Y, DX Z )− AB(X,Z )Y − ∇⊥Y B(X, Z )− B([X, Y ], Z ).

If we set R(X, Y )Z = R(X, Y )Z + R(X, Y )Z⊥ then the Gauss and Codazzi
equations are obtained as follows:{

R(X, Y )Z = d f (S(X, Y )Z )+ AB(Y,Z )X − AB(X,Z )Y,

R(X, Y )Z⊥ = B(X, DY Z )− B(Y, DX Z )− B([X, Y ], Z )
(1.4.5)

+∇⊥X B(Y, Z )− ∇⊥Y B(X, Z ).
For a normal field ξ : N → T N⊥ we have

R(X, Y )ξ = ∇X∇Y ξ − ∇Y∇Xξ − ∇[X,Y ]ξ

= ∇X
(
AξY + ∇⊥Y ξ

)− ∇Y
(
Aξ X + ∇⊥X ξ

)
− (Aξ [X, Y ]+ ∇⊥[X,Y ]ξ)

= DX AξY + B(X, AξY )+
(
A∇⊥Y ξ X + ∇⊥Y ∇⊥X ξ

)
− (DY Aξ X + B(Y, Aξ X )+ A∇⊥X ξY + ∇⊥Y ∇⊥X ξ

)
− Aξ [X, Y ]− ∇⊥[X,Y ]ξ.

If R(X, Y )ξ = R(X, Y )ξ + R(X, Y )ξ⊥ is the orthogonal decomposition, we
then have

R(X, Y )ξ = d f (DX AξY − DY Aξ X )− Aξ [X, Y ]+ A∇⊥Y ξ X − A∇⊥X ξY
(1.4.6)

and

R(X, Y )ξ⊥ = R⊥(X, Y )ξ + B(X, AξY )− B(Y, Aξ X ). (1.4.7)

Here R⊥ is the curvature tensor for the normal connection ∇⊥ and is given by

R⊥(X, Y )ξ := ∇⊥X∇⊥Y ξ − ∇⊥Y ∇⊥X ξ − ∇⊥[X,Y ]ξ. (1.4.8)
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Note that (1.4.4) and (1.4.6) are equivalent. The relation (1.4.8) is called the
Ricci equation.

Definition 1.4.1. The sectional curvature KM (X, Y ) of M with respect to the
plane section σ = σ (X, Y ) spanned by X and Y is

Kσ (X,Y ) = KM (X, Y ) := g(R(X, Y )Y, X )

g(X, X )g(Y, Y )− g(X, Y )2
.

Also, the Ricci curvature RicM (X ) with respect to a vector X at p ∈ M is
defined as follows. Let {e1, . . . , en} be an orthonormal basis for TpM such that
X/‖X‖ = en . Then

RicM (X ) :=
n−1∑
i=1

KM (ei , en).

Moreover if dimM = 2 then the sectional curvature is called the Gaussian
curvature and denoted by G.

The Gauss equation, (1.4.5), implies that

〈S(X, Y )Y, X〉 = 〈R(X, Y )Y, X〉 + B(X, X )B(Y, Y )− B(X, Y )2.

If KN and KM are the sectional curvatures of N and M respectively then the
above relation gives

KN (X, Y ) = KM (X, Y )+ B(X, X )B(Y, Y )− B(X, Y )2

g(X, X )g(Y, Y )− g(X, Y )2
. (1.4.9)

1.5 The second variation formula and Jacobi fields

As discussed in Section 1.2, a curve having the locally minimizing property
is a geodesic. We now discuss whether a geodesic γ : [0, �] → M possesses
the minimizing property among curves near γ with the same endpoints. For
this purpose we establish the second variation formula for a variation in γ .
Namely, a symmetric bilinear form, called the index form of γ , is defined over
the space of vector fields along γ by using the Riemannian curvature tensor.
The second variation formula is expressed in index form. A Jacobi field along γ
is a vector field along γ belonging to the kernel of the index form and is found
as the solution of a second-order linear differential equation. We then prove the
existence of convex balls around every point of M . Here we use the covariant
differential along a map.
Let V : (−ε0, ε0) × [0, �]→ M be a variation along a unit-speed geodesic

γ : [0, �]→ M . For the basis-vector fields ∂/∂ε and ∂/∂s of R2, the covariant



18 1 Riemannian geometry

differentials along V are

∇∂/∂ε = ∇dV (∂/∂ε), ∇∂/∂s = ∇dV (∂/∂s).

In particular the following relation is important:

∇∂/∂ε dV
(
∂

∂s

)
= ∇∂/∂s dV

(
∂

∂ε

)
.

We denote by

T (ε, s) := dV(ε,s)

(
∂

∂s

)
, Y (ε, s) := dV(ε,s)

(
∂

∂ε

)
.

the velocity vector of Vε and the variation vector field associated with V . The
length L(ε) of Vε is given by

L(ε) =
∫ �

0
‖T (ε, s)‖ ds.

Theorem 1.5.1. Let V : (−ε0, ε0) × [0, �]→ M be a variation along a unit-
speed geodesic γ : [0, �]→ M. We then have the first variation formula

L ′(0) = 〈Y, T 〉(0, s)|�0.

If Y⊥ := Y − 〈Y, T 〉T then we have the second variation formula

L ′′(0) =
∫ �

0

(〈∇∂/∂sY⊥,∇∂/∂sY⊥〉− 〈R(Y⊥, γ̇ )γ̇ , Y⊥〉) (0, s) ds
+ 〈∇∂/∂εY⊥, T 〉(0, s)|�0.

In particular, if V is proper, i.e., V (ε, 0) = γ (0) and V (ε, �) = γ (�) for all ε,
then

L ′′(0) =
∫ �

0

(〈∇∂/∂sY⊥,∇∂/∂sY⊥〉− 〈R(Y⊥, γ̇ )γ̇ , Y⊥〉) (0, s) ds.
Proof. We only need to prove the second variation formula. From

L ′(ε) =
∫ �

0

〈∇∂/∂εT, T 〉(ε, s)
‖T (ε, s)‖ ds

we have

L ′′(ε) =
∫ �

0

∂

∂ε

(〈∇∂/∂εT, T 〉(ε, s)
‖T (ε, s)‖

)
ds.
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Since ∂/∂ε and ∂/∂s are basis vector fields on R2, we see that

∇∂/∂εT = ∇∂/∂ε
{
dV

(
∂

∂s

)}
= ∇∂/∂s

{
dV

(
∂

∂ε

)}
= ∇∂/∂sY = Y ′,

and the integrand in L ′′(ε) can be rewritten as

∂

∂ε

(〈∇∂/∂εT, T 〉
‖T ‖

)
= ∂

∂ε

(〈∇∂/∂sY, T 〉
‖T ‖

)

=
〈∇∂/∂ε∇∂/∂sY, T 〉+ 〈∇∂/∂sY,∇∂/∂εT 〉

‖T ‖ −
〈∇∂/∂sY, T 〉2
‖T ‖3 .

Insert R(T, Y )Y = ∇T∇Y Y−∇Y∇T Y and‖T (0, s)‖ = 1 into the above relation
to obtain

L ′′(0) =
∫ �

0
(〈−R(T, Y )Y + ∇T∇Y Y, T 〉 + 〈∇T Y,∇Y T 〉
− 〈∇T Y, T 〉2

)
(0, s) ds.

The skew-symmetric property of R implies that

〈R(T, Y )Y, T 〉 = 〈R(T, Y⊥)Y⊥, T 〉.

Wealso have 〈∇T∇Y Y, T 〉= T 〈∇Y Y, T 〉−〈∇Y Y,∇T T 〉. By setting ε= 0we get
〈∇T∇Y Y, T 〉(0, s)= (d/ds)〈∇Y Y, T 〉(0, s). Finally we observe from Y (0, s) =
{Y⊥ + 〈Y, T 〉T }(0, s) that the following relation holds at (s, 0):

∇T Y = ∇T Y⊥ + (T 〈Y, T 〉)T + 〈Y, T 〉∇T T

= ∇∂/∂sY⊥ + d

ds
〈Y, γ̇ 〉γ̇ = ∇∂/∂sY⊥ +

〈∇∂/∂sY, γ̇ 〉γ̇ .
From 〈Y⊥, γ̇ 〉 = 0 and the fact that γ is a geodesicwe see that 〈∇∂/∂sY⊥, γ̇ 〉 = 0.
Therefore we have at (0, s)

〈∇T Y,∇Y T 〉 − 〈∇T Y, T 〉2
= 〈∇T Y,∇T Y 〉 − 〈∇T Y, T 〉2
= 〈∇∂/∂sY⊥ + 〈∇∂/∂sY, γ̇ 〉γ̇ , ∇∂/∂sY⊥ + 〈∇∂/∂sY, γ̇ 〉γ̇ 〉− 〈∇∂/∂sY, γ̇ 〉2
= 〈∇∂/∂sY⊥,∇∂/∂sY⊥〉.

This proves Theorem 1.5.1.

Remark 1.5.1. For a piecewise-smooth variation V : (−ε0, ε0)× [0, �]→ M
along γ we can also obtain the second variation formula as follows. Let 0 :=
s0 < s1 < · · · < sk := � be chosen such that Vi := V |(−ε0, ε0)× [si , si+1]→
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M for every i = 0, . . . , k − 1 is smooth, and set Yi (s) := dVi (∂/∂ε)|(0,s) and
Ti (s) := dVi (∂/∂s)|(0,s). The continuity of V implies that Yi (si−1) = Yi−1(si−1)
is tangent to a curve ε �→ Vi−1(ε, si−1) = Vi (ε, si−1) at ε = 0 and also that
Ti−1(si ) = Ti (si ); hence〈∇∂/∂εYi−1, Ti−1〉(si−1) = 〈∇∂/∂εYi , Ti 〉(si−1).
Thus we have

L ′′(0) =
k−1∑
i=0

∫ si+1

si

(〈∇∂/∂s(Yi )⊥,∇∂/∂s(Yi )⊥〉− 〈R((Yi )⊥, γ̇ )γ̇ , (Yi )⊥〉)(s) ds
+ (〈∇∂/∂ε(Yk)⊥, Tk 〉(�)− 〈∇∂/∂ε(Y0)⊥, T0〉(0)).

If V is proper then

L ′′(0) =
k−1∑
i=0

∫ si+1

si

(〈∇∂/∂s(Yi )⊥,∇∂/∂s(Yi )⊥〉− 〈R((Yi )⊥, γ̇ )γ̇ , (Yi )⊥〉)(s) ds.
Definition 1.5.1. Avector field J along a unit-speed geodesic γ is by definition
a Jacobi field along γ iff J satisfies

J ′′ + R(J, γ̇ )γ̇ = 0, (1.5.1)

where J ′ = ∇∂/∂s J and J ′′ = ∇∂/∂s∇∂/∂s J .
Because γ̇ is parallel along itself and R(Y, Z )W is skew symmetric in Y, Z ,

we see that (as + b)γ̇ (s) for every pair of constants a, b is a Jacobi field along
γ . If J1 and J2 are Jacobi fields along γ then 〈J ′1, J2〉 − 〈J1, J ′2〉 = const. In
particular 〈J ′, γ̇ 〉 is constant for every Jacobi field J along γ . Let Jγ be the set
of all Jacobi fields along γ . Then α J1 + β J2 ∈ Jγ for all α, β ∈ R, and hence
Jγ is a vector space over R.
Lemma 1.5.1. Let γ : [a, b]→ M be a geodesic and t0 ∈ [a, b]. Then there
exists for givenu, v ∈ Tγ (t0)M aunique Jacobi field J alongγ such that J (0) = u
and J ′(0) = v.
Proof. Let P1, . . . , Pn = γ̇ be an orthonormal parallel-frame field along γ ,
i.e., g(Pi , Pj ) = δi j and ∇γ̇ Pi = 0. A vector field Y along γ is expressed as
Y = ηi Pi , where ηi : [a, b]→ R for each i is smooth. Then Y ′ = (ηi )′Pi and
Y ′′ = (ηi )′′Pi . If Y satisfies (1.5.1) then

d2ηi

dt2
+ η j Ri

nnj = 0 for all i = 1, . . . , n.

The existence and uniqueness of the solution for given initial conditions is now
clear.
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Remark 1.5.2. From Lemma 1.5.1, Jγ forms a 2n-dimensional vector space.
The variation vector field associatedwith a geodesic variation is a Jacobi field. In
fact, if V is such a geodesic variation and if T := dV (∂/∂t) and Y := dV (∂/∂ε)
then ∇T T = 0. Therefore Y ′′ = ∇T∇T Y = ∇T∇Y T = ∇Y∇T T − R(Y, T )T ,
and (1.5.1) holds for this Y . The converse is true: namely, for a given Jacobi
field J along γ there exists a geodesic variation along γ whose variation vector
field is J .

Lemma 1.5.2. Let γ : [0, �]→M be a geodesic with p = γ (0) and u =
γ̇ (0) ∈ TpM. For every vector v ∈ TpM let J (t) := d(expp)tu tv. Then J is a
Jacobi field along γ with

J (0) = 0, J ′(0) = v.

Proof. Consider a variation V : (−ε0, ε0) × [0, �] → M along γ such that
V (ε, t) := expp t(u + εv). Clearly each variational curve Vε is a geodesic and
we see from the construction of V that if J (t) = dV (∂/∂ε)|(0,t) then J (0) = 0
and J ′(0) = ∇∂/∂tdV (∂/∂ε)|(0,0) = ∇∂/∂εdV (∂/∂t)|(0,0) = v.

Definition 1.5.2. Let γ : [0, �]→ M be a geodesic. A point γ (t0) is conjugate
to p = γ (0) iff there exists a nontrivial Jacobi field J along γ such that
J (0) = J (t0) = 0.

In view of Lemma 1.5.2, γ (t0) is conjugate to γ (0) along γ iff expp is
singular at t0γ̇ (0). In other words, a point γ (t0) is not conjugate to γ (0) along
γ iff d(expp) has maximal rank at t0γ̇ (0). Let J 0

γ (t0) be the set of all Jacobi
fields along γ vanishing at γ (0) and γ (t0). The J 0

γ (t0) form a linear subspace
of Jγ . If the dimension of J 0

γ (t0) is positive then it is called the multiplicity of
the conjugate point γ (t0). The rank of d(expp)t0γ̇ (0) is equal to n − dimJ 0

γ (t0).

Lemma 1.5.3. Assume that a geodesic γ : [ 0, �]→ M has no point conjugate
to p = γ (0) along γ . Then γ has the locally minimizing property.

Proof. It follows from the assumption that d(expp) has maximal rank at
t γ̇ (0), t ∈ [0, �]. Therefore there exists an open set� ⊂ M̃ p around the segment
{t γ̇ (0); 0 ≤ t ≤ �} such that expp |� : � → M is regular. If V : (−ε0, ε0) ×
[0, �]→ M is a variation of γ such that V (ε, 0) = γ (0), V (ε, �) = γ (�) for all
ε ∈ (−ε0, ε0) then it is lifted into M̃ p via expp |�. Note that a geodesic polar
coordinate system around p is not defined on �, for expp |� is not necessarily
one-to-one. The regularity of expp |� then implies that γ has only finitely many
self-intersections. Therefore� can be decomposed into finitely many domains
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on each of which geodesic polar coordinates around p make sense. Thus the
Gauss lemma 1.2.1 applies, giving L(ε) > L(0) for all ε ∈ (−ε0, ε0) \ {0}.

The geometric meaning of the sectional and Ricci curvatures are interpreted
with the aid of Jacobi fields. We take unit vectors u, v ∈ Sp(1) with u ⊥ v and
a geodesic γ with γ (0) = p, γ̇ (0) = u. If J is a Jacobi field along γ such
that J (0) = 0, J ′(0) = v and U := γ̇ and if V is the parallel field along γ
generated by V (0) = v then we have

J (t) = tV (t)− t3

3!
R(V (t),U (t))U (t)+ o(t3) (1.5.2)

for sufficiently small t . If S1(t) is a circlewith sufficiently small radius t centered
at the origin of the planeσ spannedbyu andv then expp S

1(t) has velocity vector
J (t). Therefore the length of expp S

1(t) is 2π‖J (t)‖ = 2π t(1 − (t2/3!)Kσ +
o(t2)). Thus Kσ is interpreted as the divergence of the geodesics emanating
from p.
Next, we take an orthonormal basis e1, . . . , en = γ̇ (0) for TpM . Let dσ be

the volume element of Sp(1). Let Yi for each i = 1, . . . , n− 1 be a Jacobi field
along γ such that Yi (0) = 0, Y ′i (0) = ei . Then

(expp)
∗
tu dM = (det d(expp)tu) dσ ∧ dt.

Thus we have

det d(expp)tu = |Y1 ∧ Y2 ∧ · · · ∧ Yn−1 ∧ γ̇ |(t).

Therefore RicM (u) gives the limit as t → 0 of the ratio of the area element of
Sn−1(t) := expp t Sp(1) at the point expp tu and the area element of Sp(1).
We shall provide examples of Riemannian n-manifolds of constant sectional

(and Ricci) curvature.

Example 1.5.1 (Euclidean space). Let M := Rn . The canonical metric ds2 is
expressed as ds2 := δi j dxi dx j for (x1, . . . , xn) ∈ Rn . All the Christoffel
symbols are zero and Ri jk� = 0 for all indices. Thus the sectional (and Ricci)
curvature of Rn is zero.

Example 1.5.2 (Geographic coordinates on n-sphere). LetM :=Sn(r )⊂Rn+1

be the standard n-sphere with radius r . Set

D := {x = (x1, . . . , xn) ∈ Rn;−πr/2 < x1, . . . , xn−1 < πr/2,

−πr < xn < πr}.
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Let ϕ : D→ Sn(r ) ⊂ Rn+1 be defined by setting ϕ = (ϕ1, . . . , ϕn),

ϕk(x) : = r sin
xk

r

k−1∏
�=1

cos
x�

r
for k = 1, . . . , n,

ϕn+1(x) : = r
n∏
�=1

cos
x�

r
.

Then x := ϕ−1 defines a coordinate map on a domain U := {x ∈ Sn(r ); xn �=
0, xn+1 > 0}. Since Xi = dϕ(∂/∂xi ) and

gi j = dϕ(∂/∂xi ) dϕ(∂/∂x j ) for i, j = 1, . . . , n,

we observe that

g11 = 1, g1i = 0 for all i = 2, . . . , n,

gi j = δi j
i−1∏
�=1

cos2
x�

r
for all i, j > 1

and also

gi j = δi j
i−1∏
�=1

cos−2
x�

r
.

Further computations show that

�i
jk = �k

kk = 0 for all i �= j �= k �= i,

�k
k j = � j

kk = 0 for all j ≥ k,

�k
j j =

1

r
tan

xk

r

j−1∏
�=k

cos2
x�

r
for all k < j,

�
j
k j = −

1

r
tan

xk

r
for all k < j .

Making use of

Ri jk� = 1
2 (∂ j∂�gki + ∂k∂i g j� − ∂i∂�g jk − ∂ j∂kgi�)
+ gab

(
�a
ik�

b
j� − �a

i��
b
jk

)
,

we see that

Ri jk� = 0 and Ri jki = 0 for all distinct indices.

Then Rikik for i > k is expressed as

Rikik = 1
2∂k∂kgii +

∑
a<k

gaa�
a
ii�

a
kk − gii

(
�i
ik

)2 = −gii gkk
r2

.
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Thus Ri jk�= (1/r2)(gikg j�− gi�g jk), and hence R(X�, Xk)X j = (1/r2) ×
{g jk X� − g j�Xk}. Therefore we have, for u, v,w ∈ TpM ,

R(u, v)w = 1

r2
(〈v,w〉u − 〈u,w〉v) .

In particular, the sectional and Ricci curvatures are constants, 1/r2 and
(n − 1)/r2 respectively.

Example 1.5.3 (Hyperbolic space). Let Hn(−c2) be a Riemannian manifold
defined on an open half space {x = (x1, . . . , xn) ∈ Rn; xn > 0} of Rn with
metric

ds2 := δi jdxidx j

c2(xn)2
.

This is a complete Riemannian manifold. It can be shown that

�i
jk = 0 for all distinct indices,

�i
nn = �n

ni = �i
j j = �i

j i = �i
i i = 0 for all i, j = 1, . . . , n − 1,

�i
ni = �n

nn = −
1

xn
= −�n

ii for all i = 1, . . . , n − 1.

We see from

Ri jk� = 1
2 (∂ j∂�gki + ∂k∂i g j� − ∂i∂�g jk − ∂ j∂kgi�)
+ gab

(
�a
ik�

b
j� − �a

i��
b
jk

)
that

Ri jk� = 0 and Ri jki = 0 for all distinct indices,

Rikik = 1
2∂i∂i gkk + gnn�

n
ii�

n
kk = c2gii gkk for all i > k.

Thus we have

Ri jk� = −c2(gikg j� − gi�g jk),

and hence R(X�, Xk)X j = −c2(g jk X� − g j�Xk). The sectional and Ricci
curvatures of Hn(−c2) are therefore −c2 and −(n − 1)c2 respectively.

1.6 Index form

We now discuss the locally minimizing property of a geodesic admitting a
conjugate pair. The index form of a geodesic γ is introduced as a symmetric
bilinear form on the space of vector fields along γ . If γ has no conjugate pair
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along it then Lemma 1.5.3 implies that it is locally minimizing. In this case the
index form of γ is positive definite.

Definition 1.6.1. LetX be the set of all (piecewise-) smooth vector fields along
a fixed geodesic γ : [0, �]→ M and letX⊥ be the set of all (piecewise-) smooth
vector fields along γ orthogonal to it. Define the index form I : X × X → R
of γ as follows. Let X, Y ∈ X and 0 = t0 < t1 < · · · , < tk = � be such that
X |[ti−1,ti ] and Y |[ti−1,ti ] for all i = 1, . . . , k − 1 are smooth. Then

I (X, Y ) :=
k∑

i=1

∫ ti

ti−1
(〈X ′i , Y ′i 〉 − 〈R(Xi , γ̇ )γ̇ , Yi 〉) dt.

Clearly I is symmetric and bilinear. If X and Y are smooth then

I (X, Y ) = 〈X ′, Y 〉|�0 −
∫ �

0
(〈X ′′ + R(X, γ̇ )γ̇ , Y 〉) dt

= 〈X, Y ′〉|�0 −
∫ �

0
(〈Y ′′ + R(Y, γ̇ )γ̇ , X〉) dt.

Therefore, if Y is a Jacobi field along γ then

I (X, Y ) = 〈X, Y ′〉|�0
for all X ∈ X .

Lemma 1.6.1. Let γ : [0, �]→ M be a geodesic with a point γ (t0) conjugate
to p = γ (0) along it for t0 ∈ (0, �). Then there exists a piecewise-smooth
variation V : (−ε0, ε0)× [0, �]→ M of γ such that L(ε) < L(0) for ε > 0.

Proof. From our assumption about γ we have a nontrivial Jacobi field J along
it such that J (0) = J (t0) = 0. Let P ∈ X⊥ be a parallel field along γ generated
by −J ′(t0) �= 0 and let f : [0, �] → [0, 1] be a smooth function such that
f (0) = f (�) = 0 and f (t0) = 1. For a small positive number h we define a
vector field Yh by

Yh(t) :=
{
J (t)+ h( f P)(t) for 0 ≤ t ≤ t0,

h( f P)(t) for t0 ≤ t ≤ �.
Then Yh ∈ X⊥ and Yh(0) = Yh(�) = 0. Therefore

I (Yh, Yh) = 〈J, J ′〉(t0)+ 2h〈J ′, f P〉(t0)+ h2 I ( f P, f P).

Because of J ′(t0) = −P(t0) we have
I (Yh, Yh) = −2h〈J ′, J ′〉(t0)+ h2 I ( f P, f P) < 0

for sufficiently small h > 0.
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Now consider the set X ′
⊥ := {Y ∈ X⊥; Y (0) = Y (�) = 0}. We will show

that the space of all Jacobi fields in X ′
⊥ is characterized by the null space of I

in X ′
⊥.

Lemma 1.6.2. A vector field J ∈X ′
⊥ is a Jacobi field iff I (J, Y ) = 0 for all

Y ∈ X ′
⊥.

Proof. If J ∈ X ′
⊥ is a Jacobi field, it is clear that I (J, Y ) = 0 for all Y ∈ X ′

⊥. If
J ∈ X ′

⊥ satisfies I (J, Y ) = 0 for allY ∈ X ′
⊥,we then choose 0 = t0, . . . , tk = �

so that Ji := J |[ti−1,ti ] for all i = 1, . . . , k is smooth. Let fi : [ti−1, ti ]→ [0, 1]
be a smooth function such that fi (ti−1) = fi (ti ) = 0 and fi > 0 on (ti−1, ti ),
and set Zi := fi (J ′′i + R(Ji , γ̇ )γ̇ ). Then setting Z (t) := Zi (t) for t ∈ [ti−1, ti ]
we see that

0 = I (J, Z ) =
k∑

i=1

∫ ti

ti−1
fi ‖J ′′i + R(Ji , γ̇ )γ̇ ‖2 dt.

Thus Ji for each i = 1, . . . , k − 1 is a Jacobi field along γ |[ti−1,ti ]. To prove
the smoothness of J we choose a vector field Z̃ ∈X ′

⊥ such that for each i =
1, . . . , k − 1 we have Z̃ (ti ) = J ′i+1(ti )− J ′i (ti ). Then

0 = I (J, Z̃ ) =
k∑

i=1
〈J ′, Z̃〉|titi−1 =

k−1∑
i=1
‖J ′i+1 − J ′i ‖2 (ti ).

Theorem 1.6.1. Let γ : [0, �]→ M be a geodesic without a point conjugate
to γ (0) along it. If J is a Jacobi field along γ with 〈J, γ̇ 〉 = 0 and if X ∈ X⊥
satisfies X �= J , X (0) = J (0) and X (�) = J (�) then

I (X, X ) > I (J, J ).

Proof. Since X − J ∈ X ′
⊥ and X − J �= 0, we have from the above observation

that I (X − J, X − J ) > 0. Thus we conclude the proof with

I (X − J, X − J ) = I (X, X )− 2I (X, J )+ I (J, J )

= I (X, X )− 2〈X, J ′〉|�0 + 〈J, J ′〉|�0
= I (X, X )− I (J, J ).

Remark 1.6.1. We observe from Theorem 1.6.1 that there exists for any given
0 ≤ t0 < t1 ≤ � and for any given vectors u ∈ Tγ (t0)M and v ∈ Tγ (t1)M a
unique Jacobi field J such that J (t0) = u and J (t1) = v.
The above discussion yields a refinement in the statement of Lemma 1.5.3.
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Proposition 1.6.1. The index form of a geodesic γ : [0, �] → M is positive
definite on X ′

⊥ iff γ contains no conjugate pair.

Proof. Assume first that I is positive definite on X ′
⊥. Suppose that γ (t0) is

conjugate to p := γ (0) along γ for some t0 ∈ (0, �). Lemma 1.6.1 then implies
that there is a Jacobi field Y ∈ X ′

⊥ such that I (Y, Y ) < 0, a contradiction.
Assume that γ contains no conjugate pair and set q := γ (�). Then

expp |[0,�]γ̇ (0) and expq |[−�,0]γ̇ (�) are regular. If Y ∈X ′
⊥ satisfies Y (t0) �= 0 for

some t0 ∈ (0, �), we then have a plane triangle in M̃ p with edges �γ (0) and
[d(expp)t0γ̇ (0)]

−1(Y (t0)) having a right angle at the corner �γ̇ (0). Also we have a
plane triangle in M̃q with edges−�γ̇ (�) and [d(expq )(t0−�)γ̇ (�)]−1 Y (t0). As in the
proof of theGauss lemma 1.2.1, we can construct a broken geodesic proper vari-
ation Ṽ : (−ε, ε)×[0, �]→ M along γ as follows. IfV : (−ε, ε)× [0, �]→ M
is a proper variation along γ associated with Y such that V (s, t0) = Ṽ (s, t0)
for all s ∈ (−ε, ε) then the Gauss lemma 1.2.1 implies that L(V (s)) ≥ L(Ṽ (s))
for all s ∈ (−ε, ε) and that L(V (0))= L(Ṽ (0))= �. If J is the variation vec-
tor field associated with Ṽ then J is a broken Jacobi field such that J (0) =
Y (0) = 0, J (�) = Y (�) = 0 and J (t0) = Y (t0). From Theorem 1.6.1 it fol-
lows that I (Y, Y )>= I (J, J ) > 0. Then I (J, J ) = L ′′(Ṽ (0)) follows from the
construction of Ṽ .

Finally we discuss the relation between the second fundamental form of
geodesic spheres in M and the index form.
For an arbitrary fixed point p ∈ M and a vector u0 ∈ M̃ p such that expp is

regular at u0, we choose a domain W ∈ M̃ p such that u0 ∈ W and expp |W :
W → M is an embedding. Setting q := expp u0 and � := ‖u0‖, we define a
piece of smooth geodesic �-sphere N around q by N := (expp |W )(Sp(�)∩W ).
For every point x ∈ N there is a unique geodesic γx : [0, �] → M such that
γx (0) = p, γx (�) = x and �γ̇ (0) ∈ Sp(�) ∩ W . A unit field ξ normal to N is
defined by

ξ (x) := −γ̇x (�), x ∈ N .

For each v ∈ Tq N and for a smooth curve c : (−ε, ε) → N such that c(0) =
q, ċ(0) = v we define a geodesic variation V : (−ε, ε) × [0, �] → M along
γ := γq by

V (s, t) := γc(s)(t), (s, t) ∈ (−ε, ε)× [0, �].

If Y is the variation vector field associated with V then Y must be a Jacobi
field along γ such that Y (0) = 0, Y (�) = v. The second variation formula then
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implies that

0 = L ′′(Vs)|s=0 =
∫ �

0
(〈Y ′, Y ′〉 − 〈R(Y, γ̇ )γ̇ , Y 〉) dt − 〈∇∂/∂εY, γ̇ 〉|�0.

Since γ̇ (�) = −ξ (q) we see that

〈∇∂/∂εY, γ̇ 〉(0, �) = −〈Aξ v, v〉.

Therefore we have

〈Aξ v, v〉 = 〈Y, Y ′〉(�) = I (Y, Y ), v ∈ Tq N .

Thus the principal curvatures of Aξ are obtained from the index forms of Jacobi
fields along radial geodesics.

Example 1.6.1. Let M = Rn be as in Example 1.5.1. Then Y (t) = (t/�)E(t),
where E is the parallel field along γ and is generated by v =: E(�). We then
have I (Y, Y ) = ‖v‖2/� and Aξ = (1/�)En−1. The principal curvatures of the
�-sphere are all equal to a constant, 1/�.

Example 1.6.2. Let M = Sn(r ) be a round r -sphere as in Example 1.5.2. Then

Y (t) = sin(t/r )

sin (�/r )
E(t) and R(Y, γ̇ )γ̇ = 1

r2
Y.

Thus we have I (Y, Y ) = cot (�/r )‖v‖2 and

Aξ =
{
cot (�/r )En−1 r �= πr/2,
0 r = πr/2.

Example 1.6.3. Let M = Hn(−c2) be as in Example 1.5.3. Then Y (t) =
(sinh ct/sinh c�)E(t) and R(Y, γ̇ )γ̇ = −c2Y . It can be shown that I (Y, Y ) =
‖v‖2 coth c� and Aξ = coth c� En−1.

1.7 Complete Riemannian manifolds

Riemannian manifolds carry the structure of metric spaces. First we will prove
the fundamental theorem in Riemannian geometry. Then, by using the index
form and Jacobi fields, we will prove the Whitehead convexity theorem [108]
and the completeness theorem due to Hopf, Rinow and de Rham. It will be
shown that the topology of every Riemannian manifold M is equivalent to that
of M as a metric space.
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First of all the distance function d on M is defined, as follows. To a pair of
points p, q ∈ M a nonnegative number d(p, q) is assigned according to

d(p, q) := inf
c
L(c),

where the infimum is taken over all piecewise-smooth curves joining p to q.
In view of Lemma 1.2.2 it is not difficult to check that the above d defines a
distance on M . Thus M carries the structure of a metric space with distance
function d induced from g. A geodesic γ : [0, �]→ M is said to beminimizing
(or minimal ) if its length realizes the distance between its endpoints.
We denote by B(p, r ) = {x ∈ M ; d(p, x) < r } the open r -ball centered at

p, and by B(p, r ) its closure.

Definition 1.7.1

(1) An open set A ⊂ M is said to be convex iff any points p, q ∈ A can be
joined by a minimizing geodesic whose image lies entirely in A.

(2) The convexity radius conv p of p ∈ M is the maximal radius of open balls
centered at p that are convex. The convexity radius conv A of a set
A ⊂ M is the infimum of conv over A.

(3) A set A ⊂ M is said to be locally convex iff for every point p ∈ A there
exists a small positive number r such that A ∩ B(p, r ) is convex.

(4) A function f : M → R is said to be convex iff f ◦ γ is convex for every
geodesic γ .

Theorem 1.7.1 (J. H. C. Whitehead). There exists a (Lipschitz) continuous
positive function conv : M → R such that, for any point q ∈ B(p, conv p), if
B(q, s) ⊂ B(p, conv p) then B(q, s) is convex.

Proof. To show the existence of a convex ball around each point p ∈ M , we
set

K := max
π (σ )∈B(p,i(p))

|Kσ |.

From Theorem 1.2.2 and (1.4.5), there exists a constant a(p)> 0 with the
property that if J ∈X⊥ is a Jacobi field with J (0) = 0 along a geodesic
γ : [0, �]→M such that γ (0)= p and �< a(p) then 〈J, J ′〉(�)> 0. Set
α(p) := min{i(p)/2, a(p)}. From Lemma 1.2.2 we see that every point
q ∈ B(p, α(p)) is joined to p by a unique minimizing geodesic. Let c be a
geodesic with c(0) ∈ B(p, α(p)) and let V : (−ε0, ε0)× [0, 1]→ B(p, α(p))
be a geodesic variation defined by V (ε, t) := expp t(expp |Up )

−1 ◦ c(ε). Then
L ′′(ε)> 0 for all ε with c(ε) ∈ B(p, α(p)). This means that the distance
function to p is convex on B(a, α(p)). Therefore B(p, α(p)) is convex. To
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conclude the proof we only need to define conv as follows. Let convp be
the supremum of all α(p) that have the following property: if B(q, s) ⊂
B(p, α(p)) then B(q, s) is convex. It follows from the definition of conv that
|conv p − conv q| ≤ d(p, q), and hence conv p is Lipschitz continuous with
Lipschitz constant 1.

The fundamental theorem in Riemannian geometry is stated as follows:

Theorem 1.7.2. The topology of a Riemannian manifold M is equivalent to
that of M as a metric space.

Exercise 1.7.1. Prove Theorem 1.7.2.

The completeness theorem due to Hopf, Rinow and de Rham is summarized
as follows.ARiemannianmanifoldM is called complete iff (M, d) is a complete
metric space.

Theorem 1.7.3 (Hopf–Rinow–de Rham). Let M be a Riemannian manifold
with distance function d induced from g. Then the following, (1)–(3), are equiv-
alent.

(1) M is complete.
(2) M̃ p = TpM for all points p ∈ M.
(3) M̃ p = TpM for some point p ∈ M.

In particular, if M is complete then any two points can be joined by aminimizing
geodesic.

Proof. (1) implies (2) and hence (3). To see this suppose that there is a vector
u ∈ TpM \ M̃ p for some point p ∈ M . Then there is a t0 > 0 such that tu ∈ M̃ p

for all t ∈ (0, t0) and t0u /∈ M̃ p. If γu(t) := expp tu then we can find a Cauchy
sequence {expp t j u} for which lim j→∞ t j = t0. The completeness of M then
implies that γu(t0) ∈ M , a contradiction.
To prove the final statement, we set

Cρ := {x ∈ B(p, ρ); x is joined to p by a minimizing geodesic }.
It follows from Lemma 1.2.2 that Cρ = B(p, ρ) for all ρ ∈ (0, i(p)). Set-
ting ρ0 := sup{ρ > 0; Cρ = B(p, ρ)}, we assert that Cρ0 = B(p, ρ0) and that
B(p, ρ) is compact for all ρ ∈ (0, ρ0]. Suppose that there is a sequence
{q j } of points in B(p, ρ0) such that lim j→∞ q j = q . Let γ j : [0, � j ]→M be
a minimizing geodesic with γ j (0)= p, γ j (� j )= q j and � j <ρ0. Clearly both
{γ̇ j (0)} ⊂ Sp(1) and {� j }have convergent subsequences, say, limk→∞ γ̇k(0) = v
and limk→∞ � j = �. Since the solution for a geodesic depends continuously on
the initial condition, we have a geodesic γ (y) = expp tv, t ∈ [0, �] such that
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γ (0) = p and γ (�) = q . The continuity of d now implies that γ is minimizing
and that q ∈Cρ0 . The above discussion shows the sequential compactness of
B(p, ρ) for all ρ ∈ (0, ρ0].
We next assert that Cρ0 = B(p, ρ0) = M . Suppose that M \ B(p, ρ0) �= ∅.

Then there is a point such that the distance from that point to B(p, ρ0) is a > 0.
The set ∂B(p, ρ0) �= ∅ is compact. Theorem 1.7.1 implies the existence of a
small positive number h < a such that h = conv ∂B(p, ρ0). Let

W :=
⋃

x∈∂B(p,ρ0)
B(x, h/4).

For any point y ∈W we can find an x ∈ ∂B(p, ρ0) such that d(x, y)< h/4. If
z ∈ ∂B(p, ρ0) is a point such that d(y, z)= d(y, B(p, ρ0)) then z ∈ B(y, h/2)⊂
B(x, h). Theorem 1.7.1 implies that z is joined to y by a unique minimizing
geodesic. Since z ∈ B(p, ρ0) = Cρ0 , it is also joined to p by a minimizing
geodesic. The union of these geodesics together forms a minimizing geodesic
with length d(p, y). Clearly B(p, ρ0+h/4) ⊂ B(p, ρ0)∪W , and hencewe have
B(p, ρ0 + h/4) = Cρ0+h/4. This contradicts the choice of ρ0, which proves the
final statement, (3).
It is now clear that (3) implies (1).

In the study of the curvature and topology of Riemannian manifolds, the
Alexandrov–Toponogov triangle comparison theorem is essential. We state it
without proof.

Theorem 1.7.4 (The triangle comparison theorem). Let M be a complete
Riemannian manifold whose sectional curvature is bounded below by a con-
stant k for all plane sections. If� = �(αβγ ) is a triple of minimizing geodesics
forming a triangle in M then a corresponding triangle �̃ = �̃(α̃β̃γ̃ ) having
the same edge lengths as � can be drawn on the complete simply connected
2-manifold M2(k) of constant curvature k such that every angle of� is not less
than the corresponding angle of �̃.

1.8 The short-cut principle

In this section let M be a complete Riemannian n-manifold. A basic tool em-
ployed throughout this book is the short-cut principle.

Lemma 1.8.1 (The short-cut principle). Let γi : [0, ai ] → M for i = 1, 2 be
(minimizing) geodesics, with γ1(0) = γ2(0) = x such that γ1 and γ2 make an
angle θ at x. If θ < π then there exists for a sufficiently small h > 0 a geodesic
polygon P joining γ1(a1) to γ2(a2) such that a1 + a2 − L(P) > h cos(θ/2).
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Proof. Let α : [0, r ]→ M be a geodesic with α(0) = x such that α̇(0) bisects
the angle at x between γ̇1(0) and γ̇2(0). If α̇⊥(h)⊂ Tα(h)M for small h > 0 is
the hyperplane orthogonal to α̇(h) and if conv is the convexity radius function
as in Theorem 1.7.1 then the point expα(h){α̇⊥(h)∩ B(0, convα(h))} intersects
γi [0, ai ] at a point pi . The distance function s �→ d(pi , α(s)) is smooth con-
vex and takes its minimum at α(h), and the first variation formula implies
that

d

ds
d(pi , α(s))|s=0 = −cos θ

2
for i = 1, 2.

Therefore we have

d(pi , α(h)) = d(pi , x)− h cos
θ

2
+ h2

2

d2

ds2
d(pi , α(ηi h))

for some ηi ∈ (0, 1). The last term on the right-hand side of the above equation
is determined by the index form along geodesics in a convex ball. Thus we find
a small h0 > 0 depending only on local invariants on a compact set A such that,
for every h ∈ (0, h0),

−h cos θ
2
+ h2

2

d2

ds2
d(pi , α(ηi h)) ≤ −h

2
h cos

θ

2
.

If P := γ1(a1)p1 ∪ p1 p2 ∪ p2γ2(a2) is a broken geodesic obtained by joining
γ1(a1), p1, p2 and γ2(a2) in this order then

a1 + a2 − L(P) =
2∑

i=1
{d(pi , x)− d(pi , α(h))} > h cos

θ

2
.

Remark 1.8.1. Let A ⊂ M be a closed set and p /∈ A. If γ : [0, �]→ M is a
minimizing geodesic with γ (0) = p and γ (�) ∈ A such that L(γ ) = d(p, A),
we call γ a minimizing geodesic from p to A. Then γ |[s,�] for every s ∈ (0, �)
is a unique minimizing geodesic from γ (s) to A. Namely, two minimizing
geodesics drawn to A cannot meet in the interior of either geodesic. This fact
is a direct consequence of the short-cut principle.

Now let c : [0, 1] → M be a curve with c(0) = p, c(1) = q. By means of
the short-cut principle we can construct a homotopy between c and a geodesic
in the space of all curves joining p to q such that the length of the homotopy
curves is decreasing.
Let A be a compact set containing the L(c)-ball around c[0, 1] and set 2r0 :=

convA. For a small fixed positive number η and for a large fixed number m we



1.8 Short-cut principle 33

take a partition 0 = a0 < a1 < · · · < am = 1 such that

η < L(c|[a j ,a j+1]) < 1
2r0 for all j = 0, . . . ,m − 1.

Let γ j,t : [a j , (1− t)a j + ta j+1]→ M be a unique minimizing geodesic with
γ j,t (a j ) = c(a j ) and γ j,t ((1− t)a j + ta j+1) = c((1− t)a j+ ta j+1). Clearly γ j,0
is a point curve and γ j,1 is a minimizing geodesic joining c(a j ) to c(a j+1). Let
P := pc(a1)∪ c(a1)c(a2)∪ · · · ∪ c(am−1)q be a broken geodesic joining p to
q. A homotopy H : [0, 1]×[0, 1]→ M between c and P is obtained as follows:

H (t, s) :=
{
γ j,t (s) for s ∈ [a j , (1− t)a j + ta j+1),

c(s) for s ∈ [(1− t)a j + ta j+1, a j+1).

From the construction of H we observe that H (0, s) = c(s) and that the image
of H (1, ·) is P . Then the short-cut principle implies that L(H (t, ·)) is strictly de-
creasing in t unless c is a geodesic. This H will be called the length-decreasing
deformation of c.

Lemma 1.8.2. Let c : [0, 1]→ M be a curve joining p to q. Then there exists
a geodesic γ having the same extremal points as c such that γ is homotopic to
c and L(γ ) ≤ L(c).

Proof. Using the same notation as above, we set P0 := P . The corners of
P0 are expressed as p0,0 := p, p0,1, . . . , p0,m := q. Let q0,i for every i =
1, . . . , m − 1 be the midpoint of an edge p0,i−1 p0,i of P0, and let q0,0 := p,
q0,m := q. Similarly, let p1,i for every i = 1, . . . ,m − 1 be the midpoint of
an edge q0,i q0,i+1 and set p1,0 := p, p1,m := q . If P1 is the broken geodesic
P1 := pp1,0 ∪ · · · ∪ p1,m−1q , we then observe that P1 is homotopic to a broken
geodesic pq0,1 ∪ · · · ∪ q0,m−1q and that this curve is also homotopic to P via
a length-decreasing deformation. Thus a sequence {Pj } of broken geodesics
joining p to q is obtained in a compact set A such that Pj is obtained by a length-
decreasing deformation of Pj−1 for all j . Moreover the corners p j,0, . . . , p j,m
of Pj are in this order and d(p j,i , p j,i+1) < r0/2 for all i and j . The Ascoli
theorem implies that there is a subsequence {Pk}of {Pj } such that {pk,i } for every
i = 1, . . . ,m−1 converges to a point p∞,i . Let P∞ := pp∞,1∪· · ·∪ p∞,m−1q.
To see that P∞ is a geodesic joining p to q , suppose that the angle θi at some
corner p∞,i of P∞ is less than π . By Lemma 1.8.1 we then find for a sufficiently
small fixed h > 0 a large number k such that

d(p∞, j , pk, j ) <
h

4m
cos

θi

2
for all j = 1, . . . , m − 1,

L(Pk)− L(Pk+1) >
h

2
cos

θi

2
.
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Then

L(P∞) < L(Pk+1) < L(Pk)− h

2
cos

θi

2

and also

L(P∞) > L(Pk)− 2
m−1∑
j=1

d(p∞, j , pk, j ) > L(Pk)− 2(m − 1)h

4m
cos

θi

2
,

a contradiction.

1.9 The Gauss–Bonnet theorem

In this section we prove the well-known Gauss–Bonnet theorem without using
the Green–Stokes theorem. Our proof does not require the orientability of sur-
faces and domains. It is very interesting to generalize it for closed Alexandrov
surfaces and Busemann G-surfaces as well.
Let M be a connected, compact (not necessarily oriented) Riemannian

2-manifold, dM the Lebesgue measure and G the Gaussian curvature. Let� ⊂
M be a domain whose boundary ∂� consists of a finite union of piecewise-
smooth simple closed curves c1, . . . , ck . Let e be the inward-pointing unit nor-
mal field along the smooth pieces of ∂�. The curvature measure over � is
written as

c(�) :=
∫
�

G dM (1.9.1)

and is called the total curvature of �. Let ωi,1, . . . , ωi,ri be the inner angles of
the corners of ci and ki its geodesic curvature vector. Let I be a measurable set
on ci . The total geodesic curvature λ(I ) of I is given by

λ(I ) :=
∫
I
〈ki , e〉 ds +

∑
I

(π − ωi, j ),

where the second term on the right-hand side is a sum over the corners lying
in I . The inner angles of ∂� are independent of the orientation of �. Thus we
observe that

λ(∂�) :=
k∑

i=1
λ(ci ) =

k∑
i=1

{∮
ci

〈ki , e〉 ds +
ri∑
j=1

(π − ωi, j )
}

(1.9.2)

is independent of the orientation of ∂�; it is called the total geodesic curvature
of ∂�. With this notations theGauss–Bonnet theoremwill be stated as follows.
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The Gauss–Bonnet theorem. If χ (�) is the Euler characteristic of � then

c(�)+ λ(∂�) = 2πχ (�). (1.9.3)

In particular if M has no boundary then

c(M) = 2πχ (M). (1.9.4)

The following two lemmas are needed for the proof of the above theorem.
These lemmas are independent of the orientation of M .

Lemma 1.9.1. Let � = �(pqr ) ⊂ M be a geodesic triangle, with vertices
at p, q and r, that is contained entirely in a convex ball. If A, B and C are the
inner angles of � then

c(�) = A + B + C − π. (1.9.5)

Proof. If x and y are in a convex ball then there is a uniqueminimizing geodesic
xy joining x to y. For a sufficiently large number N the edges of � are di-
vided into N sufficiently small subarcs by taking points p0,0, . . . , pN ,0 on
qr , q0,0, . . . , q0,N on rp and r0,0, . . . , r0,N on qp such that q = p0,0 = r0,0,
r = pN ,0 = q0,0 and p = r0,N = q0,N . For each i, j = 1, . . . , N − 1 we set

pi, j := ppi,0 ∩ r0, j q0, j .
Let ✷i j be the oriented rectangle with vertices at pi, j , pi+1, j , pi+1, j+1 and
pi, j+1. Let θi j be the oriented angle obtained by the parallel translation of
vectors at pi, j along ✷i j and let ui and vi be unit vectors at pi, j tangent to the
geodesics pi, j pi+1, j and pi, j pi, j+1 respectively. If α is the angle between ui
and vi and if ai := d(pi, j , pi+1, j ) and bi := d(pi, j , pi, j+1) then (1.3.5) implies
(infinitesimally)

−R(ui , vi )vi = θi j

ai bi

{
cos

(π
2
+ α

)
ui + sin

(π
2
+ α

)
u⊥i
}
,

where u⊥i is defined by vi := ui cosα + u⊥i sinα. Thus we see that

G(pi, j ) Area✷i j = θi j .
If τ : TqM → TqM is the parallel translation along � then summing up the
above relation over all i, j = 1, . . . , N and letting N→∞ , we see that c(�) is
the oriented angle obtained by τ . Ifw ∈ TqM is tangent to qr then � (τ (w),w) =
A + B + C − π .

Lemma 1.9.2. Let D ⊂ M be a disk domain contained entirely in a convex
ball such that ∂D consists of twominimizing geodesics pq, pr and a unit-speed
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smooth curve c : [0, �]→ M with c(0) = q and c(�) = r . Let e be the inward-
pointing unit normal vector field along c and k(s) the geodesic curvature vector
at c(s). Assume that all the interior points of pc(s) for all s ∈ (0, �) are in D.
If A, B and C are the inner angles of D at p, q and r respectively then

c(D)+
∫ �

0
〈k, e〉(s) ds = A + B + C − π.

Proof. Let 0 = s0 < s1 < · · · < sN = � be a partition of [0, �] and set
pi := c(si ). We approximate c[0, �] by a broken geodesic PN := p0 p1 ∪
p1 p2 ∪ · · · ∪ pN−1,N pN , where si+1 − si < �/N . If DN is the disk domain
bounded by the geodesics pq, pr and PN then limN→∞ DN = D, and hence

c(D) = lim
N→∞

c(DN ).

If ωi is the inner angle of DN at pi for i = 1, . . . , N − 1 then Lemma 1.8.1
implies that

c(DN ) = A + B + C − π +
N−1∑
i=1

(ωi − π ).

For each i = 1, . . . , N − 1 we denote by σi : [0, 1] → M the minimizing
geodesic with σi (0) = pi and σi (1) = pi+1. Since c is smooth, there is a point
zi = c(s̃i ) for s̃i ∈ (si , si+1) and for i = 1, . . . , N − 1 with the following
properties. If γ± : [0, a±]→ M are minimizing geodesics with γ±(0) = c(s̃i ),
γ+(a+) = c(si+1) and γ−(a−) = c(si ) then

|� (γ̇+(a+), σ̇i (1))− � (γ̇+(0), ċ(s̃i ))|
+ |� (ċ(s̃i ), −γ̇−(0))− � (σ̇i (0), −γ̇i (a−))|
< Area {�(c(si )c(s̃i )c(si+1))} sup

D
|G| < C(si+1 − si )

2.

Here C is a positive constant depending only on the set D. Let τx : T M |B(x,r (x))
→ TxM be the parallel translation along minimizing geodesics from points on
the convex ball B(x, r (x)) to TxM . Then (1.3.3) implies that

‖τzi (ċ(si+1))− ċ(s̃i )‖
si+1 − s̃i

= 〈k, e〉(s̃i )+ C(si+1 − s̃i )

and

‖ċ(s̃i )− τzi (ċ(si ))‖
s̃i − si

= 〈k, e〉(s̃i )+ C(s̃i − si ).

Therefore, from

π − ωi+1 = � (σ̇i+1(0), ċ(si+1))+ � (ċ(si+1, σ̇i (1))
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and letting N →∞, we have

lim
N→∞

N−1∑
i=1

(π − ωi ) =
∫ �

0
〈k, e〉(s) ds.

This proves Lemma 1.9.2.

Remark 1.9.1. We observe that M \ D is strictly convex in a small neighbor-
hood around c(s) iff 〈k, e〉(s) < 0. Also D is strictly convex iff 〈k, e〉(s) > 0.

Proof of the Gauss–Bonnet theorem. We divide � ⊂ M into finitely many
geodesic triangles �1, . . . , �� and disk domains D1, . . . , Dm , as in Lemmas
1.9.1 and 1.9.2, in such a way that each break point of ∂� is a vertex of some
disk domain and ∂� is simply covered by the union of all the nongeodesic
edges of all disk domains. Such a division is obtained by covering the closure
� of � by finitely many small convex balls. The vertices consist of the centers
of convex balls, the break points of ∂� and finitely many smooth points on ∂�.
If k is the total number of components of ∂�, and if v, e and f respectively

are the total numbers of vertices, edges and faces of the division of �, then we
have

v − e + f = χ (�).
Let vb and eb be the total numbers of vertices and edges respectively on ∂�.
Since each component of ∂� is a circle, we observe that vb = eb. Setting
vi := v − vb and ei := e − eb, we see that

3 f = eb + 2ei = vb + 2ei . (1.9.6)

If ω1, . . . , ωr are the inner angles at vertices on ∂� that are not equal to π then
there are vb − r vertices on ∂� at which the inner angles are equal to π . By
means of Lemmas 1.9.1 and 1.9.2, we have

c(�)+
k∑

i=1

∮
ci

〈ki , e〉 ds =
�∑

i=1
c(�i )+

m∑
j=1

c(Dj )+
k∑

i=1

∮
ci

〈ki , e〉 ds

= 2πvi + π (vb − r )+
r∑
j=1
ω j − f π.

Making use of vi = v − vb = v − eb and (1.9.6), we have proved (1.9.3).
If M has no boundary then (1.9.4) is direct from (1.9.3). Thus the proof is
complete.

Finally,we discuss theGauss–Bonnet theorem for special connected compact
sets on M . Let A ⊂ M be a connected and compact set with the following
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properties (see Figure 1.9.1):

(a) int A is a disjoint union of finitely many domains;
(b) A \ int A is a finite union of piecewise-smooth curves;
(c) if Aε ⊂ M is an ε-ball around A then Aε does not change its topology for

all sufficiently small ε > 0.

The decreasing sequence {Aε} of domains has its limit A as ε ↓ 0. The boundary
∂A of A is considered as the boundary of the completion of M \ A. If x ∈ A
satisfies B(x, ε) ∩ int A = ∅ for a small ε > 0 and if B(x, ε) \ A has two
components then such a point x on ∂A is understood as a double point and
B(x, ε) ∩ ∂A as a double curve with reversed orientation. Such a ∂A is called
the fine boundary of A. We say that such an A has a fine boundary.

Theorem 1.9.1 (The Gauss–Bonnet theorem). If A ⊂ M is a compact set with
a fine boundary ∂A then

c(A)+ λ(∂A) = 2πχ (A). (1.9.7)

Proof. We first note that λ(∂A) exists by the assumption for ∂A, that λ(∂Aε)
exists and that c(Aε) + λ(∂Aε) = 2πχ (Aε) for all sufficiently small ε > 0.
If b is a curve in ∂A passing through a point x ∈ A such that B(x, ε) \ b has
two components for a small ε > 0 then the total geodesic curvature of b near
x is counted twice with opposite signs along ∂Aε. If a is a curve in ∂A joining
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p to q such that B(q, ε) \ A is connected for all small ε > 0 and such that p
is a regular point of ∂ int(A) then the sum of two exterior angles of Aε near p
is −π and the geodesic curvature integral of a semi-circle around q in ∂Aε is
π . If c is a curve in ∂A joining two points of ∂ int(A) at which ∂A is regular in
such a way that int c does not meet other curves in ∂A then the sum of the four
exterior angles of Aε near the endpoints of c is −2π . Summing up these cases
and letting ε→ 0, we conclude the proof.





2

The classical results of Cohn-Vossen and Huber

We shall introduce the classical results obtained by Cohn-Vossen in [19] and
[20] and Huber in [39] by exhibiting a simpler method under more general
assumptions. For this purpose we need to consider the curvature measure over
an unbounded domain, not necessarily oriented, with possibly noncompact
boundary. The boundary curves may be divergent and hence certain conditions
for them will be required. Our ideas will lead to the natural compactification
of complete open surfaces for which the Gauss–Bonnet theorem is valid. Some
examples on the total curvature of complete open surfaces in R3 are provided.
From these examples, one can begin to see the geometric significance of the
total curvature of complete open surfaces.

2.1 The total curvature of complete open surfaces

From now on let M be a connected, complete and noncompact Riemannian
2-manifold either with or without a piecewise-smooth boundary. In general we
cannot expect the Gauss–Bonnet theorem to hold for such an M . However, it is
still of interest to consider the Gauss–Bonnet theorem for noncompact surfaces.
For this purpose we need to ascertain:

(1) how to define the Euler characteristic of M ;
(2) how to make sense of the curvature integral over M .

For point (1) we are led to consider the notion of the finite connectivity of M .

Definition 2.1.1. M is by definition finitely connected iff there exist a compact
2-manifold N and finitely many points p1, . . . , pk ∈ N for k ≥ 1 such that M
is homeomorphic to N \ {p1, . . . , pk}. M is by definition infinitely connected
iff it is not finitely connected.

41
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If M is homeomorphic to N \ {p1, . . . , pk}, if p1, . . . , p� ∈ int N and if
p�+1, . . . , pk ∈ ∂N then the Euler characteristic χ (M) of M is

χ (M) := χ (N )− �. (2.1.1)

In the above case we say that M has k ends. Furthermore we observe from
χ (S1) = 0 that

χ (∂M) = k − �,

where χ (∂M) is the number of unbounded components of ∂M .
From now on let M be finitely connected. In view of the definition of the

finite connectivity of M , with boundary or without, we can always choose a
compact set � ⊂ M such that

(1) all compact components of ∂M are contained in int �;
(2) ∂� is a disjoint union of finitely many simple closed piecewise-smooth

curves;
(3) M \� has � tubes (or half-cylinders) and k − � half-planes.

Definition 2.1.2. A compact set � ⊂ M is called a core of M iff � satisfies
(1), (2) and (3) above.

It is clear that M admits a monotone increasing sequence {Ci } of cores
exhausting M . Then all the Ci are homeomorphic to each other and

χ (M) = χ (Ci ) for all i . (2.1.2)

Regarding point (2) at the start of this section, we have already defined
the total curvature of M and the total geodesic curvature of ∂M . The total
curvature of a complete open 2-manifold M is defined without assuming its
finite connectivity, as follows.

Definition 2.1.3. The total curvature c(M) of M is defined by taking an in-
creasing sequence {Ci } of cores exhausting M ; then

c(M) := lim
i→∞

c(Ci ). (2.1.3)

The total curvature c(M) exists iff the improper integral
∫
M G dM exists in

[−∞,∞]. Namely, c(M) exists iff∫
M
G+ dM <∞ or

∫
M
G− dM <∞,



2.1 Total curvature of complete open surfaces 43

where G+ := max{G, 0} and G− := G+−G. If c(M) is finite then there exists
for every ε > 0 a number i(ε) such that

|c(M)− c(Ci )| < ε for all i > i(ε), (2.1.4)

and in particular ∫
M\Ci

|G| dM < ε for all i > i(ε). (2.1.5)

If c(M) = −∞ then∫
M\Ci

G+ dM < ε for all i > i(ε). (2.1.6)

The boundary condition for M will be discussed now. The boundary of M
may contain a divergent curve; here, a curve c : [0, 1) → M is by definition
a divergent (or proper) curve iff for every compact set A there is a number
tA ∈ (0, 1) such that c(tA, 1) ⊂ M \ A. If c : R→ ∂M is a nonclosed boundary
curve then both c|(−∞,0] and c|[0,∞) are divergent. For a break point xi ∈ ∂M
of ∂M , the inner angle at xi of ∂M is denoted by ωi ∈ (0, 2π ). Let e be the
inward-pointing unit normal to ∂M and k the geodesic curvature vector of ∂M .
Let {I j } be a monotone increasing sequence of compact sets of ∂M such that⋃∞

j=1 I j = ∂M .With this notation the total geodesic curvature of ∂M is defined
as follows. The total geodesic curvature λ(∂M) ∈ [−∞,+∞] of ∂M is well
defined iff

λ(∂M) := lim
j→∞

λ(I j ) (2.1.7)

exists and is independent of the choice of {I j }.
Remark 2.1.1. If M has k ends as before then M \ Ci has � tubes and k − �
half-planes having divergent boundary curves c�+1, . . . , ck . If |λ(∂M)| < ∞
then so are all of λ(c�+1), . . . , λ(ck). If λ(∂M) = ∞ then λ(c j ) > −∞ for all
j = �+1, . . . , k, and if λ(∂M) = −∞ then λ(c j ) <∞ for all j = �+1, . . . , k.
Now some examples of total curvature are provided.
Let M ⊂ R3 be a complete noncompact surface without a boundary. The

total curvature of M is obtained by the Gauss normal map ν : M → S2(1) as
follows. Let D := {(u1, u2) ∈ R2} be a domain and X : D → M be a local
expression for M ⊂ R3. By setting Xi := dX (∂/∂ui ) we have gi j = Xi · X j

for i, j = 1, 2, and the area element dM of M is given by

dM = ‖X1 × X2‖ du1 du2.
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Let n be the unit field normal to M in R3. Then ν(p) for p ∈ M is defined by
the parallel translation of n(p) to the origin of R3. The structure equation gives

Xi j = �k
i j Xk + hi jn for i, j = 1, 2,

ni = −hi j g jk Xk for i = 1, 2,

where Xi j = ∂2X/(∂ui∂u j ), ni = ∂n/∂ui and the hi j are the coefficients in
the second fundamental tensor of M . We then have

det dν = ‖n1 × n2‖ = det hi j
det gi j

‖X1 × X2‖.

If d is the area element ofS2(1) then the above discussion implies that ν∗d =
KdM . Therefore

c(M) =
∫
M
G dM =

∫
ν(M)

d . (2.1.8)

This relation is employed to find the total curvature of M ⊂ R3.

Example 2.1.1. For a plane M = R2 we have c(M) = 0.

Example 2.1.2. For a hyperbolic plane M = H 2(−c2) we have c(M) = −∞.

Example 2.1.3 (Rotation surface of parabola). For a positive constant k, the
surface of revolution generated by a parabola y = kx2/2 is given as

M = {(r cos θ, r sin θ, kr2/2) ∈ R3; r > 0, 0 < θ ≤ 2π}.
Setting u1 := r and u2 := θ , we have ds2 = (1+ k2r2) (du1)2 + r2(du2)2 and

�1
12 = �2

11 = �2
22 = 0,

�1
22 =

−r
1+ k2r2

, �1
11 =

k2r

1+ k2r2
, �2

12 =
1

r
.

Therefore we get

R1
212 =

−k2r2
(1+ k2r2)2

,

and hence

G = k2

(1+ k2r2)2
.

Clearly ν(M) covers the northern hemisphere of S2(1). Also, a direct compu-
tation shows that

c(M) = lim
r→∞

∫ 2π

0

∫ r

0

k2r

(1+ k2r2)3/2
dr dθ = 2π.
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Example 2.1.4 (Two-sheeted hyperboloid). For a component of the two-
sheeted hyperboloid M = {(r cos θ, r sin θ,√k2r2 + 1) ∈ R3; r > 0, 0 < θ ≤
2π}, we have

ds2 = k2(k2 + 1)r2 + 1

k2r2 + 1
(du1)2 + r2(du2)2,

where u1 := r, u2 := θ and also

�1
12 = �2

11 = �2
22 = 0, �2

12 =
1

r
,

�1
11 =

k4r

(k2r2 + 1){k2(k2 + 1)r2 + 1} , �1
22 =

−r (k2r2 + 1)

k2(k2 + 1)r2 + 1
.

Thus we have

R1
212 = −k4r2

(k2(k2 + 1)r2 + 1)2

and

K = k4

(k2(k2 + 1)r2 + 1)2
.

If we set tanϕ = k then ν(M) is the ϕ-ball around the north pole, and hence
c(M) = 2π (1− cosϕ). This can be shown by direct evaluation also:

c(M) = lim
r→∞

∫ 2π

0

∫ r

0

k4r

(k2r2(k2 + 1)+ 1)3/2(1+ k2r2)1/2
dr dθ

= 2πk2

√
k2r2 + 1

k2r2(k2 + 1)+ 1

∣∣∣∣∣∣
∞

0

= 2π

(
1− 1√

1+ k2

)
= 2π (1− cosϕ).

Example 2.1.5 (One-sheeted hyperboloid). By setting

f (t) :=
√
k2t2 + 1,

a one-sheeted hyperboloid is given as

M = {( f (t) cos θ, f (t) sin θ, t) ∈ R3; t ∈ R, 0 < θ ≤ 2π}.
Then

ds2 = k2(k2 + 1)t2 + 1

k2t2 + 1
(du1)2 + (k2t2 + 1) (du2)2



46 2 Classical results of Cohn-Vossen and Huber

and

�1
12 = �2

11 = �2
22 = 0,

�1
22 =

−k2t(k2t2 + 1)

k2(k2 + 1)t2 + 1
, �2

12 =
k2t

k2t2 + 1
,

�1
11 =

k4t

(k2t2 + 1)(k2(k2 + 1)t2 + 1)
.

This gives

R1
212 = k2(k2t2 + 1)

(k2(k2 + 1)t2 + 1)2

and

G = −k2
(k2(k2 + 1) t2 + 1)2

.

Setting tanϕ := k for ϕ ∈ (0, π/2), we see that ν(M) omits (π/2 − ϕ)-balls
around the north and south poles of S2(1) and hence that c(M) = −4π sinϕ.
Again, using direct evaluation,

c(M) = lim
t→∞

∫ 2π

0

∫ t

−t

−k2(
k2(k2 + 1)t2 + 1

)3/2 dt dθ
= −4π k√

k2 + 1
= −4π sinϕ.

2.2 The classical theorems of Cohn-Vossen and Huber

The classical well-known theorem due to Cohn-Vossen will be stated under
more general assumptions. We show here that the Huber theorem is derived
directly from the Cohn–Vossen theorem.

Theorem 2.2.1 (compare Satz 6, [19], Theorem10, [39] and Section 3.4, [93]).
Let M be a connected noncompact finitely connected complete Riemannian
2-manifold. If M admits a total curvature and ∂M a total geodesic curvature
and if c(M) = −λ(∂M) = ±∞ does not hold then

2πχ (M)− (c(M)+ λ(∂M)) ≥ πχ (∂M). (2.2.1)

Theorem 2.2.2 (Huber [39]). If a connected, infinitely connected, complete
Riemannian2-manifold M without boundary admits a total curvature c(M) then

c(M) = −∞. (2.2.2)
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The following definitions of special geodesics are used throughout.

Definition 2.2.1. A unit-speed geodesic γ : [0,∞)→ M is called a ray from
a compact set A iff d(γ (s), A) = s for all s ≥ 0. A unit-speed geodesic
γ : R→ M is called a straight line iff d(γ (s), γ (t)) = |s − t | for all s, t ∈ R.

Note that if ∂M = ∅ then there exists at least one ray emanating from every
point of M and that if M has more than one end then M admits a straight line.
Let H ⊂ M be a half-plane and let its boundary curve c : R → ∂H admit

a total geodesic curvature. The inner distance ρH of H is induced from that of
M as follows:

ρH (x, y) := inf {L(c) : c is a curve in H joining x to y}.
It follows from the length-decreasing deformation that every pair of points
x, y ∈ H can be joined by a curve γ in H whose length realizes the inner
distance ρH (x, y). Such a curve will be called a segment in H joining x to y. A
unit-speed curve γ : [0,∞)→ H is called a ρH -ray iff every subarc of it is a
segment in H . A ρH -straight line is defined in a similar manner. The following
proposition, 2.2.1, is a direct consequence of the short-cut principle. The proof
is left to the reader.

Proposition 2.2.1. Let H ⊂ M be a half plane such that its boundary curve
admits a total geodesic curvature. If γ : [0, a] → H is a unit-speed segment
in H then the following statements are true.

(1) Each component of γ [0, a] ∩ int H is a geodesic in M.
(2) If the geodesic curvature vector k(s0) of γ at an interior point γ (s0) of γ

exists and if γ (s0) ∈ ∂H then

〈k, e〉(s0) ≤ 0.

(3) If the geodesic curvature vector of γ at an interior point γ (s0) does not
exist and if γ (s0) ∈ ∂H then the inner angle between − lims↑s0 γ̇ (s) and
lims↓s0 γ̇ (s) is not less than π .

(4) Each segment, ρH -ray and ρH -straight line in H admits a total geodesic
curvature.

Let c : R→ ∂H be the boundary curve of H and let ρc : [0,∞)→ R+ be
defined by

ρc(s) := ρH (c(−s), c(s)), s ≥ 0.

Clearly ρc is Lipschitz continuous, with Lipschitz constant 2, and hence is
differentiable almost everywhere. Let γs for every s ≥ 0 be a segment in H
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joining c(−s) to c(s). Let As ⊂ H for s > 0 be a compact set with fine boundary
γs ∪ c[−s, s]. If γs does not meet ∂H at its interior then As is a closed 2-disk
domain. If γs intersects ∂H at its interior then int As may have atmost countably
many disk domains. Moreover, the ε-ball for sufficiently small ε around As in
H is a disk domain. Then the Gauss–Bonnet theorem 1.9.1 implies that

c(As)+ λ(∂As) = 2π,

and if the total geodesic curvature of γs is measured with respect to As ⊂ H
then Proposition 2.2.1 implies that γs is convex with respect to As and that

λ(γs) ≥ 0.

With this notation we prove

Lemma 2.2.1. If α(s) and β(s) for s ≥ 0 are inner angles at c(−s) and c(s) of
the compact set As ⊂ H whose fine boundary is γs ∪ c[−s, s] then

lim inf
s→∞ (α(s)+ β(s)) ≤ π, (2.2.3)

and

lim sup
s→∞

ρ ′c(s) ≥ 0. (2.2.4)

Proof. The first variation formula implies that if ρc is differentiable at s then

dρc(s)

ds
= cosα(s)+ cosβ(s). (2.2.5)

Suppose that (2.2.4) is false. Then there is an ε > 0 such that lim sups→∞ ρ
′
c(s)

≤ − ε. We can find a sufficiently large number s0 such that ρ ′c(s) ≤ −ε/2 for
all s ≥ s0. It then follows from

ρc(s1)− ρc(s0) =
∫ s1

s0

ρ ′c(s) ds for s1 > s0

that

ρc(s0) ≥ ρc(s1)+ ε
2
(s1 − s0) >

ε

2
(s1 − s0).

Thus a contradiction is obtained for sufficiently large s1 > s0. The rest is now
clear from (2.2.4) and (2.2.5).

Lemma 2.2.2 (see Proposition 3.4.2, [93]). Let H ⊂ M be a half-plane ad-
mitting both c(H ) and λ(∂H ). If c(H ) = −λ(∂H ) = ±∞ does not hold then

c(H )+ λ(∂H ) ≤ πχ (∂H ) = π. (2.2.6)
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Proof. Let c : R → ∂H be a unit-speed boundary curve. For a monotone
divergent sequence {si } of positive numbers with limi→∞ si = ∞ we choose a
monotone increasing sequence {Ci } of cores exhausting M , such that ∂Ci ∩ H
for every i is a piecewise-smooth curve joining c(−si ) to c(si ). Let {εi } be a
strictly decreasing sequence of positive numbers converging to 0. From Lemma
2.2.1 we find for every i = 1, . . . , a large number s ′i > si and a segment γi
joining c(−s ′i ) to c(s ′i ) in H \ Ci such that c[−s ′i , s ′i ] ∪ γi forms the fine boun-
dary of a compact contractible set Ai ⊂ H . If αi and βi are inner angles at
c(−s ′i ) and c(s ′i ) of Ai then

αi + βi ≤ π + εi for all i . (2.2.7)

Further, the Gauss–Bonnet theorem 1.9.1 implies

c(Ai )+ λ(∂Ai ) = 2π for all i .

Here we note that

λ(∂Ai ) = λ(c|[−s ′i ,s ′i ])+ 2π − αi − βi + λ(γi ). (2.2.8)

Since γi is convex with respect to Ai , we have λ(γi ) ≥ 0 and

c(Ai )+ λ(c|[−s ′i ,s ′i ]) ≤ αi + βi . (2.2.9)

Because limi→∞ c(Ai ) = c(H ) and limi→∞ λ(c|[−s ′i ,s ′i ]) = λ(∂H ) and because
c(H ) = −λ(∂H ) = ±∞ does not hold, we see that the limit as i →∞ on the
left-hand side in (2.2.9) exists in [−∞, π ]. This proves Lemma 2.2.2.
Corollary 2.2.1 (compare Satz 1 and Satz 2 in [20]). In addition to the assum-
ptions in Lemma 2.2.2, if ρc is bounded above then

c(H )+ λ(∂H ) = πχ (∂H ). (2.2.10)

Moreover, if ρc(s) ≥ 2s − L for a constant L > 0 and for all sufficiently large
s then

c(H )+ λ(∂H ) ≤ 0. (2.2.11)

Proof. If ρc is bounded above then there exists a monotone divergent sequence
{s j } with lim j→∞ s j = ∞ such that lim j→∞ ρ ′c(s j ) = 0. This proves (2.2.10).
If ρc(s) ≥ 2s − L then lim sups→∞ ρ

′
c(s) = 2. In particular, there is a mono-

tone divergent sequence {s j } with lim j→∞ s j = ∞ such that lim j→∞(α(s j )+
β(s j )) = 0. This proves (2.2.11).
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Lemma 2.2.3 (see Proposition 3.4.3, [93]). Let U ⊂M be a half-cylinder
whose boundary is a piecewise-smooth circle. If c(U ) exists then

c(U )+ λ(∂U ) ≤ πχ (∂U ) = 0.

Proof. Let Ũ be a half-plane obtained by cutting open U along a geodesic ray
γ : [0,∞) → U from ∂U , and let π : Ũ→U be the Riemannian covering
projection. Let γ̃1, γ̃2 : [0,∞)→ ∂Ũ be the lifted images of γ . Then γ̃1[0,∞)∪
π−1(∂U ) ∪ γ̃2[0,∞) forms the boundary of Ũ and λ(∂Ũ ) is finite. Lemma
2.2.2 then implies that c(Ũ ) + λ(∂Ũ ) ≤ π . If α and β are the inner angles
of Ũ at the corners γ̃1(0) and γ̃2(0), we can see from the construction of Ũ
that

λ(∂Ũ )− λ(∂U ) = (π − α)+ (π − β)− (π − (α + β)) = π.
This proves Lemma 2.2.3.

Example 2.2.1. LetM ⊂ R3 be a rotation surface generated by a parabola, as in
Example 2.1.3, and letU := {p ∈ M ; r (p) ≥ 1} and D := {p ∈ M ; r (p) ≤ 1}.
The parallel r -circle S(r ) of M has a positive constant geodesic curvature κr
such that limr→∞ κr = 0 and has length 2πr . Since c(M) = 2π , we observe
that limr→∞ 2πrκr = 0. The universal Riemannian covering H of U has the
property that c(H ) = −λ(∂H ) = ∞. Then the limit of the left-hand side of
(2.2.9) as i → ∞ depends on the choice of {Ai }. Let α > π be an arbitrary
fixednumber and {θi } afixedmonotone increasing sequence of positive numbers
such that limi→∞ θi = ∞. We then choose for these constants a sequence {ri }
of increasing positive numbers such that the geodesic curvature of S(ri ) is
(α−π )/(2riθi ). Let Ci ⊂ H for every i be a compact set such that Ci := {p ∈
H ; 1 ≤ r (p) ≤ ri ,−θi ≤ θ (p) ≤ θi } and set γi := ∂Ci \ ∂H . Then {Ci } is
strictly increasing and

⋃
i Ci = H . Moreover, γi for every i is convex with

respect to Ci and αi = βi = π/2. Therefore λ(γi ) = α holds for all i . Thus the
limit on the left-hand side of (2.2.9) does not exist.

Example 2.2.2. Let M ⊂ R3 be a two-sheeted hyperboloid as in Example
2.1.4. Then every parallel r -circle S(r ) has a positive constant geodesic curva-
ture κr and κr satisfies

lim
r→∞ κr = 0 and lim

r→∞ 2πrκr = 2π sin θ.

If U := {p ∈ M ; r (p) ≥ 1} and if H is the universal Riemannian covering
of U then c(H ) = −λ(∂H ) = ∞. If Di is a monotone increasing sequence
of locally convex disk domains exhausting H , then limi→∞ λ(∂Di ) = −∞.
Thus we have limi→∞(c(Di ) + λ(∂Di )) = ∞. We exclude the case where



2.2 Classical theorems of Cohn-Vossen and Huber 51

c(H ) = −λ(∂H ) = ∞, for the compactification discussed later is not obtained
in general.

Proof of Theorem 2.2.1. Let� ⊂ M be a core of M such that M \� consists of
� tubes and k−� half-planes. LetU1, . . . ,U� be all the tubes and H�+1, . . . , Hk

all the half-planes of M \ �. We may assume without loss of generality that
� is chosen such that if c j for each j = �+ 1, . . . , k is the component of ∂�
touching ∂Hj then the two corners c j ∩ ∂Hj ∩ ∂M of c j are smooth points of
∂M . If α j and β j are the inner angles at these corners with respect to � then
the total geodesic curvature of c j with respect to � satisfies

λ(c j ) = λ(c j ∩ ∂M)+ (π − α j )+ (π − β j )+ λ(c j ∩ ∂Hj ),

where e is taken to be inward pointing with respect to �. Thus we get

λ(∂�) =
�∑

i=1
−λ(∂Ui )+

k∑
j=�+1

(λ(c j ∩ ∂M)+ λ(c j ∩ ∂Hj )+ 2π − α j − β j ).

The Gauss–Bonnet theorem 1.9.1 and Lemmas 2.2.2 and 2.2.3 imply that

c(�)+ λ(∂�) = 2πχ (M),
�∑

i=1
(c(Ui )+ λ(∂Ui )) ≤ 0,

k∑
j=�+1

(c(Hj )+ λ(∂Hj )) ≤ (k − �)π,

where

λ(∂Hj ) = −λ(c j ∩ ∂Hj )+ λ(∂Hj ∩ ∂M)+ α j + β j .

Thus the proof of Theorem 2.2.1 is complete.

Remark 2.2.1. We note that, in Theorem 2.2.1, 2πχ (M)−{c(M)+λ(∂M)} is
independent of a change in the Riemannian metric on any compact set. Let M
be as in Theorem 2.2.1. By eliminating all the compact components of ∂M , we
can construct from M a new surface M1 such that M1 coincides with M outside
a compact set. Namely, ∂M1 has k−� components each of which is a divergent
curve and M1 has � tubes. Such an M1 is obtained by pasting a disk domain
on-to each component of ∂M0. Let g1 be a complete Riemannian metric on M1

such that g = g1 on M \ Ci for some i ≥ 1. If follows from the first sentence
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of this remark that

2πχ (M)− (c(M)+ λ(∂M)) = 2πχ (M1)− (c(M1)+ λ(∂M1))

≥ πχ (∂M1), (2.2.12)

where χ (∂M1) = χ (∂M) is the number of (unbounded) components of ∂M1.
We see from this fact that we need only to discuss the noncompact components
of ∂M .

Theorem 2.2.1 has many consequences, as obtained in [19] and [20]. They
are stated as follows.

Corollary 2.2.2 (compare Satz 7, [19] and Theorem 11, [39]). In addition to
the assumptions in Theorem 2.2.1, if every half-plane H of M \ � has the
property that ρH : [0,∞)→ R+ is bounded above then

c(M)+ λ(∂M) = 2πχ (M),

where every tube is cut open along a ray from � lying with in it.

Corollary 2.2.3 (Satz 8, [19]). If a complete Riemannian 2-manifold without
boundary has everywhere positive Gaussian curvature then M is diffeomorphic
to a sphere, a real projective plane or a plane.

Corollary 2.2.4 (Satz 10, [19]). If M is homeomorphic to a plane (such an M
is called a Riemannian plane) and if G > 0 everywhere then M admits no
closed geodesic (either with self-intersection or without).

Corollary 2.2.5 (Satz 5, [20]). If a Riemannian plane M admits a straight line
and if c(M) exists then

c(M) ≤ 0.

In particular, if G ≥ 0 everywhere on M then M is isometric to a flat planeR2.

It was pointed out by Huber that the Gauss–Bonnet theorem holds for com-
plete noncompact Riemannian 2-manifolds with finite total area.

Theorem 2.2.3 (see Theorem 12, [39] and Corollary, [82]). Let M be a finit-
ely connected complete noncompact Riemannian 2-manifold with finite total
area. If M admits a total curvature then

c(M) = 2πχ (M).
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Theorem 2.2.3 is given later by a Bonnesen-type isoperimetric inequality for
sufficiently large metric balls (see Chapter 5).

Exercise 2.2.1. Prove Corollaries 2.2.2–2.2.5.

Generalizations to higher dimensions for Corollary 2.2.3 were obtained by
Gromoll and Meyer in [30]. They proved that a complete noncompact Rieman-
nian n-manifold without boundary of everywhere positive sectional curvature
is diffeomorphic to Rn . Also, Cheeger and Gromoll proved in [17] that a com-
plete noncompact Riemannian n-manifold without boundary of nonnegative
sectional curvature admits a compact totally geodesic submanifold S such that
M is diffeomorphic to the normal bundle over S in M .
Corollary 2.2.5 was generalized by Toponogov in [103] as follows. If a

complete Riemannian n-manifold without boundary of nonnegative sectional
curvature admits k independent straight lines then M splits isometrically into
a Riemannian product N × Rk , where N is a totally geodesic submanifold of
nonnegative sectional curvature and admits no straight line. The Alexandrov–
Toponogov triangle comparison theorem plays an important role in the proofs
of these generalizations.
For the proof of Theorem 2.2.2we need the following lemma on the existence

of Morse exhaustion functions on noncompact manifolds.

Lemma 2.2.4. Let M be an n-dimensional connected and noncompact mani-
fold without boundary. There exists a Morse function f : M → R such that
f −1(−∞, a] for every a ∈ R is compact and such that if p0, . . . , pm, . . . , are
all the critical points of f then f (pi ) = i for all i .

Proof. By means of the Whitney embedding theorem we can find a proper
embedding E : M → R2n+1 such that E(M) ⊂ V := {q ∈ R2n+1;

∑2n
i=1(q

i )2

< 1, q2n+1 ≥ 0}. Let v := (0, . . . , 0, 1) and choose a monotone divergent
sequence {t j } with lim j→∞ t j = ∞ such that t j for every j is a regular value
of the height function in v. Let Vj := {q ∈ V ; t j−1 ≤ q2n+1 ≤ t j }. The
Sard theorem for the Gauss normal map of E implies that if Mj ⊂ M is a
submanifold with E(Mj ) = E(M) ∩ Vj then there is a sequence {v j } of unit
vectors for which each v j lies sufficiently close to v that the height function h j

for v j has no degenerate critical points on Mj . Clearly the gradient vector field
of h j is transverse to ∂Mj , and hence there is a sufficiently small positive η j
for every j such that h j has no critical point on Oj := {p ∈ E(M); p2n+1 ∈
(t j−1 − η j , t j−1 + η j ) ∪ (t j − η j , t j + η j )}. Setting Wj := Vj ∪ Oj and
Y j := Vj \ O j , we take a partition of unity {ϕ j } subordinate to {Wj } such that
ϕ j = 1 on Y j and suppϕ j ⊂ Wj . Then h := ∑∞

j=1 ϕ j h j is a well-defined
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Mj

Figure 2.2.1 The submanifold Mj comprises the surfaces within the vertical region shown.

Morse function having no critical points on
⋃∞

j=1 Oj . It is not hard to construct
the desired f from h. This proves Lemma 2.2.4.

Proof of Theorem 2.2.2. Let f : M → R be a Morse exhaustion function as
obtained in the previous lemma, and let {t j } be a monotone increasing sequence
of regular values of f such that lim j→∞ t j = ∞. The sublevel set M̂ j :=
f −1(−∞, t j ] for every j has as its boundary a finite union of circles. Then
f −1[t j ,∞) consists of a finite union of compact surfaces, tubes and noncompact
surfaces that are not tubes. Let Mj be the union of M̂ j and all the compact
surfaces and tubes in f −1[t j ,∞) (see Figure 2.2.1). We observe that Mj for
every j is a connected, finitely connected, noncompact (or compact) surface
with compact boundary. We then choose a subsequence {Mk} of {Mj } with the
following properties (see Figure 2.2.1):

(1) {Mk} is strictly increasing and
⋃∞

k=1 Mk = M ;
(2) {χ (Mk)} is strictly decreasing;
(3) ∂Mk for every k is a finite union of circles.

For an arbitrary fixed k > 1, we can replace ∂Mk by simple closed geodesics
as follows. Let ck,1, . . . , ck,m be since redundant the simple closed curves in
∂Mk . Since each ck,i is the boundary of an unbounded component of f −1[tk,∞)
that is not a tube, there exists for each i = 1, . . . ,m a closed nonnull homotopic
curve bi ⊂ M such that if c is a closed curve freely homotopic to ck,i then
bi ∩ c �= ∅. A length-decreasing deformation can be applied to each ck,i to
obtain a simple closed geodesic σk,i , whose length attains the minimum of
all closed curves freely homotopic to ck,i . Thus the boundary curves of Mk

can be replaced by simple closed geodesics σk,1, . . . , σk,m , and hence we may
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consider that ∂Mk = σk,1 ∪ · · · ∪ σk,m . Now apply Theorem 2.2.1 to each Mk

to get c(Mk) ≤ 2πχ (Mk). This proves Theorem 2.2.2.

Exercise 2.2.2. Let M be a connected, infinitely connected, complete Rieman-
nian 2-manifold with nonempty boundary. If c(M) and λ(∂M) exist such that
c(M) = −λ(∂M) = ∞ does not hold then does the Huber theorem hold?

2.3 Special properties of geodesics on Riemannian planes

We shall introduce some interesting results on the global behavior of geodesics
that were proved in [20]. Throughout this section let M be a Riemannian plane.
Namely, M is called a Riemannian plane iff it is homeomorphic to R2. Poles,
simple points and special properties of geodesics on M will be discussed.
A geodesic is called a complete geodesic iff it is defined over the whole real

line. A geodesic γ : [a, b] → M is called a geodesic loop iff γ (a) = γ (b)
and γ |[a, b) is injective. The point γ (a) = γ (b) is called the base point of the
loop.

Definition 2.3.1. A point p ∈ M is called a simple point iff it is not a base
point of any geodesic loop. Define the following sets:

S0 : = {p ∈ M ; p is a simple point of M};
S1 : = {q ∈ M ; no geodesic loop passes through q};
P : = {q ∈ M ; q is not a corner of any nontrivial geodesic biangle}.

From the definition we observe that

P ⊂ S1 ⊂ S0.
It is proved in Theorem 2.3.7 below that every point q on P has the special
property that expq : TqM → M is injective. Such a point is called a pole of M .
If a complete geodesic has a self-intersection then it contains a geodesic loop.
Let γ : [a, b]→ M be a geodesic loop, D ⊂ M the disk domain bounded by
γ [a, b] and ω the inner angle of D at the base point γ (a) = γ (b). Then the
Gauss–Bonnet theorem implies that

c(D) = π + ω
and hence that ∫

M
G+ dM > π.
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ThusM does not admit any geodesic loop, or equivalently no complete geodesic
of M has a self-intersection, if ∫

M
G+dM ≤ π.

Remark 2.3.1. Does there exist a geodesic loop on M if∫
M
G+ dM > π?

No such loop does exist. In fact, a counter-example is constructed as follows.
Remove a disk from a plane and place a low hill D to cover the hole such that∫
D G+dM = α > 0, where α is a sufficiently small positive number. Place
m such low hills, disjoint on the plane M , in such a way that mα > π and
the distance between any two hills is sufficiently large. Then there exists no
geodesic loop on M. In this case it has zero total curvature.

An example of the proof technique used often in this section is as follows.
Let A ⊂ M be a closed disk bounded by a geodesic polygon. For a point

q ∈ M \ A and for a point p ∈ ∂A let pq be a geodesic segment such that it
does not meet int A. The set Â := A ∪ pq has as its fine boundary pq ∪ ∂A.
A is called locally concave iff all the inner angles of A are not less than π ;
also, Â is called locally concave iff the inner angles of all the corners of its fine
boundary are not less than π (see Figure 2.3.1). If Â is locally concave then
a length-decreasing deformation proceeds to its fine boundary. We then obtain
a geodesic loop at p that has the minimum length among all closed curves in
M \ int A with base point at p and freely homotopic to ∂(int Â) in M \ int A.
If A is locally concave then we find for every point p /∈ A a geodesic loop at p
that has the minimum length among all the loops in M \ int A with base point
at p and freely homotopic to ∂A.
The following theorem shows that S0 is a bounded nonempty set on a

Riemannian plane with total curvature greater than π .

Theorem 2.3.1 (see Satz 6, [20]). Assume that the total curvature of M is
greater than π . For every bounded set A ⊂ M there exists a bounded set
N ⊂ M containing A such that all points of M \ N are the base point of some
geodesic loop and the disk domain bounded by such a geodesic loop contains
A in its interior.

The following proposition is useful for the proof of Theorem 2.3.1.

Proposition 2.3.1. Let A ⊂ M be a closed disk in a Riemannian plane M such
that ∂A consists of a geodesic polygon. Let cp for every p ∈ M \ int A be a
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p p p
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A A

Figure 2.3.1 Each compact set with a fine boundary is locally concave.

closed curve with base point at p that has the minimum length among all the
curves in M \ int A with base point at p and freely homotopic to ∂A. Then we
have the following.

(1) The function p→ L(cp) is Lipschitz continuous with Lipschitz constant 2.
(2) Let σ : [0, �]→ M \ int A be a minimizing geodesic from A to a point

q ∈ M \ A and let fσ : [0, �]→ R be defined by fσ (t) := L(cσ (t)). Then
f is Lipschitz continuous with Lipschitz constant 2.

(3) Let γ : [0,∞)→ M \ int A be a ray from A such that cγ (t) ∩ A �= ∅ for all
sufficiently large t. Then there exists for any ε > 0 a monotone divergent
sequence {t j } such that the angle at γ (t j ) of the curve cγ (t j ) is less than ε.

Proof. If pq for points p, q ∈ M is a minimizing geodesic segment in M \ A
from p to q, then pq ∪ cq ∪ qp is freely homotopic to cq in M \ A and
L(cp) ≤ L(cq )+ 2d(p, q). This proves (1).
The proof of (2) is straightforward from (1).
We argue for the proof of (3) by deriving a contradiction. Let θ (t) be the angle

at γ (t) of the disk domain Dt bounded by cγ (t). By construction Dt contains A.
Suppose (3) is not true. Then there exists a small ε0 > 0 and a large number t0
such that θ (t) ≥ ε0 for all t > t0.
The triangle inequality implies the asymptotic behavior of fγ at infinity.

Namely, ∣∣ fγ (t)− 2t
∣∣ ≤ L(∂A) for all t > 0.

Clearly Dt contains γ [0, t) in its interior. Thus the angle θ (t) is divided by−γ̇ (t)
into α(t) and β(t). If fγ is differentiable at t then f ′γ (t) = cosα(t)+ cosβ(t) ≤
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2 cos(θ (t)/2). By means of (2) we have

fγ (t1)− fγ (t0) ≤
∫ t1

t0

2 cos
θ (t)

2
dt ≤ 2 (t1 − t0) cos

ε0

2

for all t1 > t0. This contradicts the asymptotic behavior of fγ .

Proof of Theorem 2.3.1. Suppose that there is a monotone divergent sequence
{p j } of points such that no p j is the base point of geodesic loops that are freely
homotopic to ∂A in M \ int A. Let γ j : [0, � j ] → M \ int A for every j be
a minimizing geodesic from A to p j . We then choose a subsequence of {γ j }
converging to a ray γ from A. Because p j = γ j (� j ) is not the base point of
geodesic loops freely homotopic to ∂A inM \ int A, we can see that cp j∩A �= ∅.
Clearly every point x on γ j has the same property as p j , i.e., cx ∩ A �= ∅. This
fact implies cγ (t) ∩ A �= ∅, since γ (t) is the limit of {γ j (t)}.
Setting a := c(M)− π > 0, we can choose a sufficiently large disk domain

B bounded by a geodesic polygon such that B ⊃ A,

c(B) > π + a

2
and

∫
M\B

|G| dM <
a

4
.

It follows from what we have supposed that there is a large number t(B) such
that p j for every j > t(B) is not the base point of any geodesic loop that is
freely homotopic to ∂B in M \ int B. Therefore (3) in Proposition 2.3.1 applies
to a ray τ : [0,∞)→ M \ int B from B. We then obtain a convex disk domain
Dt bounded by cτ (t), for our choice of B and for t sufficiently large that θ (t) <
a/4. Then the convexity of Dt implies that c(Dt )+ (π − θ (t)) ≤ 2π . However,
it also follows from our choice of B and from Dt ⊃ B that

c(Dt ) = c(B)+ c(Dt \ B) > c(B)−
∫
M\B

|G| dM > c(B)− a

4
.

Thus a contradiction is derived.

Example 2.3.1. Consider the rotation surface of the parabola defined in
Example 2.1.3. If γ (s) = (r (s), θ (s)) is a unit-speed geodesic then

r ′′(s)+ k2r

1+ k2r2
(r ′(s))2 − r

1+ k2r2
(θ ′(s))2 = 0,

θ ′′(s)+ 2

r
θ ′(s)r ′(s) = 0.

For an arbitrary fixed positive number r0, the initial conditions for γ are set as

γ (0) = (r0, 0), γ̇ (0) = ∂

∂θ
(r0, 0)/

√
g22(r0, 0).
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The modified Clairaut theorem (Theorem 1.3.2) then implies that

θ ′(s) r2(s) = r0 cos �
(
γ̇ (0),

∂

∂θ
(r0, 0)

)
= r0.

Since γ is parameterized by arc length,

‖γ̇ (s)‖2 = (r ′)2(1+ k2r2)+ (θ ′)2r2 = 1,

dθ2 r4 = ds2 r20 .

Eliminating ds2 from the above relations, we have for r > r0(
dθ

dr

)2

= r20 (1+ k2r2)

r2
(
r2 − r20

) > 0.

We observe that both θ (s) and r (s) are strictly increasing in s > 0. Thus we
have along γ

dθ

dr
= r0

√
1+ k2r2

r
√
r2 − r20

> 0 for s > 0.

By using the inequality

k2 − 1+ k2r2

r2 − r20
< 0,

we obtain

dθ

dr
> k

r0
r
.

Integration gives

θ (r1)− θ (r0) >
∫ r1

r0

k
r0
r
dr = k log

r1
r0
,

and hence

lim
r1→∞

θ (r1) = +∞.

Summing up, we see that the following are true.

(1) The image of γ has infinitely many self-intersections.
(2) There exists a subarc γ |[−t0,t0] that is a geodesic loop with the property

that neither of the subarcs γ |(t0,∞) and γ |(−∞,t0) has a self-intersection or
meets the loop γ |[−t0,t0].
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Moreover, since θ (s) ismonotone increasing in s > 0, there exists a unique num-
ber R(r0) > 0 such that θ (R(r0)) = π or, equivalently, γ (R(r0)) = (R(r0), π ).
From

√
1+ k2r2 < 1+ kr , we get

dθ

dr
<

r0(1+ kr )

r
√
r2 − r20

= kr√
r2 − r20

+ r0

r
√
r2 − r20

.

We then have

π = θ (R(r0)) < kr0 log
2R(r0)

r0
+ tan−1

√
R(r0)2 − r20

r0
.

Because R(r0) is bounded below by the convexity radius around the pole of the
paraboloid, we see that

lim
r0→0

tan−1

√
R(r0)2 − r20

r0
= π

2
.

Also, from

lim inf
r0→0

(kr0 log 2R(r0)) ≥ π

2

we see that lim infr0→0 R(r0) = ∞.

Note that infr0>0 R(r0) is attained at some r∗ > 0. Let γ∗ be the geodesic with
initial conditions

γ∗(0) = (r∗, 0), γ̇∗(0) = ∂

∂θ
(r∗, 0)/

√
g22(r∗,0).

Then the point γ∗(−R(r∗)) = γ∗(R(r∗)) is conjugate to itself along γ∗ (see
Figure 2.3.2). Note also that S0 = {(r, θ ); r < R(r∗)} and that the set S1 = P
is simply the origin of R3.

Example 2.3.2. Consider one component of the two-sheeted hyperboloid de-
fined in Example 2.1.4. Let γ (s) = (r (s), θ (s)) be a unit-speed geodesic with
initial conditions

γ (0) = (r0, 0), γ̇ (0) = ∂

∂θ
(r0, 0)/

√
g22(r0, 0).

We then have

r ′′(s)+ �1
11(r

′(s))2 + �1
22(θ

′(s))2 = 0,

θ ′′(s)+ 2

r
r ′(s)θ ′(s) = 0.
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Figure 2.3.2

By the same method as in the previous example, we get for r > r0

dθ

dr
= r0

r

√
k2r2(1+ k2)+ 1(
r2 − r20

)
(k2r2 + 1)

.

Using the inequality

k2 + 1− k2r2(k2 + 1)+ 1

k2r2 + 1
> 0,

we get

dθ

dr
<

r0
√
k2 + 1

r
√
r2 − r20

and hence

θ (r1)− θ (r0) <
∫ r1

r0

r0
√
k2 + 1

dr

r
√
r2 − r20

=
√
k2 + 1 tan−1

√
r21 − r20

r0
.

Thus we have

lim
r1→∞

θ (r1) ≤
√
k2 + 1

2
π.
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It follows from

k2r2(1+ k2)+ 1

k2r2 + 1
≥ k2 + 1− k2

k2r20 + 1

that

dθ

dr
≥
√
k2 + 1− k2

k2r20 + 1

1

r
√
r2 − r20

.

This gives

θ (r1)− θ (r0) ≥
√
k2 + 1− k2

k2r20 + 1
tan−1

√
r21 − r20

r0
,

and therefore we have

lim
r1→∞

θ (r1) ≥ π

2

√
k2 + 1− k2

k2r20 + 1
.

Summing up, we see that the following are true.

(1) If k ≤ √3 (or equivalently if c(M) ≤ π ) then γ has no self-intersection
for limr1→∞ θ (r1) ≤ π .

(2) If k >
√
3 (or equivalently if c(M) > π ) then γ has at most finitely many

self-intersections. Here the number of self-intersections of γ is at most
(k2 + 1)/2 = π/(2π − c(M)) if r is sufficiently far from the origin.

(3) S1 contains a neighborhood around the origin.
The behavior of the complete geodesics in Examples 2.3.1 and 2.3.2 holds

for Riemannian planes of positive curvature. This is the simplest case. More
general properties of complete geodesics on Riemannian planes are discussed
later, in Chapter 8.

Theorem 2.3.2 (see Sätze 7, 8, [20]). Assume that M has positive Gaussian
curvature and c(M) > π . If a complete geodesic γ has a self-intersection then
the following are true:

(1) γ (R) contains a unique geodesic loop γ [a, b];
(2) each of the subarcs γ |[b,∞) and γ |(−∞,a] of γ is divergent, has no

self-intersection and does not intersect the loop γ [a, b] except at the base
point.

Furthermore, if σ : [0,∞)→ M has a self-intersection then:
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Figure 2.3.3

(3) σ [0,∞) contains a unique geodesic loop, say σ [a, b], such that
σ [0, a) ∪ σ (b,∞) does not meet the loop and σ [b,∞) has no
self-intersection;

(4) σ [b,∞) is divergent;
(5) σ [0,∞) has at most finitely many self-intersections.

Proof. We choose a subarc γ |[a,b] of γ that is a geodesic loop.
We will prove that γ |[b,∞) has no self-intersection and does not meet the

geodesic loop except at γ (b). Suppose that γ |[b,∞) has a self-intersection. We
can then find a subarc γ |[c,d] with b ≤ c < d <∞ that is a geodesic loop also.
Let D, D′ be the disk domains bounded by γ [a, b], γ [c, d] respectively. Three
cases occur.
First of all, if D∩ D′ = ∅ then c(M) > c(D)+ c(D′) > 2π , a contradiction.
If D ∩ D′ �= ∅ then we can find parameters b′ ∈ [a, b] and d ′ ∈ [c, d] such

that γ (b′) = γ (d ′) ∈ ∂D ∩ ∂D′. Thus γ |[b′,d ′] is a geodesic loop whose inner
angle at its base point is greater than π , a contradiction.
Suppose finally that one disk is contained entirely in the other. Let D ⊂ D′.

Then the angle at γ (c) = γ (d) of D′ is greater than π , and hence c(D′) > 2π , a
contradiction. The uniqueness of a geodesic loop in γ [0,∞) is now clear. This
reasoning also proves the injectivity of γ |[b,∞) as well as of σ |[b,∞).
For the rest of the proof of Theorem 2.3.2, we need only to verify that every

geodesicγ : [0,∞)→ M is divergent. Supposeγ that is not divergent. Thenwe
can find amonotone divergent sequence {t j } such that {γ̇ (t j )} converges to a unit
vector u ∈ TpM for some point p ∈ M . We now find a disk domain bounded
by a subarc of γ and a geodesic of small length meeting the subarc almost
orthogonally (see Figure 2.3.3). Fixing a point q /∈ D and a neighborhood
Uq ⊂ M \ D, we can choose a small geodesic segment bounding D such that
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c(D) > 2π − ε/2, where ε := c(Uq ) > 0. This contradicts the Cohn-Vossen
theorem 2.2.1.

Remark 2.3.2. The divergence property of geodesics is also proved by the
convexity of Busemann functions on n-dimensional complete noncompact Rie-
mannian manifolds of positive sectional curvature. This property shows that the
exponential map at every point on M is proper (see [30]).

Corollary 2.3.1. If M has positive Gaussian curvature and if the total cur-
vature of M is greater than π then every complete geodesic of M without
self-intersection is the boundary of a half-plane.

Proof. LetN be the north pole of S2 and H : M → S2 \ {N } a homeomorph-
ism. From Theorem 2.3.2(2), the image under H of the two-point compactifi-
cation of a complete geodesic γ : R → M is a simple closed curve passing
through N , and hence it divides S2 into two disk domains. This concludes the
proof.

Theorem 2.3.3 (see Satz 10, [20]). Let M have positive Gaussian curvature.
If γ1, γ2 are complete geodesics on M then they have at least one point of
intersection.

Proof. The proof is discussed into three cases.
Assume first of all that each of the γi has a self-intersection. Then Theorem

2.3.2(1) implies that γi for i = 1, 2 contains a unique geodesic loop that
bounds a disk domain Di . Clearly c(Di ) > π and c(M) ≤ 2π . Thus we have
D1 ∩ D2 �= ∅.
Assume secondly that γ1, but not γ2, has a self-intersection. Then Corollary

2.3.1 implies that γ1(R) is the boundary of a half-plane of M . Let H1 ∪ H2 =
M \ γ1(R) be half-planes bounded by γ1(R), thus λ(∂Hi ) = 0 for i = 1, 2.
Suppose γ1(R)∩ γ2(R) = ∅. Then a geodesic loop lying on γ2(R) is contained
entirely in one of the half-planes. If H1 contains the geodesic loop then c(H1) >
π , contradicting Corollary 2.2.1.
Assume finally that neither γ1 nor γ2 has a self-intersection; further, suppose

that they do not intersect. Then γi (R) bounds an open half-plane Hi in M such
that the intersection H := H1 ∩ H2 forms an open strip homeomorphic to
{(x, y) ∈ R2; 0 < x < 1}. We now apply (2.2.1) in Theorem 2.2.1 to H and
obtain c(H ) ≤ 0, a contradiction.

Theorem 2.3.4 (see Satz 11, [20]). Assume that M has positive Gaussian cur-
vature. Then, passing through every point of M there exists a complete geodesic
without self-intersection.
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Note that if M has a positive Gaussian curvature and if c(M) ≤ π then no
complete geodesic on M has a self-intersection. Thus we consider only the case
where c(M) > π . We see from Theorem 2.3.1 that M admits geodesic loops. If
a complete geodesic γ has no self-intersection then the technique developed in
the proof of Theorems 2.3.2 and 2.3.3 implies that γ (R) passes through a point
on every fixed geodesic loop. Therefore we see that every complete geodesic
without self-intersection passes through a point of the disk domain bounded
by a geodesic loop. This phenomenon is easily seen in Examples 2.3.1 and
2.3.2.

Proof of Theorem 2.3.4. Wediscuss only the casewhere c(M) > π . Let p ∈ M
be an arbitrary fixed point and choose a complete geodesic γ0 : R→ M with
γ0(0) = p. Assume that γ0 has a self-intersection. Let E0 := γ0[a, b] be the
unique geodesic loop in γ0(R) and D0 the disk domain bounded by E0. Choose
an orthonormal-frame field {e1, e2} along E0 such that e1(γ0(t)) = γ̇0(t) and
e2(γ0(t)) is inward pointing with respect to D0 for t ∈ [a, b]. The orientation
of (e1, e2) is coherent with that of M . The unit circle Sp(1) ⊂ TpM has the
arc length parameterization θ : [0, 2π ]→ Sp(1) such that θ (0) := γ̇0(0). Thus
the unit vectors at p are identified with values in [0, 2π ). Let γu : R → M
for u ∈ [0, 2π ) be a complete geodesic with γu(0) = p and γ̇u(0) = u for
u ∈ [0, 2π ).
Suppose that there is no complete geodesic without self-intersection through

p. Then γu : R→ M for every u ∈ [0, 2π ) contains a unique geodesic loop Eu

bounding a disk domain Du . The continuity property of geodesics in their initial
conditions implies that there is a small positive number h with the property that
{e1, e2} can be chosen continuously along Eu for all u ∈ [0, h) in such a way
that e1(γu(t)) = γ̇u(t) and e2(γu(t)) is inward pointing with respect to Du , while
the orientation of (e1, e2) is coherent with that of M . However, it is impossible
to choose such an orthonormal frame field continuously along γπ ! Let A be the
set of all parameters {u ∈ [0, π )}with the property that there is an orthonormal-
frame field along Eu such that e1 = γ̇u , e2 is inward pointing with respect to
Du and the orientation of (e1, e2) is coherent with that of M . Clearly 0 ∈ A
and hence A �= ∅. Moreover, A contains an interval I = [0, a). It follows from
what we have supposed that γa has a self-intersection. A continuity argument
implies that

Ea = lim
u→a

Eu, Da = lim
u→a

Du .

Thus we see that a ∈ A and, in particular, I is open. Therefore we get π ∈ A,
a contradiction.
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The following theorem 2.3.5, shows the existence of a maximal geodesic
loop at a point on M .

Theorem 2.3.5 (see Satz 12, [20]). Assume that M has positive Gaussian cur-
vature and that c(M) > π . Let p ∈ M be the base point of a geodesic loop.
Then there exists a geodesic loop Ep with base point at p having the following
property: if Dp is the disk domain bounded by Ep then the closure D̄p of Dp

is totally convex. Namely, every geodesic segment joining any points on D̄p is
contained entirely in D̄p.

Remark 2.3.3. A set A is called totally convex iff every geodesic segment
joining two points in A is contained entirely in A. The geodesic loop Ep is
maximal in the following sense. If E′ is a geodesic loop with base point at p
and if D′ is the disk domain bounded by E′ then D′ ⊂ Dp.

Proof. Let E be a fixed geodesic loop with base point at p and D the disk
domain bounded by E. If α is the inner angle at p of D, we observe that α < π .
Fix as anticlockwise the orientation of Sp(1) and let [a, b] := Sp(D) be the

tangent unit vectors to D at p. Then

α = b − a, a < b < a + π.
Let {Eλ}λ∈! be the set of geodesic loops at p, where ! is an index set. Let Dλ
and αλ for every λ ∈ ! be respectively the disk domain and its inner angle at p.
Setting

[aλ, bλ] := Sp(Dλ), λ ∈ !,
we observe that

αλ = bλ − aλ, aλ < bλ < aλ + π,
and also (see Figure 2.3.4)

b − π < aλ < b < a + π, b − π < a < bλ < a + π.
Note that

Dλ ∩ Dµ �= ∅, Dλ ∩ D �= ∅, for all λ,µ ∈ !.
The proofs of aλ < b and a < bλ can be checked by supposing otherwise; then
D ∩ Dλ = ∅ (see Figure 2.3.5).
In order to find the maximum geodesic loop at p we set

a0 := infλ∈!aλ, b0 := supλ∈!bλ.
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Figure 2.3.4

Figure 2.3.5

If a0 is attained by some aλ then Eλ is the maximum geodesic loop at p. In fact,
suppose that bλ < bµ for some µ ∈ !. We then find, by using the short-cut
principle, a geodesic loop E′ at p whose disk domain contains Dλ ∪ Dµ (see
Figure 2.3.4).
Thus we assume that

a0 = lim inf
λ∈!

aλ.

We then have the following assertion.

Assertion 2.3.1. If a0 = lim infλ∈! aλ then there exists a geodesic loop Ep

at p that is tangent to a0. Moreover, if b0 is the other tangent vector to
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Figure 2.3.6

Ep at p then

b0 = sup
λ∈!

bλ = lim sup
λ∈!

bλ.

Proof. Let γ0(t) := expp ta0 be a complete geodesic. Suppose that γ0 has no
self-intersection. ThenCorollary 2.3.1 implies that it dividesM into half-planes.
From bλ < a0 + π for all λ ∈ !, there is a half-plane H containing Dλ such
that ∂H = γ0 (R). Then a contradiction is derived from Lemma 2.2.2.
Thus we see that γ0 has a self-intersection. Theorem 2.3.2(1) implies that

γ0 (R) contains a unique geodesic loop, say E0. Let D0 be the disk domain
bounded by E0 and s its base point. Then E0 ∩ Eλ �= ∅ for all λ ∈ !. In
fact, if it is supposed otherwise then a contradiction is derived from 2π <

c(D0)+ c(Dλ) < c(M).
We next assert that p ∈ E0. Suppose p /∈ E0. Clearly E0 ∩ Eλ �= ∅ for

all λ ∈ !. Let � > 0 be such that γ0[0, �) ∩ Dλ = ∅ and γ0(�) ∈ Eλ for
some λ ∈ ! (see Figure 2.3.6). We can then find a geodesic biangle consisting
of γ0[0, �] and the subarc of Eλ between p and γ0(�). Since the inner angle
at γ0(�) of this biangle is greater than π , a length-decreasing deformation of
this biangle with base point at p provides a geodesic loop E∗ with base point
at p bounding the disk domain D∗ that contains Dλ ∪ D0 in its interior. Let
[a∗, b∗] := Sp(D∗). Then a∗ < a0, a contradiction to a0 = infλ∈! aλ. If � < 0
then the disk domain D∗ bounded by E∗ is obtained in the same manner. Then
b∗ > a0 + π , a contradiction to the relation bλ ≤ a0 + π for all λ ∈ !. This
proves p ∈ E0.

We shall assert that Dλ ∩ D0 �= ∅ for all λ ∈ !. Recall that
a0 ≤ aλ, bλ − π < a0 ≤ aλ + π, for all λ ∈ !.
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Figure 2.3.7

We then observe that positions of the two geodesic loops in which they have
two points of intersection with E0, as in Figure 2.3.7, do not occur. Also, there
is no geodesic loop Eλ having three points of intersection with E0. In such a
case a contradiction is derived from aλ + π < a0 or a0 < bλ − π .
Now suppose that Dλ for some λ ∈ ! is not contained entirely in D0. We

can then find a point q ∈ E0 ∩ Eλ and subarcs of E0 and Eλ between p and
q that form a geodesic biangle whose angle at q is greater than π . Thus the
length-decreasing deformation of this geodesic biangle with base point at p
provides a geodesic loop E∗ at p such that the disk domain D∗ bounded by
E∗ has the following property: if we set [a∗, b∗] := Sp(D∗) then a∗ < a0; this
is a contradiction. Thus we have proved that all the geodesic loops at p are
contained entirely in D0, and so

Dλ ⊂ D0 for all λ ∈ !.

Finally, let �λ be the length of Eλ. Suppose that there is a subsequence {�i }
such that limi→∞ �i = ∞. Choose a parameter t0 such that p = γ0 (t0). Theorem
2.3.2(2) implies that γ0(t0) ∈ M \D0 and in particular that γ0 (t0+1) ∈ M \D0.
Since limi→∞ ai = a0, we have expp(t0 + 1)ai ∈ D0 for all i with �i > t0 + 1.
Then a contradiction is derived from γ0 (t0 + 1) = limi→∞ expp(t0 + 1)ai .
The above argument shows that {�i } is bounded above. Therefore we can

choose a convergent subsequence {�k}. Letting � := limk→∞ �k , we see that

p = lim
k→∞

expp �kak = γ0(t0).

Now the second statement of Assertion 2.3.1 follows from the maximal
property of the disk domain D0 bounded by E0. Suppose that there exists
a geodesic segment β joining two points x, y ∈ E0 lying outside D0. Sup-
pose, further, that the geodesic biangle consisting of β and a subarc of E0

bounds a disk domain E containing p. Then c(E) > 2π follows from the



70 2 Classical results of Cohn-Vossen and Huber

Gauss–Bonnet theorem, a contradiction. Thus E does not contain p. The length-
decreasing deformation proceeds to the geodesic triangle with edges px , py
and β, and eventually a geodesic loop at p is obtained that contains the maximal
disk domain D0, a contradiction to the choice of a0. By setting Ep :=E0 and
Dp := D0 we conclude the assertion.
The total convexity of D̄ p has also been proved in the above paragraph.

The following theorem, 2.3.6, ensures that the set S1 is nonempty.
Theorem 2.3.6. Let M have positive Gaussian curvature and c(M) > π . If
σ : R → M is a complete geodesic without self-intersection then there exists
a point q ∈ σ (R) that is not the base point of any geodesic loop.
Proof. Suppose that every point on σ (R) is the base point of some geodesic
loop. Let Ex for every x ∈ σ (R) be the maximal geodesic loop with base point
at x , as in Theorem 2.3.5.
We first assert that Ex ∩σ (R) is a single point {x}. If it is supposed otherwise

then there exists a geodesic loop at x that contains Ex in its disk domain, a
contradiction (see Figure 2.3.7).
Setting x1 := Ex∩(σ (R)\{x}) and, for i ≥ 1, using induction on themaximal

geodesic loop Ei at xi , which is the unique intersection Ei−1 ∩ (σ (R) \ {xi−1}),
we see that the disk domain Di bounded by Ei is contained entirely in Di−1
and that xi lies in the interior of the subarc of σ (R) between xi−1 and xi−2. If
αi is the inner angle at xi of Di then c(Di ) = π +αi implies that {αi } is strictly
decreasing.A contradiction is derived from the positivity of the convexity radius
over a compact set bounded by Ex . In fact, for any small positive number η
there are large numbers i > j such that d(xi , x j ) < η. Clearly xi is an interior
point of Ei−1 and E j makes an acute angle at x j that is less than α1. Therefore
E j intersects Ei−1 near xi , a contradiction. This proves Theorem 2.3.6.

The global behavior of complete geodesics on M with positive curvature and
c(M) > π is now discussed. As is seen in Example 2.3.1 for a paraboloid,
there are two distinct geodesic loops with the same base point. This can be seen
by lim infr0→0 R(r0) = ∞. In fact this relation shows that if a point p on a
parabola, as in Example 2.3.1, is sufficiently far from the origin then there are
two geodesic loops with base point at p, one of which passes through a point
close to the origin.
From Theorem 2.3.5 we see that if p ∈ M is the base point of some geodesic

loop then there exists a maximal geodesic loop Ep at p. Let Dp be the open
disk domain bounded by Ep. The inner angle of Dp at p is less than π . Thus
the set of all unit vectors at p tangent to Dp forms an open interval Sp(Dp) of
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the unit circle Sp(1) ⊂ TpM . Set

Ip := {γ : R→ M ; γ (0) = p, ±γ̇ (0) /∈ Sp(Dp)}.
Then Corollary 2.2.1 (and see also the proof of Theorem 2.3.5) implies that
any γ ∈ Ip cannot be the boundary of a half-plane and hence has at least
one self-intersection. Let E be the unique geodesic loop lying on γ (R), D the
corresponding disk domain and s ∈ E the base point of E. The total convexity
of D̄ p implies that Dp ⊂ D. Therefore every geodesic γ ∈ Ip has a unique
geodesic loop containing Dp in its disk domain (see Figure 2.3.8).
We next discuss complete geodesics emanating from p and passing through

points in Dp. Set

Jp := {γ : R→ M ; γ̇ (0) ∈ Sp(Dp)}.
We then observe that the following possibilities occur.
In the first case there exists a complete geodesic γ ∈ Jp that has no self-

intersection. This occurs if P �= ∅ and if γ passes through a point on P
(Definition 2.3.1).
In the second case, γ ∈ Jp has a self-intersection. Let E ⊂ γ be the unique

geodesic loop with base point at s and D the disk domain bounded by E (see
Figure 2.3.9). Three possibilities occur for the point s:

(1) s /∈ Dp;
(2) s = p and D ⊂ Dp;
(3) s ∈ Dp and D ⊂ Dp.

Now the properties of the special sets S0,S1 and P will be discussed.
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Theorem 2.3.7 (see Sätze 14, 15 and 16, [20]). Assume that M has positive
Gaussian curvature. Then the following statements are true.

(1) For every point p ∈ P , the exponential map expp : TpM → M is a
diffeomorphism.

(2) No complete geodesic emanating from a point on S1 has a
self-intersection.

(3) Every geodesic joining any two points on S1 lies in S0.
(4) If c(M) > π then every geodesic joining two points on P lies in S1.
Proof. Clearly no geodesic γ : [0,∞) → M with γ (0) = p ∈ P has a
self-intersection; then γ has no conjugate pair on it. In fact, if it is supposed
otherwise then a subarc γ |[0,t] for sufficiently large t > 0 is not minimizing,
and hence γ (t) is joined to p by a minimizing geodesic. Thus p is the corner
of a geodesic biangle, a contradiction to the choice of p. This proves (1).
For (2), suppose that a complete geodesic γ with γ (0) = p ∈ S1 has a self-

intersection. Let γ [a, b] be the unique geodesic loop at γ (a) = γ (b) and Dγ (a)
the corresponding disk domain. Since p ∈ S1, we may consider that a > 0.
Clearly γ [0, b] is the fine boundary of the compact set γ [0, a] ∪ D̄γ (a). The
length-decreasing deformation applies to this fine boundary with base point at
p and provides a geodesic loop at p. This contradicts the choice of p ∈ S1 and
proves (2).
For (3), suppose that there is a geodesic segment q1q2 joining q1, q2 ∈ S1

such that a point r ∈ q1q2 is the base point of some geodesic loop. Theorem
2.3.5 implies that there is a maximal geodesic loop Er at r . As was seen in
the proof of (2), the complete extension σ of q1q2 has no self-intersection. We
then observe that Er ∩ (σ (R) \ {r}) is a single point, say r1. We may consider
that the points are either in the order q1, r, r1, q2 or in the order q1, r, q2, r1.
In both cases we observe that q1r ∪ Er forms the fine boundary of a compact
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set and hence obtain a geodesic loop at q1, a contradiction to the choice of
q1 ∈ S1.
For (4), suppose that there exists a geodesic segment p1 p2 with p1, p2 ∈ P

such that a point q ∈ p1 p2 lies on a geodesic loop bounding a disk domain
D. Let γ be the complete extension of p1 p2 and let s be the base point of the
geodesic loop. Then γ divides M into two half-planes, say H1 and H2. We may
assume that s ∈ H2 and hence that H1 \ D has all its corners on γ (R), with all
the inner angles less than π . We then observe from q ∈ p1 p2 that at least one of
the two points p1, p2 is not contained in D. In fact, suppose p1, p2 ∈ D. Then
H1∩D has at least two components D1, D2 such that pi ∈ D̄i and p1 /∈ D̄2. By
the length-decreasing deformation procedure, we can find a geodesic joining
p1 to a point, away from D, on γ and lying in H1 \ D2, a contradiction to the
choice of p1. If p1 /∈ D, we can then find a geodesic joining p1 to a point on γ
by the same manner. Thus a contradiction is derived.

Remark 2.3.4. In the proof of the statement (1) we have used only the length-
decreasing deformation method, and hence (1) is valid for all Riemannian
planes.

At the end of this section we introduce a result by Bangert (see [10]) that
generalizes Theorem2.3.4. The proof uses the Lusternik–Schnirelmannmethod
for the length-decreasing deformation of homotopy curves.

Theorem 2.3.8 (see [10]). Every complete Riemannian plane admits at least
one complete and divergent geodesic without self-intersection.





3

The ideal boundary

Theconcept of a (geometric) ideal boundarywasoriginally inventedbyGromov,
see [7], and he defined Hadamard manifolds and nonnegatively curved comp-
lete noncompact 2-manifolds. In this chapter, wewill present the ideal boundary
M(∞) of a noncompact manifold M admitting a curvature at infinity λ∞(M),
this was first defined in [91] and is a very powerful tool to with which study the
global geometric properties of such an M . Some new aspects and theorems will
be included in this chapter, in particular a detailed study of the topological struc-
ture of the ideal boundary M(∞) and the compactification M

∞ = M ∪M(∞),
which were introduced briefly in [93, 97]. We will establish a triangle compari-
son theorem for triangular domains having small total absolute curvature. This
will be applied to prove that the scaling limit of M is isometric to the Euclidean
cone over the ideal boundary M(∞) with Tits metric, provided that the curva-
ture at infinity of M is finite. A variant of the triangle comparison theorem was
given in [98] with the aim of studying the limits of two-dimensional manifolds
under an L p curvature bound, p ≥ 1. In the last section, we will study the
asymptotic behavior and exhaustion property of Busemann functions, which
have been treated in [78, 79, 91].

3.1 The curvature at infinity

Let c : I → M be a piecewise-smooth curve in a two-dimensional Riemannian
manifold M , where I ⊂ R is an interval. We fix a side of c to determine the
normal vector field e and the inner angles ωi at the vertices xi of c. Let κ(s)
be the geodesic curvature of c at c(s), s ∈ I , with respect to the normal vector

75
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field e, and define

λ+(c(A)) :=
∫
A
(κ(s))+ ds +

∑
xi∈c(A)

(π − ωi )+,

λ−(c(A)) :=
∫
A
(κ(s))− ds +

∑
xi∈c(A)

(π − ωi )−,

for any Borel subset A of I , where (x)+ := max{x, 0} and (x)− := −min{x, 0}
for x ∈ R. It is easy to verify that λ± are positive Radon measures on c(I ).
Therefore λ := λ+ − λ− is a signed Radon measure on c(I ). If c ⊂ ∂M
then λ(c) := λ(c(I )) is compatible with the total geodesic curvature defined in
Section 1.9 and in (2.1.7). Set λabs := λ+ + λ−.

Definition 3.1.1 (The curvature at infinity). LetM be afinitely connected com-
plete two-dimensional Riemannian manifold, possibly with piecewise-smooth
boundary. The curvature at infinity of M is defined to be

λ∞(M) := 2πχ (M)− πχ (∂M)− c(M)− λ(∂M),

which exists only when at least one of∫
M
G+ dM + λ+(∂M) and

∫
M
G− dM + λ−(∂M)

is finite.

TheCohn-Vossen theoremsays thatλ∞(M) ≥ 0 ifλ∞(M) exists. TheGauss–
Bonnet theorem says that λ∞(M) = 0 if M is compact. When λ∞(M) exists,
both

∫
M G+ dM and λ+(∂M) are finite, because of λ∞(M) ≥ 0.

Example 3.1.1

(1) For the Euclidean plane R2 we have

λ∞(R2) = 2π.

(2) If M is a paraboloid then λ∞(M) = 0.
(3) For the hyperbolic plane H 2(−1) we have λ∞(H 2(−1)) = +∞.
(4) If M is the universal covering space of {(x, y) ∈ R2; x2 + y2 ≥ 1} then

λ∞(M) = +∞.
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V1

V2 V3

V4
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α2
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∂V

Figure 3.1.1 Riemannian half-plane

Lemma 3.1.1

(1) If C is a core of a noncompact M for which λ∞(M) exists then

λ∞(M) =
∑
V

λ∞(V ),

where V runs over all connected components of M \ C.
(2) If a Riemannian half-plane V is split into Riemannian half-planes Vi ,

i = 1, . . . , k, by disjoint proper curvesαi : [0,+∞)→ V , i = 1, . . . , k−1
(see Figure 3.1.1), and if λ∞(V ) and the λ∞(Vi ) all exist, then

λ∞(V ) = λ∞(V1)+ · · · + λ∞(Vk).
(3) If a Riemannian half-cylinder V is split into Riemannian half-planes Vi ,

i = 1, . . . , k, by disjoint proper curves αi : [0,+∞)→ V , i = 1, . . . , k
(see Figure 3.1.2), and if λ∞(V ) and the λ∞(Vi ) all exist, then

λ∞(V ) = λ∞(V1)+ · · · + λ∞(Vk).

Proof. The proofs are straightforward (cf. the proof of Theorem 2.2.1).

Proposition 3.1.1. If M, M ′ and M ′′ are such that their curvatures at infinity
all exist, M = M ′ ∪ M ′′ and M ′ ∩ M ′′ ⊂ ∂M ′ ∩ ∂M ′′ then

λ∞(M) = λ∞(M ′)+ λ∞(M ′′).

Proof. There exists a core C of M such that C ′ := C ∩ M ′ and C ′′ := C ∩ M ′′

are cores ofM ′ andM ′′ respectively. For any connected component V ofM \ C ,
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Figure 3.1.2 Riemannian half-cylinder

we can find all the components Vi , i = 1, 2, . . . , of M ′ \ C ′ and M ′′ \ C ′′ that
are contained in V . Then, since V and the Vi together satisfy the assumption in
either (2) or (3) of Lemma 3.1.1, we obtain

λ∞(M) =
∑
V

λ∞(V ) =
∑
V

∑
i

λ∞(Vi ) = λ∞(M ′)+ λ∞(M ′′).

Exercise 3.1.1. Prove the following.

(1) The curvature at infinity λ∞(M) of M is an invariant of any deformation
inside a compact set.

(2) Let M be such that λ∞(M) exists, and let α : [0,+∞)→ M be a curve
such that λ(α) exists and is finite and M \ α is connected. Then the
curvature at infinity of the completion of M \ α exists and is equal to
λ∞(M).

(3) If M and M ′ are such that their curvatures at infinity exist, and if M ′ is
isometrically embedded into M , then

λ∞(M ′) ≤ λ∞(M).

3.2 Parallelism and pseudo-distance between curves

From now on, let M be a finitely connected complete noncompact two-
dimensional Riemannian manifold, possibly with boundary, for which the cur-
vature at infinity λ∞(M) exists. For any curve α : I → M from an interval I of
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R to M , we put

E(α) := {t ∈ I ; α|I∩[t−ε,t+ε] for any ε > 0 is not a minimal segment}

and

CM := {α : [0,+∞)→ M ; α is a simple proper piecewise-smooth curve

such that λabs(α|E(α)) < +∞}.
Obviously, if α ∩ ∂M = ∅ then λ(α|E(α)) = λ(α).
Remark 3.2.1. Any piecewise-smooth curve α : [0,+∞)→ M entirely con-
tained in ∂M is an element of CM , because λ(α|E(α)) = λ+(α) ≤ λ+(∂M) <
+∞ with respect to a suitably chosen side of α.

We say that curves ci : Ii → M, i = 1, . . . , k, together bound a region D of
M if there exist lifts c̃i : Ii → ∂D of ci , i = 1, . . . , k, into the fine boundary
∂D of D (see Section 1.9) such that each c̃i is an into-homeomorphism and⋃k

i=1 c̃i (Ii ) = ∂D.
Two curves α and β in CM are said to cross each other (or simply cross) if

both α(t) and β(t) tend to a common end of M as t →+∞ and if there exists
no curve joining α(0) and β(0) that, together with α and β, bounds a region
of M in the above sense. Two curves α and β in CM are said to cross each
other near infinity (or simply cross near infinity) if α|[a,+∞) and β|[b,+∞) for
any a, b ≥ 0 cross each other.
Let α and β be two curves in CM such that α(t) and β(t) tend to a common end

of M and do not cross near infinity, i.e., α|[a,+∞) and β|[b,+∞) for some a, b ≥ 0
do not cross each other. Then there exists a coreC ofM such thatα|[a,+∞) ∩C =
{α(a)} and β|[b,+∞) ∩ C = {β(b)}. Let V be the connected component of
M \ C containing both α|[a,+∞) and β|[b,+∞). When V is a Riemannian half-
cylinder then α|[a,+∞) and β|[b,+∞) together divide V into two closed regions,
say D(α, β) and D(β, α), where the orientation of D(α, β) (resp. D(β, α))
induced from V is compatible with the direction of the parameter of β|[b,+∞)

(resp. α|[a,+∞)); see Figure 3.2.1.
When V is a Riemannian half-plane, then α|[a,+∞) and β|[b,+∞) together

divide V into three closed regions, one of which, say D, touches both α and β.
We define only one of D(α, β) and D(β, α) by

D =:


D(α, β) if the orientation of D is compatible

with the direction of the parameter of β,

D(β, α) otherwise;

see Figure 3.2.2.
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Figure 3.2.1 The case where V is a Riemannian half-cylinder.

Now set I (α̂, β̂) := D(α̂, β̂) ∩ ∂V for any (α̂, β̂) ∈ {(α, β), (β, α)}. In the
case where α|[a,+∞) = β|[b,+∞), we agree that

D(α, β) := α[a,+∞) = β[b,+∞) and I (α, β) := {α(a)} = {β(b)}.

Note that although for given α and β we have many choices of D(α, β), de-
pending on a, b ≥ 0 and the coreC , we will pick up just one of them. Of course,
this notation is defined when M is a Riemannian half-plane H or a Riemannian
half-cylinder N .
For a Riemannian half-plane H , a relation ≤ on CH is defined by the fol-

lowing: for two curves α, β ∈ CH , α ≤ β is true if there is a core C of H for
which D(α, β) is defined. Note that both α ≤ β and β ≤ α hold iff α and β
have a common subarc in CH . The relation ≤ is reflexive and transitive but not
antisymmetric.

Definition 3.2.1. Afunction d∞ : CM × CM→R∪ {+∞} is defined as follows.
Let α, β ∈ CM be two curves. If α(t) and β(t) tend to different ends as t →+∞
then d∞(α, β) := +∞. Assume that they tend to a common end. If α and β
cross near infinity then d∞(α, β) := 0. If they do not, we can find a V as above
corresponding to α and β. If V is a Riemannian half-plane then

d∞(α, β) :=
{
λ∞(D(α, β)) if α ≤ β,
λ∞(D(β, α)) if β ≤ α.

Ifα ≤ β and β ≤ α then D(α, β) = D(β, α) is just the image of a common sub-
arc of α and β, and we agree that d∞(α, β) = λ∞(D(α, β)) = λ∞(D(β, α)) =
0. If V is a Riemannian half-cylinder then

d∞(α, β) := min{λ∞(D(α, β)), λ∞(D(β, α))}.
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D(α, β)
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Figure 3.2.2 The case where V is a Riemannian half-plane.

The function d∞ is obviously nonnegative and symmetric, and will later be
proved to be a pseudo-distance function on CM (see Theorem 3.3.1 below).

Lemma 3.2.1. If a sequence {ci }i=1,2,..., of piecewise-smooth curves (point-
wise) converges to a piecewise-smooth curve c then

(1) lim infi→∞ λabs(ci ) ≥ λabs(c),
(2) lim infi→∞ λabs(ci |E(ci )) ≥ λabs(c|E(c)).

Proof. (1): We first claim:

Sublemma 3.2.1. The following, (i) and (ii), hold:

(i) There exists a smooth approximation c̃i of ci tending to c as i →∞ such
that for, any two numbers a < b,

lim inf
i→∞

λabs(ci |[a,b]) = lim inf
i→∞

λabs(c̃i |[a,b]).

(ii) In addition, for any two numbers a < b there exist ai and bi , with
a ≤ ai < bi ≤ b for every i , such that limi→∞ ai = a, limi→∞ bi = b and

lim
i→∞

λ(c̃i |[ai ,bi ]) = λ(c|[a,b]).

If the sublemma is assumed to be true then (i) and (ii) together imply that

lim inf
i→∞

λabs(ci |[a,b]) ≥ |λ(c|[a,b])| for any two numbers a < b,

which proves (1) of the lemma on noting the arbitrariness of a and b.
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c(t)

θi(t)

c̃i(t)

σi,t
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Figure 3.2.3

Proof of Sublemma 3.2.1. (i): The proof of (i) is easy and will be left to the
reader.
(ii): For any t ∈ [a, b] and i = 1, 2, . . . , denote by σi,t a minimal segment

from c(t) to c̃i (t), and set

δi := sup
t∈[a,b]

d(c(t), c̃i (t)),

θi (t) := � (ċ(t), σ̇i,t (0)), θ̃i (t) := � (˙̃ci (t),−σ̇i,t (L(σi,t )));

see Figure 3.2.3.
We can choose c̃i in such a way that c̃i (t) �= c(t) for any t . Then σi,t is

nontrivial, so that θi (t) and θ̃i (t) are defined for all t ∈ [a, b]. Assume that i is
sufficiently large. We now prove

Sublemma 3.2.2. For any ε > 0 and t ∈ [a, b] there exists T = T (ε, t) ∈
[a, b] such that |t − T | ≤ δi/ε and | cos θi (T )+ cos θ̃i (T )| ≤ ε.
Proof of Sublemma 3.2.2. It suffices to prove that if three numbers t1 < t2 and
ε > 0 satisfy |cos θi (t)+ cos θ̃i (t)| > ε for any t ∈ (t1, t2) then t2 − t1 < δi/ε.
Since i has been assumed to be sufficiently large, σi,t is uniquely determined,
so that θi (t) and θ̃i (t) are continuous in t ∈ [a, b].
In the case where cos θi (t) + cos θ̃i (t) > ε for any t ∈ (t1, t2), the first

variation formula implies that

d(c(t2), c̃i (t2))− d(c(t1), c̃i (t1)) =
∫ t2

t1

(cos θi (t)+ cos θ̃i (t)) dt

> ε (t2 − t1),
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Figure 3.2.4

the left-hand side of which is less than or equal to δi , and thus

t2 − t1 < δi/ε.

In the case where cos θi (t) + cos θ̃i (t) < −ε for any t ∈ (t1, t2), a similar
discussion also yields

t2 − t1 < δi/ε.

Let us continue the proof of part (ii) of Sublemma 3.2.1. We can find a
sequence {εi } of positive numbers such that limi→∞ εi = limi→∞ δi/εi = 0.
Applying Sublemma 3.2.2 we set ai := T (εi , a) and bi := T (εi , b) and obtain

a ≤ ai , lim
i→∞

ai = a, bi ≤ b, lim
i→∞

bi = b,

(3.2.1)
lim
i→∞

(θi (ai )+ θ̃i (ai )) = lim
i→∞

(θi (bi )+ θ̃i (bi )) = π.

We now find a point p (resp. q) so close to c(a) (resp. c(b)) that a minimal
segment joining p and c(a) (resp. c(b)) is unique. Let ξi , ξ̃i , ηi , η̃i be four
minimal segments respectively from p, p, q , q to c(ai ), c̃i (ai ), c(bi ), c̃i (bi ), and
let Ai and Bi be the domains bounded respectively by the triangles σi,ai ∪ξi ∪ ξ̃i
and σi,bi ∪ ηi ∪ η̃i ; see Figure 3.2.4. We can find a curve ζ joining p and q in
such a way that the two quadrangles c ∪ ξi ∪ ζ ∪ ηi and c̃i ∪ ξ̃i ∪ ζ ∪ η̃i each
bound a disk, say Di and D̃i respectively. As i tends to infinity, Di and D̃i tend
to the same limit disk D, whose boundary is a quadrangle with vertices c(a), p,
q and c(b). It follows that limi→∞(� c(ai )Ai+� c̃i (ai )Ai ) = π , where � x R denotes
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the inner angle of a region R at a point x ∈ ∂R. By this and (3.2.1) we have
lim
i→∞

� c(ai )Di = lim
i→∞

� c̃i (ai ) D̃i = � c(a)D,

as well as

lim
i→∞

� c(bi )Di = lim
i→∞

� c̃i (bi ) D̃i = � c(b)D.

By limi→∞ � p Ai = 0 and limi→∞ � q Bi = 0, we obtain

lim
i→∞

� pDi = lim
i→∞

� p D̃i = � pD,

lim
i→∞

� q Di = lim
i→∞

� q D̃i = � q D.

Moreover

lim
i→∞

c(Di ) = lim
i→∞

c(D̃i ) = c(D).

Thus, applying the Gauss–Bonnet theorem,

λ(c|[a,b]) = lim
i→∞

λ(c|[ai ,bi ]) = lim
i→∞

λ(c̃i |[ai ,bi ]),

which completes the proof of Sublemma 3.2.2.

Thus the proof of part (1) of Lemma 3.2.1 is complete.
Let us show part (2) of Lemma 3.2.1. Since limi→∞ ci ∩ ∂M ⊂ c ∩ ∂M ,

we obtain limi→∞ ci |E(ci ) ⊃ c|E(c), which together with (1) proves (2). This
completes the proof of Lemma 3.2.1.

Definition 3.2.2 (Proper convergence). Let α : [0,+∞)→ M be a curve, and
let {αi : [0, ai ) → M}i=1,2,..., be a sequence of curves such that each λ(αi )
exists and limi→∞ ai = +∞, where 0 ≤ ai ≤ +∞. We say that {αi } properly
converges to α if {αi } converges to α as i → ∞ and the following, (P1) and
(P2), hold:

(P1) limt→+∞ lim infi→∞ d(p, αi |[t,ai )) = +∞ for a fixed point p ∈ M ,
(P2) limt→+∞ lim supi→∞ λabs(αi |[t,ai )∩E(αi )) = 0.

This notion of convergence is called proper convergence.

Example 3.2.1

(1) Let α ∈ CM and αi := α|[0,ai ], ai →+∞. Then {αi } properly converges
to α.

(2) When a sequence of minimal segments converges to a ray, this is a proper
convergence.
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Proposition 3.2.1. If a sequence {αi : [0, ai ) → M} of curves properly con-
verges to a curve α : [0,+∞)→ M then α ∈ CM.
Proof. (P1) implies that α is proper. (P2) and Lemma 3.2.1 together prove the
existence and finiteness of λ(α|E(α)).

Definition 3.2.3 (Parallelism). Two curves α, β ∈ CM are said to be paral-
lel if there exist two sequences {αi : [0, ai ]→M} and {βi : [0, bi ] →M} of
piecewise-smooth curves properly converging respectively to α and β such that
αi (ai ) = βi (bi ) for each i .
Obviously, if two curves α, β ∈ CM are parallel then both α(t) and β(t) tend

to a common end as t →+∞.
Let X be a (not necessarily two-dimensional) Riemannian manifold possibly

with boundary.

Definition 3.2.4 (Asymptotic relation). A ray σ in X is said to be asymptotic
to a ray τ in X if there exist a sequence {σi : [0, si ]→ X} of minimal segments
tending to σ and a sequence {ti } of positive numbers tending to +∞ such that
σi (si ) = τ (ti ) for each i . We call such a ray σ a coray of τ .

It follows that when a ray in M is asymptotic to another ray in M they are
parallel. Notice that the asymptotic relation is not necessarily symmetric.

Proposition 3.2.2. If a sequence of rays σi , i = 1, 2, . . . , in X asymptotic to a
ray τ in X converges to a ray σ in X then σ is asymptotic to τ .

Proof. Assume that a sequence of rays σi in X asymptotic to a ray τ in X
converges to a ray σ . Then, for each i , there is a sequence of minimal segments
σi, j : [0, si, j ] → X , j = 1, 2, . . . , such that lim j→∞ σi, j = σi and σi (si, j ) =
τ (ti, j ) for any j , where ti, j is some sequence tending to∞ as j → ∞. If we
take a sufficiently large j(i) against each i then σi, j(i) converges to σ and ti, j(i)
to∞ as i →∞.

Let H be a Riemannian half-plane for which the curvature at infinity exists.

Lemma 3.2.2. Let c be a compact arc in H, and let {pi }i=1,2,..., be a sequence
of points in H tending to infinity (i.e., d(pi , c) tends to+∞). Assume that given
curves αi and βi , i = 1, 2, . . . , all connect c to pi and that a subarc of c, αi
and βi , for each i , bounds a compact contractible region Di (see Figure 3.2.5).
If the sequences {αi } and {βi } properly converge to two curves α and β in CH
respectively then the inner angle of Di at pi tends to zero as i → ∞, and we
have d∞(α, β) = 0.
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Figure 3.2.5

Proof. The limit region D := limi→∞ Di is bounded by α, the subarc of c from
α(0) to β(0), and β. Thus, it follows that limi→∞(λ(∂Di ) − (π − � pi Di )) =
λ(∂D), which, together with the Gauss–Bonnet theorem, shows that for any
compact subset K of H ,

c(D ∩ K ) = lim
i→∞

c(Di ∩ K ) = lim
i→∞

(c(Di )− c(Di \ K ))
= lim

i→∞
(2π − λ(∂Di )− c(Di \ K ))

= lim
i→∞

(π − λ(∂D)+ � pi Di − c(Di \ K )).

Since c(Di \ K ) ≤
∫
H\K G+ dH ,

π − c(D ∩ K )− λ(∂D)+ lim sup
i→∞

� pi Di ≤
∫
H\K

G+ dH.

If K is increasing and tends to H then c(D ∩ K ) converges to c(D) and∫
H\K G+ dH to zero. Thus

d∞(α, β)+ lim sup
i→∞

� pi Di ≤ 0.

Proposition 3.2.3. If α, β ∈ CH are parallel then d∞(α, β) = 0.

Proof. If α and β cross near infinity, the conclusion is trivial. Assume that α
and β do not cross at infinity and that α ≤ β. We can find a compact subarc
c : [0, �]→ ∂H of ∂H such that the direction of the parameter of c is compatible
with the orientation of ∂H and then assumeα∩c = {α(0)} andβ∩c = {β(0)} by
extending or cutting α and β. Since α and β are parallel, there exist sequences
{αi : [0, ai ] → H} and {βi : [0, bi ] → H} of curves properly converging to
α and β such that αi (ai ) = βi (bi ) =: pi , αi ∩ c = {αi (0)} = {α(0)} and
βi ∩ c = {βi (0)} = {β(0)} for every i (see Figure 3.2.6). Denote by Hi the
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Figure 3.2.6 The case pi ∈/ Hi .

α̂i βî

αi βi

(0)c c(l)

pi = p̂i

Figure 3.2.7 The case pi ∈ Hi .

completion of H \�(αi ∪ βi ), where �(A) denotes the union of a subset A of
H and of all bounded connected components of H \ A. Let p̂i be a point in
∂�(αi ∪ βi ) such that

dHi ( p̂i , c) = max
x∈∂�(αi∪βi )

dHi (x, c) when pi /∈ Hi ,

where dHi denotes the interior distance function on Hi (i.e., dHi (x, y) is the
infimum of the lengths of all curves in Hi joining x and y) and

p̂i := pi when pi ∈ Hi

(see Figure 3.2.7). Now find a minimal segment α̂i : [0, âi ] → Hi (resp. β̂ i :
[0, b̂i ]→ Hi ) in Hi joining c(0) (resp. c(�)) to p̂i . Note that c, α̂i and β̂ i
together bound a compact contractible region in H containing �(αi ∪ βi ).
Substituting a subsequencewe assume that {α̂i } and {β̂ i } converge to two curves
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α̂, β̂ : [0,+∞)→ H respectively. It follows that α̂ ≤ α ≤ β ≤ β̂. Let us show
that limi→∞ α̂i = α̂ and limi→∞ β̂ i = β̂ are properly convergent. Condition
(P1) in Definition 3.2.2 is easily checked, so let us verify only condition (P2).
Let ξ, η : [0,+∞)→ ∂H be the two curves respectively emanating from c(0)
and c(�) such that ξ |(0,+∞) and η|(0,+∞) are the two components of ∂H \c. Since
{αi } and {βi } properly converge to α and β, there exists a sequence {st }t≥0 of
positive numbers tending to +∞ as t → +∞ such that, for all sufficiently
large i and for all t ≥ 0,

α̂i [t, âi ] ∩ (αi ∪ βi ∪ ξ ∪ η)
⊂ αi [st , ai ] ∪ βi [st , bi ] ∪ ξ [st ,+∞) ∪ η[st ,+∞),

and hence

λabs(α̂i |[t,âi ]∩E(α̂i )) ≤ λabs(αi |[st ,ai ]∩E(αi ))+ λabs(βi |[st ,ai ]∩E(βi ))
+ λabs(ξ |[st ,+∞)∩E(ξ ))+ λabs(η|[st ,+∞)∩E(η)).

Since limi→∞ αi = α and limi→∞ βi = β are properly convergent and since
ξ, η ∈ CH , we obtain

lim
t→+∞ lim sup

i→∞
λabs(α̂i |[t,âi ]∩E(α̂i )) = 0.

Thus {α̂i } properly converges to α̂. A similar discussion yields that {β̂ i } properly
converges to β̂.
Applying Lemma 3.2.2 yields that d∞(α̂, β̂) = 0, and hence

d∞(α, β) = λ∞(D(α, β)) ≤ λ∞(D(α̂, β̂)) = d∞(α̂, β̂) = 0.

Lemma 3.2.3. For any two curves α, β ∈ CH crossing each other near infinity,
there exist two curves σ−, σ+ ∈ CH such that

σ− ≤ α, β ≤ σ+ and d∞(σ±, α) = d∞(σ±, β) = 0.

Proof. Extending α and β if necessary, we assume that α(0) and β(0) both lie
on ∂H . Let ∂H : R→ ∂H denote a unit-speed parameterization that is positive
with respect to the orientation of H , and let H ′ be the closure of the component
of H \ (α ∪ β) containing ∂H (−t) for all sufficiently large t ≥ 0 (see Figure
3.2.8). Since both α and β are simple, there exist pi ∈ H ′ ∩α∩β, i = 1, 2, . . . ,
tending to infinity. For each i , we can find a minimal segment σi in H ′ from
a fixed point p0 ∈ ∂H ′ to pi ; we denote by Di the compact region in H ′

bounded by σi . The closure of
⋃

i Di is a region in H ′ bounded by the limit ray
limi→∞ σi =: σ−.
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Figure 3.2.8

A discussion similar to that in Proposition 3.2.3 shows that σi properly con-
verges to σ−. Applying Proposition 3.2.3 yields σ− ∈ CH and

d∞(σ−, α) = d∞(σ−, β) = 0.

The existence of σ+ is proved in the same way.

Lemma 3.2.4

(1) If three curves α, β, γ ∈ CH satisfy α ≤ β ≤ γ then

d∞(α, γ ) = d∞(α, β)+ d∞(β, γ ).

(2) If four curves α, β, γ−, γ+ ∈ CH satisfy that α and β cross near infinity
and that γ− ≤ α, β ≤ γ+ then

d∞(α, γ±) = d∞(β, γ±)

(see Figure 3.2.10).
(3) If three curves α, β, γ ∈ CH satisfy that α and β cross near infinity and

that so do β and γ , and if α ≤ γ , then
d∞(α, γ ) = 0

(see Figure 3.2.9).

Proof. (1): Obvious (cf. Lemma 3.1.1).
(2): Applying Lemma 3.2.3 for α and β in D(γ−, γ+) for some core, we

can find σ± such that γ− ≤ σ− ≤ α, β ≤ σ+ ≤ γ+ and d∞(σ±, α) =



90 3 The ideal boundary

Figure 3.2.9

Figure 3.2.10

d∞(σ±, β) = 0. Hence, by (1),

d∞(α, γ±) = d∞(σ±, γ±) = d∞(β, γ±).

(3): By Lemma 3.2.3, there exist σ−, σ+ ∈ CH such that σ− ≤ α, β, γ ≤ σ+
and d∞(σ−, α) = d∞(σ−, β) = d∞(β, σ+) = d∞(γ, σ+) = 0. Hence

d∞(α, γ ) = d∞(σ−, σ+) = d∞(σ−, β)+ d∞(β, σ+) = 0.

Proposition 3.2.4. The function d∞ : CH × CH → R ∪ {+∞} is a pseudo-
distance function.
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Proof. It suffices to prove the triangle inequality

d∞(α, γ ) ≤ d∞(α, β)+ d∞(β, γ ) for any α, β, γ ∈ CH .
If d∞(α, γ )= 0 then the inequality is trivial. We can assume without loss of
generality that d∞(α, γ )> 0 and α≤ γ . If β ≤α≤ γ , α≤β ≤ γ or α≤ γ ≤β
holds then applying (1) of Lemma 3.2.4 yields the triangle inequality. If none
of these hold, (2) and (3) of Lemma 3.2.4 prove the triangle inequality.

3.3 Riemannian half-cylinders and their
universal coverings

Let N be a Riemannian half-cylinder for which the curvature at infinity exists.

Lemma 3.3.1. If λ∞(N ) = 0 then d∞(α, β) = 0 for any α, β ∈ CN .
Proof. Let α, β ∈ CN be two curves. If α and β cross near infinity then the
conclusion is trivial. Otherwise,

d∞(α, β) ≤ λ∞(D(α, β))+ λ∞(D(β, α)) = λ∞(N ) = 0.

Let pr : Ñ → N be the universal covering. For any curve α ∈ CN , denote by
αn for n ∈ Z all the different lifts in Ñ of α such that · · · ≤ α−1 ≤ α0 ≤
α1 ≤ · · · . Let σ be a ray in N such that σ ∩ ∂N = {σ (0)}. Then the σ n for
all n ∈ Z do not intersect each other and in particular do not cross each other.
For m < n, let I (σm, σ n) be the subarc of ∂ Ñ from σm(0) to σ n(0), and let
D(σm, σ n) be the Riemannian half-plane in Ñ bounded by σ n , I (σm, σ n) and
σm ; see Figure 3.3.1. (The boundary ∂ Ñ could be considered to be a core
of Ñ .)

Exercise 3.3.1. Prove that any two curves α, β ∈ CD(σm ,σ n ), m < n, satisfy

d∞(pr ◦ α, pr ◦ β) ≤ d∞(α, β).

Lemma 3.3.2. For any two integers m < n and for any curve c in D(σm, σ n)
connecting σm and σ n, we have

|λ(c)| ≥ (n − m)

(
−λ(∂N )−

∫
N
G+ dN

)
− π.

Proof. Applying the Gauss–Bonnet theorem to the compact region, say D, in
D(σm, σ n) that is surrounded by σm , I (σm, σ n), σ n and c yields

(n − m)
∫
N
G+ dN ≥ c(D) ≥ −π − λ(c)− (n − m)λ(∂N )

with respect to a suitable side of c, which completes the proof.
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Figure 3.3.1

Lemma 3.3.3. If λ∞(N ) > 0 then there exists a Riemannian sub-half-cylinder
N ′ of N such that

−λ(∂N ′)−
∫
N ′
G+ dN > 0.

Proof. Let N ′ be any Riemannian sub-half-cylinder of N such that ∂N ′ inter-
sects σ perpendicularly at only one point. Then N ′ is a neighborhood of the
end of N , and it suffices to prove that if N ′ is decreasing and N \ N ′ tends to
N then −λ(∂N ′) − ∫N ′ G+ dN tends to λ∞(N ). In fact, if λ∞(N ) < +∞ (or
equivalently if c(N ) is finite) then

−λ(∂N ′)−
∫
N ′
G+ dN = λ∞(N )−

∫
N ′
G− dN ,

and the right-hand side of this tends toλ∞(N ). Ifλ∞(N ) = +∞ (or equivalently
if c(N ) = −∞) then

−λ(∂N ′) = −λ(∂N )− c(N \ N ′),
which tends to +∞ and, besides,

∫
N ′ G+ dN tends to zero.

Lemma 3.3.4. If λ∞(N ) > 0 then any curve α̃ : [0,+∞)→ Ñ with pr ◦ α̃ ∈
CN is entirely contained in D(σm, σ n) for integers m < n.

Proof. Let N ′ be as in Lemma 3.3.3, and let α̃ : [0,+∞)→ Ñ be a curve such
that pr ◦α̃ ∈ CN . Then there exists a number t ≥ 0 such that pr ◦α̃|[t,+∞) ⊂ N ′.
It follows that

|λ(α̃|[t,+∞))| < k

(
−λ(∂N ′)−

∫
N ′
G+dN

)
− π

for sufficiently large k ∈ N, so that Lemma 3.3.2 completes the proof.



3.3 Riemannian half-cylinders and their universal coverings 93

Proposition 3.3.1. The function d∞ : CN × CN → R ∪ {+∞} is a pseudo-
distance function.

Proof. By Lemma 3.3.1, it suffices to consider the case where λ∞(N ) > 0. To
prove the triangle inequality

d∞(α, γ ) ≤ d∞(α, β)+ d∞(β, γ ) for any α, β, γ ∈ CN
we find a ray σ from ∂N . By Lemma 3.3.4, there exist two integers m < n and
lifts α̃, β̃, γ̃ in D(σm, σ n) of α, β, γ such that

d∞(α, β) = d∞(α̃, β̃) and d∞(β, γ ) = d∞(β̃, γ̃ ).

Applying Proposition 3.2.4 to H := D(σm, σ n) yields

d∞(α, γ ) ≤ d∞(α̃, γ̃ ) ≤ d∞(α̃, β̃)+ d∞(β̃, γ̃ ) = d∞(α, β)+ d∞(β, γ ).

For a finitely connected 2-manifold M admitting a curvature at infinity, we
obtain the following:

Theorem 3.3.1. The functiond∞ : CM×CM → R∪ {+∞} is a pseudo-distance
function.

Proof. Since CM splits into components CV for all connected components V of
M \ C , where C is a core of M , the theorem follows from Propositions 3.2.4
and 3.3.1.

Lemma 3.3.5. Assume that λ∞(N ) > 0, and let {α̃i : [0, ai ) → Ñ } be a se-
quence of piecewise-smooth curves converging to a curve α̃ ∈ CÑ . If {pr ◦ α̃i}
properly converges the to pr ◦ α̃ then there exist two integers m < n, indepen-
dent of i , such that the α̃i for all i and α̃ are entirely contained in D(σm, σ n).

Proof. By Lemma 3.3.3, substituting a sub-half-cylinder of N we may assume
that

ε := −λ(∂N )−
∫
N
G+ dN > 0.

From Lemma 3.3.4, there exist two integers m ′ < n′ such that α̃ is contained
in the interior of D(σm

′
, σ n

′
). Define two integers m and n to satisfy

m ′ − m = n − n′ = min{k ∈ N; k > π/ε}.
Suppose that there exists a subsequence {α̃ j(i)} of {α̃i } such that no α j(i) is
contained in D(σm, σ n). Assume without loss of generality that every α̃ j(i)

intersects both σm and σm
′
(see Figure 3.3.2). Since α̃ j(i) tends to α̃ as i →∞,

each α̃ j(i) has a subarc α̃ j(i)|[ti ,t ′i ] connecting σm and σm
′
such that ti and t ′i both
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Figure 3.3.2

tend to infinity. Lemma 3.3.2 implies that

λabs(α̃ j(i)|[ti ,a j(i))) ≥ |λ(α̃ j(i)|[ti ,t ′i ])| ≥ (m ′ − m)ε − π > 0,

which contradicts (P2), Definition 3.2.2, for pr ◦ α̃ j(i).

Theorem 3.3.2. If α, β ∈ CM are parallel then d∞(α, β) = 0.

Proof. When λ∞(N )= 0, the theorem follows from Lemma 3.3.1, so assume
thatλ∞(N ) > 0, and letα, β ∈ CN beparallel. Find two sequences {αi : [0, ai ]→
N } and {βi : [0, bi ]→ N } of piecewise-smooth curves properly converging to
α and β such that αi (ai ) = βi (bi ). There exist lifts α̃i , α̃, β̃ i , β̃ of αi , α, βi , β
for every i , such that {α̃i } and {β̃ i } properly converge to α̃ and β̃ respectively
and α̃i (ai ) = β̃ i (bi ). By Lemma 3.3.5, there exist two integers m < n in-
dependent of i such that α̃i , α̃, β̃ i , β̃ are all contained in D(σm, σ n). Since
{α̃i } and {β̃ i } properly converge to α̃ and β̃, applying Proposition 3.2.3 yields
d∞(α̃, β̃) = 0.

3.4 The ideal boundary and its topological structure

Let us now give the definition of the ideal boundary of a finitely connected
2-manifold M for which the curvature at infinity exists.

Definition 3.4.1 (Ideal boundary). The ideal boundary M(∞) of M is defined
to be the quotient space of CM modulo d∞(·, ·)= 0. The pseudo-distance func-
tion d∞ on CM induces a distance function on M(∞), which we call the Tits
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distance and also denote as d∞. Denote by α(∞) the class inM(∞) represented
by α ∈ CM .
The ideal boundary M(∞) has the decomposition

M(∞) =
⋃
V

V (∞),

where V is any connected component of M \ C for a fixed core C of M .

Lemma 3.4.1. For any x ∈ M(∞) and any compact subset K of M, there
exists a ray σ from K such that σ (∞) = x.

Proof. Let K ⊂ M be a compact subset, and x ∈ M(∞). We can find a curve
α ∈ CM such that α(∞) = x . For a sequence {ti →+∞} of positive numbers,
let σi for i = 1, 2, . . . , be minimal segments from K to α(ti ). Then there exists
a subsequence {σ j(i)} of {σi } converging to a ray σ from K . Since α and σ are
parallel, we obtain σ (∞) = x .

Set M
∞
:= M ∪M(∞) (a disjoint union) and call it the compactification of

M . We will define a topology of M
∞
. Let D be any finitely connected closed

noncompact region in M such that ∂D \ CD for a core CD of D consists of the
images of finitely many curves in CM . Then the curvature at infinity of D exists,
and D(∞) is defined. There is a natural embedding D(∞) ⊂ M(∞), so that
D
∞
:= D ∪ D(∞) is embedded into M

∞
. In the same way, the curvature at

infinity of D′ := M \ D exists and we have D′
∞ = D′ ∪ D′(∞) ⊂ M

∞
and

D
∞ ∪ D′

∞ = M
∞
.

Let {Nx }x∈M be a canonical fundamental neighborhood system of M and, for
x ∈ M(∞), let Nx be the family of all D

∞
, where D is as above and satisfies

x /∈ D′(∞).

Definition 3.4.2 (Topology of M
∞
). A topology of M

∞
is defined to have

{Nx }x∈M ∞ as a fundamental neighborhood system. We usually employ the
restricted topology of M

∞
on M(∞).

Trivially, the inclusion map M ↪→ M
∞
is an into-homeomorphism. For a

Riemannian half-plane H admitting a curvature at infinity, the relation≤ on CH
induces a total order relation on H (∞), say ≤ also, which is compatible with
the restricted topology on H (∞). Note that the Tits metric d∞ is not necessarily
compatible with the topology ofM(∞) defined here (see Example 3.5.1 below).
Once the canonical topology of M

∞
has been defined, any curve α ∈ CM

naturally extends to a curve defined on [0,+∞] continuously, i.e., α(t) tends
to α(∞) =: α(+∞) as t → +∞. Note however that, since we do not know
at present whether M

∞
is a Hausdorff space, the limit of α(t) as t → +∞
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is not necessarily unique. We will prove later that M
∞
is a two-dimensional

topological manifold with boundary.
A curveα : [0,+∞]→ M

∞
is called a piecewise-smooth curve ifα|[0,+∞) ∈

CM and α(+∞) = α(∞).

Lemma 3.4.2. Let {αi : [0, ai ] → M
∞}i=1,2,..., be a sequence of piecewise-

smooth curves, where 0 ≤ ai ≤ +∞. If {αi |[0,ai )} converges to a curve α ∈ CM
then

lim
i→∞

αi (ai ) = α(∞).

Proof. Find any fixed neighborhood D
∞ ∈Nα(∞). It will suffice to show that

αi (ai ) ∈ D
∞
for all sufficiently large i . Suppose the contrary. Since α[t0,+∞)

⊂ int D for some large t0≥ 0, there is a sequence bi→∞ such that αi (bi ) ∈
int D for all sufficiently large i . Sinceαi (ai ) /∈ D

∞
, we haveαi [bi , ai )∩∂D �= ∅

for all sufficiently large i , so that α is parallel to a curve contained in ∂D =
∂D′ that belongs to CD′ . This proves that α(∞) ∈ D′(∞), which contradicts
D
∞ ∈ Nα(∞).

Let C be a core of M . The set ∂M \ C consists of finitely many disjoint
curves in CM . Denote these boundary curves by ∂1, . . . , ∂k : [0,+∞)→ ∂M .
We set

RC := {all rays in M from C} ∪ {∂1, . . . , ∂k}.
For any p ∈ M \ C denote byR′

C,p the set of minimal segments from C to p,
and put

RC,p :=
{
R′

C,p if p lies on none of the ∂i ,

R′
C,p ∪ {∂i(p)|[0,�(p)]} if p lies on ∂i(p) for some i(p),

where �(p) ≥ 0 is a number such that p = ∂i(p)(�(p)). Note thatRC andRC,p

are sequentially compact with respect to the pointwise-convergence topology.
The following lemma is important.

Lemma 3.4.3. Let σ, τ ∈ RC be two different curves for which D(σ, τ ) is
defined with respect to the core C (see Section 3.2) and contains no curves
in RC except σ and τ . Then there exist a sequence {pi } in D(σ, τ ) with
limi→∞ d(pi ,C) = +∞ and two sequences of curves σi , τi ∈ RC,pi that
converge to σ and τ respectively.

Proof. Find a continuous arc c : [0, �]→ D(σ, τ ) connecting σ to τ that does
not intersect σ and τ except at c(0) and c(�). Let ε > 0 be a small number.
We first claim that there exists a connected neighborhood Uε ⊂ D(σ, τ ) of the
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end of D(σ, τ ) such that any curve in RC,p with p ∈ Uε does not intersect
c[ε, � − ε]. In fact, if not there are sequences pi ∈ D(σ, τ ) and γi ∈ RC,pi

such that limi d(pi ,C) = +∞ and each γi intersects c[ε, �− ε]. A limit of γi
intersects c[ε, �−ε] and is an element ofRC , which contradicts the assumption
of the lemma. Thus the above claim has been proved.
We now set

Eε (resp. Fε) := {p ∈ Uε ; some curve inRC,p

intersects c[0, ε] (resp. c[�− ε, �])}.
It then follows from the claim that Eε ∪ Fε = Uε . Since any limit of minimal
curves intersecting a compact set A is a minimal curve intersecting A, both
Eε and Fε are closed in Uε . Therefore, from the connectivity of Uε , we have
Eε ∩ Fε �= ∅.
Let εi → 0 be a sequence of small positive numbers.Without loss of general-

ity we may assume that d(C,Uεi )→∞. Take a point pi in the nonempty inter-
section Eεi ∩ Fεi for each i . Then for every i there exist two arcs σi , τi ∈ RC,pi

such that σi intersects Eεi and τi intersects Fεi . This completes the proof.

Let σ, τ ∈ RC , pi ∈ D(σ, τ ) and σi , τi ∈ RC,pi be as in Lemma 3.4.3. Then
the union σi ∪ τi divides D(σ, τ ) into two closed domains, one of which is a
compact subset, say Di , with

⋃
i Di = D(σ, τ ). Lemma 3.2.2 (cf. Proposition

3.2.3) implies:

Corollary 3.4.1. The inner angle of Di at pi tends to zero. The curves σ and
τ are parallel in D(σ, τ ), and λ∞(D(σ, τ )) = 0.

Let σx for x ∈ M(∞) denote a ray from C to x , i.e., d(σx (t),C) = t and
σx (∞) = x . The existence of σx follows from Lemma 3.4.1. A closed region
Dx in M for x ∈ M(∞) is defined as follows. For each x ∈ M(∞), if the
component V of M \ C with V (∞) ' x satisfies λ∞(V ) = 0 then Dx := V .
Otherwise,

Dx :=
⋃
{D(σ, τ ); σ, τ ∈ RC are such that σ (∞) = τ (∞) = x ,

D(σ, τ ) is defined and λ∞(D(σ, τ )) = 0}.
By Lemma 3.4.2, there exist σ−x , σ

+
x ∈ RC for any x ∈ M(∞) such that

Dx = D(σ−x , σ
+
x ) provided that the component V corresponding to x satisfies

λ∞(V ) > 0.

Lemma 3.4.4. We have ⋃
x∈M(∞)

Dx = M \ C .
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Proof. Let p ∈ M \ C be a point. If some curve in RC passes through p then
obviously we have p ∈ Dx for some x ∈ M(∞). Assume that no curve in RC

passes through p. Then there exist σ, τ ∈ RC such that p ∈ D(σ, τ ) \ (σ ∪ τ ).
The sequential compactness ofRC shows that we can choose σ and τ such that
D(σ, τ ) is minimal with respect to the inclusion relation. This D(σ, τ ) satisfies
the assumption of Lemma 3.4.3, so that σ (∞) = τ (∞) =: x . Thus we obtain
p ∈ D(σ, τ ) ⊂ Dx .

Define a map &C : M \ C → M(∞) by the following: for any p ∈ M \ C ,
we can find a point x ∈ M(∞) with p ∈ Dx and set &C (p) := x . Note that,
for a given point p ∈ M , an x ∈ M(∞) with p ∈ Dx is not necessarily unique,
because a ray may branch at a boundary point of M . For the definition of &C

we choose one such x . In the following lemma, we are concerned with the
uniqueness of x . Setting ∂M(∞) := {∂1(∞), . . . , ∂k(∞)}, where ∂1, . . . , ∂k
are defined as in the proof of Lemma 3.4.2, we have:

Lemma 3.4.5. For any neighborhood U in M(∞) of ∂M(∞), there exists a
compact subset KU of M with the following property: for each p ∈ M \ KU , if
a point x ∈ M(∞) with p ∈ Dx belongs to U then such a point x is unique.

Proof. If the property does not hold then there exists a sequence {σi } of rays
fromC such that σi ∩ ∂M is nonempty and tends to infinity as i →∞ and such
that σi (∞) /∈ U . Replacing the sequence by a subsequence, we assume that σi
tends to a ray σ . Then σ is parallel to at least one of ∂1, . . . , ∂k . Applying
Theorem 3.3.2 yields σ (∞) ∈ ∂M(∞). On the contrary, however, the fact
σi (∞) /∈ U and Lemma 3.4.2 together imply that σ (∞) /∈ intU .

Theorem 3.4.1

(1) If λ∞(H ) = 0 then H (∞) consists of a single point.
(2) If λ∞(H ) > 0 then H (∞) is homeomorphic to a nontrivial line segment.

Proof. (1): Any curves α, β ∈ CH with α ≤ β satisfy

d∞(α, β) = λ∞(D(α, β)) ≤ λ∞(H ) = 0.

(2): Let z,w ∈ H (∞) be any fixed points such that ∂H (−∞) < z <
w < ∂H (+∞), where ∂H (−∞) and ∂H (+∞) are defined to be the points
in ∂H (∞) such that ∂H (−∞) ≤ ∂H (+∞). It suffices to prove that [z,w],
the set of all x ∈ H (∞) with z ≤ x ≤ w , is homeomorphic to [0, 1]. For
a fixed core CH of H , set Dz,w := D(σ−z , σ

+
w ) and let KU be as in Lemma

3.4.5 for U := H (∞) \ [z,w]. We can find a curve c : [0, 1] → Dz,w \ KU

connecting σ+z to σ−w in such a way that & ◦ c is monotone nondecreasing in
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the sense of the order relation ≤ on H (∞), where & := &CH : H \ CH →
M(∞). We will construct a homeomorphism f : [0, 1] → [z,w]. Let us first
define f ( j/2k) for all k = 0, 1, . . . , and j = 0, 1, 2, 3, . . . , 2k inductively. Set
f (0) := z and f (1) := w . For an integer k ≥ 0 we assume f ( j/2k) for all
j = 0, 1, 2, 3, . . . , 2k to be defined. For all j = 0, 1, 2, 3, . . . , 2k − 1, define

f

(
2 j + 1

2k+1

)
:= & ◦ c

(
1

2
inf (& ◦ c)−1 f

(
j + 1

2k

)
− 1

2
sup (& ◦ c)−1 f

(
j

2k

))
Since { f ( j/2k); k ≥ 0, 0 ≤ j ≤ 2k} ⊂ [z,w] is dense and f preserves the
order relations, f is extended to a homeomorphism from [0, 1] to [z,w] by
taking completion.

Let pr : Ñ → N be the universal covering of a Riemannian half-cylinder N
admitting a curvature at infinity, and let σ be a ray such that σ ∩ ∂N = {σ (0)}.
Set Hn := D(σ−n, σ n) for n ∈ N (see Section 3.3). For any two natural numbers
m < n we have Hm ⊂ Hn , which induces a natural embedding Hm(∞) ↪→
Hn(∞) preserving the topology and the Tits distance d∞. Therefore {Hn(∞)}
is an inductive system. Denote by Ñ (∞) the inductive limit of {Hn(∞)}, and
define the map pr∞ : Ñ (∞) → N (∞) as follows. For x ∈ Ñ (∞), we find
an n ∈ N with x ∈ Hn(∞) and take an α ∈ CHn such that α(∞) = x ,
so that pr∞(x) := (pr ◦ α)(∞). It can be easily checked that pr∞ is open,

continuous and d∞-nonincreasing. Setting Ñ
∞

:= Ñ ∪ Ñ (∞) we have the

natural projection pr ∞ : Ñ
∞ → N

∞
, defined by

pr ∞(x) :=
{
pr (x) for x ∈ Ñ ,

pr∞(x) for x ∈ Ñ (∞).

Let G := π1(N ) (≈ Z). There exists a g0 ∈ G such that g0 ◦ σ n = σ n+1 for
any n ∈ Z. It follows that G is generated by g0 only. An action of G to Ñ (∞)
is defined by

g · α(∞) := (g ◦ α)(∞)

for any g ∈ G and any α(∞) ∈ Ñ (∞), α ∈ CÑ . This action is continuous and
d∞-isometric.

Proposition 3.4.1. If Ñ (∞) contains different two points then pr∞ : Ñ (∞)→
N (∞) is a covering map with transformation group G and is a d∞-local
isometry.
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Proof. The map ϕ : N (∞) → Ñ (∞)/G, α(∞) �→ {αn(∞)}n∈Z is a homeo-
morphism and a d∞-isometry, and ϕ ◦ pr∞ is just the projection Ñ (∞) →
Ñ (∞)/G. Moreover, G is fixed-point free unless Ñ (∞) consists of a single
point. This completes the proof.

Theorem 3.4.2

(1) If λ∞(N ) = 0 then N (∞) and Ñ (∞) each consist of a single point.
(2) If λ∞(N ) > 0 then Ñ (∞) is homeomorphic to R and N (∞) to S1.

Proof. (1): Assume that λ∞(N ) = 0. Then Lemma 3.3.1 implies that N (∞)
consists of a single point. Since the Riemannian half-planes Hn ⊂ Ñ , n ∈ N
satisfy λ∞(Hn) = 2nλ∞(N ) = 0, Theorem 3.4.1 implies that each Hn(∞)
consists of a single point and that so does Ñ (∞).
(2): Assume that λ∞(N ) > 0. Since, by (2) of Theorem 3.4.1, each Hn(∞)

is homeomorphic to a nontrivial line segment, so is Ñ (∞) to R. Proposition
3.4.1 completes the proof.

Since each connected component of M \ C is either a Riemannian half-plane
or a Riemannian half-cylinder, Theorems 3.4.1 and 3.4.2 together determine the
topological structure of M(∞) completely and lead to the following theorem.

Theorem 3.4.3. The compactification M
∞
of M is a two-dimensional compact

topological manifold with boundary.

3.5 The structure of the Tits metric d∞

Let us consider a Riemannian half-plane H admitting a curvature at infinity.

Lemma 3.5.1. Let CH be a core of H. Assume that a sequence {σi } of rays
from CH converges to a ray σ and that supi, j d∞(σi , σ j ) < +∞. Then we have

lim
i→∞

d∞(σi , σ ) = 0.

Proof. Without loss of generality, it may be assumed that H ′ := D(σ1, σ ) is
defined and contains every σi entirely. It follows that for each i and any compact
subset K of H ′,

d∞(σ1, σi ) = π − λ(∂D(σ1, σi ) ∩ K )− c(D(σ1, σi ) ∩ K )

− λ(∂D(σ1, σi ) \ K )− c(D(σ1, σi ) \ K ).
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Here, we have

−λ−(∂H ′ \ K ) ≤ λ(∂D(σ1, σi )− K ) ≤ λ+(∂H ′ \ K ),
−
∫
H ′\K

G− dH ≤ c(D(σ1, σi ) \ K ) ≤
∫
H ′\K

G+ dH,

lim
i→∞

λ(∂D(σ1, σi ) ∩ K ) = λ(∂H ′ ∩ K ),

lim
i→∞

c(D(σ1, σi ) ∩ K ) = c(H ′ ∩ K ).

Therefore

π − λ(∂D(σ1, σ ) ∩ K )− c(D(σ1, σ ) ∩ K )

− λ+(∂H ′ \ K )−
∫
H ′\K

G+ dH

≤ lim inf
i→∞

d∞(σ1, σi ) ≤ lim sup
i→∞

d∞(σ1, σi )

≤ π − λ(∂D(σ1, σ ) ∩ K )− c(D(σ1, σ ) ∩ K )

+ λ−(∂H ′ \ K )+
∫
H ′\K

G− dH. (3.5.1)

As K tends to H ′, the first formula in (3.5.1) converges to d∞(σ1, σ ), so that

d∞(σ1, σ ) ≤ lim inf
i→∞

d∞(σ1, σi ),

which is finite by the assumption above. This relationship implies that
λ−(∂H ′)+ ∫H ′ G− dH is finite, and hence that the last formula of (3.5.1) also
converges to d∞(σ1, σ ) as K tends to H ′. This completes the proof.

Proposition 3.5.1. The metric space (H (∞), d∞) is complete.

Proof. Let {xi } be aCauchy sequence in H (∞) with respect to d∞, and find rays
σxi from CH to xi . Then there exists a subsequence {σx j(i)} of {σxi } converging
to a ray σ from CH . Applying Lemma 3.5.1 shows that d∞(x j(i), σ (∞)) tends
to zero as i →∞, which implies that d∞(xi , σ (∞)) tends to zero also.

Theorem 3.5.1

(1) If λ∞(H ) < +∞ then (H (∞), d∞) is isometric to the compact line
segment of length λ∞(H ).

(2) If λ∞(H ) = +∞ then each connected component of (H (∞), d∞) is
isometric to a closed interval of R and moreover the one-dimensional
Hausdorff measure of (H (∞), d∞) is

H1(H (∞), d∞) = +∞.
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Proof. For any x ∈ H (∞), define a map

ιx : Ix := {y ∈ H (∞); d∞(x, y) < +∞} → R

by

ιx (y) :=
{
d∞(x, y) if x ≤ y,

−d∞(x, y) if x ≥ y,

for any y ∈ H (∞). Obviously, this is isometric and preserves the order relation.
Since d∞ is complete, the image ιx (Ix ) for any x ∈ H (∞) is a closed subset
of R.
Let us prove that (Ix , d∞) for any x ∈ H (∞) is connected. In fact, if (Ix , d∞)

for an x ∈ H (∞) is disconnected then there exists a nonempty interval (a, b) of
R such that ιx (Ix )∩ (a, b) = ∅ and a, b ∈ ιx (Ix ). Therefore ι−1x (a) < ι−1x (b) and
(ι−1x (a), ι−1x (b)) = ∅, which contradicts the fact that H (∞) is homeomorphic
to a compact interval of R (see Theorem 3.4.1).
Thus, ιx (Ix ) for any x ∈ H (∞) is a closed interval of R. This proves (1) and

the first assertion of (2).
We will prove that H1(H (∞), d∞) = +∞ if λ∞(H ) = +∞ as follows.

Suppose that λ∞(H ) = +∞ andH1(H (∞), d∞) < +∞. Note that the family
of connected components of (H (∞), d∞) is just equal to {Ix ; x ∈ H (∞)}. By
H1(H (∞), d∞) < +∞, each connected component of (H (∞), d∞) is isomet-
ric to a compact line segment. The fact that H (∞) with its canonical topology
is homeomorphic to [0, 1] shows that, for any two components [x1, y1] and
[x2, y2] of (H (∞), d∞) for which y1 < x2, there exists a point z ∈ H (∞) such
that y1 < z < x2. Therefore the cardinal number of the set of components of
(H (∞), d∞) is not less than 2ℵ0 , which contradictsH1(H (∞), d∞) < +∞.

For a Riemannian half-cylinder N admitting a curvature at infinity, we have:

Theorem 3.5.2

(1) If 0 < λ∞(N ) < +∞ then (Ñ (∞), d∞) is isometric to R and (N (∞), d∞)
to the circle of length λ∞(N ).

(2) If λ∞(N ) = +∞ then each connected component of (N (∞), d∞) is a
closed line segment, and moreover

H1(N (∞), d∞) = +∞.
Proof. (1): Assume that 0 < λ∞(N ) < +∞. Recalling the Riemannian half-
plane Hn = D(σ−n, σ n) ⊂ Ñ , n ∈ N, defined in Section 3.4, we have
λ∞(Hn) = 2nλ∞(N ) < +∞. Theorem 3.5.1 then implies that (Hn(∞), d∞)
for any n ∈ N is isometric to the compact line segment of length 2nλ∞(H ).
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Hence (H̃ (∞), d∞) is isometric to R and (N (∞), d∞) to the circle of length
λ∞(N ) (see Proposition 3.4.1).
(2): Since λ∞(N ) = λ∞(D(σ 0, σ 1)) and D(σ 0, σ 1)(∞) \ {σ 1(∞)} is a fun-

damental domain of the covering pr∞ : Ñ (∞) → N (∞), applying Theorem
3.5.1 to H := D(σ 0, σ 1) proves (2).

Combining Theorems 3.5.1 and 3.5.2 implies:

Theorem 3.5.3. Each connected component of (M(∞), d∞) is a complete one-
dimensional Riemannian manifold, possibly with boundary unless it consists of
a single point. Moreover

H1(M(∞), d∞) = λ∞(M).

In general, the topology of M(∞) is not compatible with the Tits distance
d∞, as is seen in the following example.

Example 3.5.1

(1) Let M be the hyperbolic plane H 2(−1). Then on the one hand we have
d∞(x, y) = +∞ for any different x, y ∈ M(∞). On the other hand,
M(∞) is homeomorphic to S1.

(2) Let M be a nonpositively curved Riemannian cylinder that contains a
simple closed geodesic dividing M into two Riemannian half-cylinders
N1 and N2 such that N1 is of curvature ≤ −1 outside some compact
subset and N2 is isometric to S1 × [0,+∞). Then the universal covering
space M̃ of M is a Riemannian plane with nonpositive curvature, and its
ideal boundary M̃(∞) is isometric to the disjoint union of the interval
[0, π ] and a discrete continuum.

Remark 3.5.1. If M is a two-dimensional Hadamard manifold, i.e., a Rieman-
nian plane with nonpositive curvature, then the topology of the ideal boundary
M(∞) of M as defined here is equivalent to the sphere topology defined in [7],
and the Tits metric defined here is equivalent to that in [7].

Lemma 3.5.2. The canonical topology of H (∞) is stronger than the topology
induced from the Tits distance function d∞.

Proof. Suppose that there exist a point x ∈ H (∞) and a sequence {xi } of points
in H (∞) such that d∞(xi , x) tends to zero as i →∞ but xi does not tend to x .
We can find rays σxi from CH to xi and we assume that σxi tends to a ray σ as
i →∞ by taking a subsequence. Then Lemma 3.5.1 proves that d∞(xi , σ (∞))
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tends to zero, which implies that

d∞(x, σ (∞)) ≤ lim sup
i→∞

(d∞(x, xi )+ d∞(xi , σ (∞)) = 0,

i.e., x = σ (∞). On the contrary, however, Lemma 3.4.2 shows that xi tends to
σ (∞), a contradiction.

Lemma 3.5.2 extends easily to the following theorem, the proof of which is
omitted.

Theorem 3.5.4. The canonical topology of M(∞) is stronger than the topology
induced from the Tits distance function d∞.

We shall next establish the Gauss–Bonnet theorem for M
∞
. Although the

Gaussian curvature on the (nonsmooth) boundary of a convex body inR3 is not
defined in general, the notion of the curvature measure is defined instead, as
the integral of the area of the image of the Gauss map, where the Gauss map is
defined here as a multivalued map to S2(1). Similarly, the set functions λ±(·)
can be extended to be measures on the piecewise-smooth boundary ∂M . So, on
the one hand it is natural to call λ(·) = λ+(·)− λ−(·) the (geodesic) curvature
measure on ∂M . On the other hand, we can define the notion of the curvature
measure on M(∞) naturally as follows. The (geodesic) curvature measure λ
on M(∞) \ ∂M(∞) is defined to be the one-dimensional Hausdorff measure
of (M(∞), d∞). If V is any component of M \ C for a fixed core C of M
then we have λ(V (∞) \ ∂M(∞)) = λ∞(V ). Let x ∈ ∂M(∞) ∩ V (∞) be any
point. When λ∞(V ) > 0, we consider x to have inner angle π/2 and define
λ({x}) := π/2. When λ∞(V ) = 0 and V is a Riemannian half-plane, then we
consider x to have inner angle zero and define λ({x}) := 2π . This convention
defines the (geodesic) curvature measure over ∂M

∞
, which satisfies

λ(∂M
∞
) = λ(∂M)+ λ∞(M)+

∑
i

(π − θi ),

where the θi are the inner angles of M
∞
at ∂M(∞).

Consider any interior point of M
∞
in M(∞) to have total (Gaussian) curva-

ture 2π , so that

c(M
∞
) = c(M)+ 2π · #{x ∈ M(∞); x is an interior point of M

∞}.
Then follows

Theorem 3.5.5 (The Gauss–Bonnet theorem for M
∞
). We have

c(M
∞
)+ λ(M∞

) = 2πχ (M
∞
).
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Exercise 3.5.1. Prove Theorem 3.5.5.

3.6 Triangle comparison

In this section, we study the relation between the angles and the lengths of the
edges of almost-flat triangles inM ; this relationwill be almost equivalent to that
in Euclidean space (see Theorem 3.6.1 below). A more refined and advanced
version of Theorem 3.6.1 is seen in [98]. Results from the present section will
be needed in the final section of this chapter to prove that if M is contracted by
the scaling of its metric then it converges to the cone over the ideal boundary
with Tits metric (see Theorem 3.7.2 below).

Notation 3.6.1. Let ω : Rk → R denote some function such that

lim
ε1→0

· · · lim
εk→0

ω(ε1, . . . , εk) = 0,

and let ω be used like Landau’s symbol; for example, we have

(1) limεk→0 ω(ε1, . . . , εk) = ω(ε1, . . . , εk−1),
(2) ω(ε) f = ω(ε) if f is a bounded function,

(3) sin(θ + ω(ε)) = sin θ + ω(ε),
(4) cos(θ + ω(ε)) = cos θ + ω(ε),
(5) ω(ε) f + ω(ε)g = ω(ε)(| f | + |g|),
where the left-hand side reduces to the right-hand side in each of (1)–(5).
Let �ABC denote a triangle in M with vertices A, B,C ∈ M and edges

α, β, γ that are minimal segments in M respectively joining B to C , C to A,
A to B. Note that, since M may have a nonempty boundary, the edges α, β
and γ are not necessarily geodesics. Assume that α, β and γ together bound a
contractible region in M , denoted also by �ABC . Set a := d(B,C) = L(α),
b := d(C, A) = L(β) and c := d(A, B) = L(γ ) and denote by � A (resp. � B,
� C) the inner angle of�ABC at A (resp. B, C). Such a triangle�ABC is said
to be ε-almost-flat, ε ≥ 0, if the following condition holds:∫

�ABC
|G| dM + λabs(α)+ λabs(β)+ λabs(γ ) ≤ ε. (AF)

Note that a 0-almost-flat triangle is Euclidean. Under (AF), the Gauss–Bonnet
theorem for �ABC implies that

|� A + � B + � C − π | ≤ ε,
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Figure 3.6.1

and, although α, β, γ may have break points at the boundary, we have

� (α̇(t − 0), α̇(t + 0)) ≤ ε for any t ∈ (0, a);

the same inequalities hold for β and γ .
Assume now that an ε-almost-flat triangle �ABC satisfies � A ≤ π and

� B ≤ π/2. Let σt for t ∈ [0, c] be a minimal segment in�ABC from γ (c− t)
to α, and let h(t) := L(σt ); see Figure 3.6.1. Denote by θ (t) the inner angle at
γ (c − t) of the region, say Dt , bounded by γ |[c−t,c], σt and a subarc of α from
B to σt (h(t)), and denote by ϕ(t) the inner angle at σt (h(t)) of Dt . The domain
Dt is monotone increasing in t . Note that the first variation formula implies that
ϕ(t) = π/2 provided that σt (h(t)) is an interior and nonbreak point of α. There
exists a t0 ∈ [0, c] such that

σt (h(t))

{
�= C for any t ∈ [0, t0),

= C for any t ∈ (t0, c],

and in particular,

ϕ(t)

{
= π/2+ ω(ε) for any t ∈ [0, t0),

≥ π/2 for any t ∈ (t0, c].

By setting σ−t := lims↗t σs , σ+t := lims↘t σs it follows that

� (σ̇−t0 (h(t0)), α̇) = π/2+ ω(ε) and σ+t0 (h(t0)) = C.

Lemma 3.6.1. We have

h(t) = t sin(� B + ω(ε)) for any t ∈ [0, t0].
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Figure 3.6.2

Moreover, if � C ≤ π/2+ ω(ε) then
h(c) = c sin( � B + ω(ε)).

Proof. The Gauss–Bonnet theorem and the condition (AF) show that

| � B + θ (t)+ ϕ(t)− π | ≤ ω(ε) for any t ∈ [0, c].

For any t ∈ [0, t0), we have ϕ(t) = π/2+ ω(ε) and hence
θ (t) = π/2− � B + ω(ε).

From the first variation formula,

h(t) =
∫ t

0
cos θ (t) dt = t sin( � B + ω(ε)) for any t ∈ [0, t0].

If � C ≤ π/2 + ω(ε) then ϕ(t) = π/2 + ω(ε) holds for any t ∈ [0, c], and
consequently

h(c) = c sin( � B + ω(ε)).
Lemma 3.6.2. If an ε-almost-flat triangle �ABC satisfies

� B, � C ≥ π/2
then

a ≤ (b + c)ω(ε).

Proof. Let σt (resp. τt ) be a minimal segment in �ABC from γ (t) to β
(resp. β(c− t) to γ ), and let t0 (resp. t1) be as defined above in connection with
σt (resp. τt ); see Figure 3.6.2. If t0 < c and t1 < b then, since σ+t0 intersects τ

+
t1 ,



108 3 The ideal boundary

the triangle inequality implies

a ≤ L(σt0 )+ L(τt0 ).

Since � A = ω(ε), applying Lemma 3.6.1 yields
L(σt0 ) = t0 ω(ε) ≤ bω(ε) as well as L(τt1 ) ≤ cω(ε).

Thus, we obtain the conclusion of the lemma in this case.
If at least one of t0 = c and t1 = b holds, we can assume without loss of

generality that t0 = c. Then, since � A = ω(ε), applying Lemma 3.6.1 yields
d�ABC (B, β) ≤ cω(ε). (3.6.1)

If d�ABC (B, β) = a, this and (3.6.1) together imply the lemma. Assume now
that d�ABC (B, β) < a. Since � (σ̇c(L(σc)), β̇) = π/2+ω(ε), the condition (AF)
shows that � (σ̇c(0), α̇(0)) ≤ ω(ε). Let σ̂t for t ∈ [0, a] be a minimal segment in
�ABC fromα(t) to β. For any t ∈ [0, a−d�ABC (B, β)), the triangle inequality
implies that σ̂t (L(σ̂t )) �= C and hence that � ( ˙̂σ t (L(σ̂t )), β̇) = π/2+ω(ε), which
together with � C ≥ π/2 and (AF) gives

� (−α̇(t), ˙̂σ t (0)) = π + ω(ε).
The same discussion as in the proof of Lemma 3.6.1 yields

0 ≤ L(σ̂t ) ≤ d�ABC (B, β)− (1− ω(ε))t
for any t ∈ [0, a − d�ABC (B, β)], which implies that

t ≤ (1+ ω(ε))d�ABC (B, β).

In particular, when t := a − d�ABC (B, β) we have

a ≤ (2+ ω(ε))d�ABC (B, β),

which together with (3.6.1) completes the proof.

Lemma 3.6.3. If an ε-almost-flat triangle �ABC satisfies � C = π/2+ ω(ε)
then

(1)
b

c
= cos � A + ω(ε) = sin � B + ω(ε),

(2)
a

c
= cos � B + ω(ε) = sin � A + ω(ε),

(3)
a2 + b2

c2
= 1+ ω(ε).
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Figure 3.6.3

Proof. Find a minimal segment σ in�ABC from A to α, and set h := L(σ ) =
d�ABC (A, α). Lemma 3.6.1 implies that

h

c
= sin � B + ω(ε). (3.6.2)

Since the inner angle at σ (h) of the region bounded by σ , β and the subarc of
α from σ (h) to C is equal to π/2+ ω(ε), applying Lemma 3.6.2 yields

d(σ (h),C) ≤ (h + b)ω(ε);

this and the triangle inequality imply that

b

h
= 1+ ω(ε).

Combining this and (3.6.2) yields

b

c
= (1+ ω(ε))(sin � B + ω(ε)) = sin � B + ω(ε) = cos � A + ω(ε),

where the last equality follows from � A + � B = π/2 + ω(ε). Thus, (1) has
been proved.
(2) is proved in the same way, and (3) is implied by (1) and (2).

Theorem 3.6.1 (The cosine law). Any ε-almost-flat triangle �ABC satisfies

a2 = b2 + c2 − 2bc cos � A + (a + b + c)2ω(ε).

Proof. First consider the case where � A ≥ π/2. Then � B, � C ≤ π/2+ ε. We
divide�ABC into two triangles by taking aminimal segment σ in�ABC from
A to α; see Figure 3.6.3. Set h := L(σ ) = d�ABC (A, α), a1 := d(B, σ (h)),
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a2 := d(C, σ (h)) and denote by θ1 (resp. θ2) the angle at A between σ and γ
(resp. σ and β). Since � A = θ1 + θ2, applying Lemma 3.6.3 to each of the two
triangles shows that on the one hand

cos � A = cos θ1 cos θ2 − sin θ1 sin θ2

=
(
h

b
+ ω(ε)

)(
h

c
+ ω(ε)

)
−
(a1
b
+ ω(ε)

) (a2
c
+ ω(ε)

)
= h2 − a1a2

bc
+ bc + bh + ch + a1c + a2b

bc
ω(ε). (3.6.3)

On the other hand, by (3) of Lemma 3.6.3,

b2 = (1+ ω(ε))(a21 + h2
)
, c2 = (1+ ω(ε))(a22 + h2

)
,

which together with a = a1 + a2 implies that

b2 + c2 − a2 = 2(h2 − a1a2)+
(
a21 + a22 + h2

)
ω(ε).

Combining this and (3.6.3) yields

cos � A = b2 + c2 − a2

2bc
+ bc + bh + ch + a1c + a2b + a21 + a22 + h2

bc
ω(ε).

Here, since h ≤ a + b and a1, a2 ≤ a, the factor(
bc + bh + ch + a1c + a2b + a21 + a22 + h2

)
ω(ε)

reduces to (a + b + c)2ω(ε). The proof in this case is completed.
Next consider the case where � A < π/2. Then min{� B, � C} < π/2 + ε.

We can assume without loss of generality that � B < π/2+ ε. In the same way
as in the first case, we find a minimal segment σ in �ABC from C to γ with
length h := d�ABC (C, γ ), which divides �ABC into two triangles. Applying
Lemma 3.6.3 to each of these triangles yields

h = b sin � A + bω(ε) = a sin � B + aω(ε)

and hence

a2 sin2 � B = b2 sin2 � A + (a + b)2ω(ε). (3.6.4)

However, by Lemma 3.6.3,

d(A, σ (h)) = b (cos � A + ω(ε)), d(B, σ (h)) = a (cos � B + ω(ε));
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these, together with c = d(A, σ (h))+ d(B, σ (h)), imply that

a2 cos2 � B = c2 + b2 cos2 � A − 2bc cos � A + (a + b + c)2ω(ε).

Combining this and (3.6.4) completes the proof.

3.7 Convergence to the limit cone

Definition 3.7.1 (Gromov–Hausdorff convergence). Let X and Y be two met-
ric spaces. A (not necessarily continuous) map f : X → Y is called an
ε-approximation if the following, (1) and (2), hold:

(1) | d(p, q)− d( f (p), f (q)) | < ε for any p, q ∈ X ,
(2) B( f (X ), ε) = Y.

A sequence {Xi }i=1,2,..., of compact metric spaces is said to converge to a
metric space X∞ in the Gromov–Hausdorff sense if there exists a sequence of
εi -approximations fi : Xi → X∞, i = 1, 2, . . . , with εi → 0. This concept
of convergence, called Gromov–Hausdorff convergence, induces a topology of
the set of compact metric spaces called the Gromov–Hausdorff topology. (To
define the topology we need a net for a directed set rather than a sequence.)
We shall also define a version of the Gromov–Hausdorff convergence for

pointed noncompact spaces. Let (X∞, x∞) be a pointed metric space and
{(Xi , xi )}i=1,2,..., a sequence of pointed metric spaces such that all closed
bounded subsets of Xi and X∞ are compact. The sequence {(Xi , xi )}i=1,2,..., is
said to converge to (X∞, x∞) if for any r > 0 there exist a sequence ri ↘ r and
εi -approximations fr,i : B(xi , ri )→ B(x∞, r ), i = 1, 2, . . . , with εi → 0 such
that fr,i (xi ) = x∞ for every i . This concept of convergence is called pointed
Gromov–Hausdorff convergence.

Definition 3.7.2 (Euclidean cone). TheEuclidean cone “cone X” over ametric
space X is defined to be the quotient space X × [0,+∞)/X × {0} equipped
with a metric ρ defined by

ρ((p, a), (q, b)) :=
√
a2 + b2 − 2ab cosmin{d(p, q), π}

for any (p, a), (q, b) ∈ cone X (p, q ∈ X, a, b ≥ 0). Let o denote the point in
cone X corresponding to X × {0} and call it the vertex of cone X .
The purpose of this section is to prove that if λ∞(M) < +∞ then the pointed

space ((1/r )M, p) tends to (coneM(∞), o) as r → +∞ in the sense of the
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Figure 3.7.1

pointed Gromov–Hausdorff convergence (see Theorem 3.7.2 below), where
p ∈ M is any fixed point, and (1/r )M denotes the space M equipped with
metric multiplied by 1/r .
Assume that λ∞(M) < +∞ and a number 0 < ε , 1 is fixed. Then there

exists a core Cε of M such that each curve that is a component of ∂M \ Cε
touches the topological boundary of Cε orthogonally and that∫

M\Cε
|G| dM + λabs(∂M \ Cε) ≤ ε.

Note that any triangle �ABC contained in M \ Cε is ε-almost-flat.
Lemma 3.7.1. If c : [0,+∞)→ ∂M is a component of ∂M \ Cε then

d(c(0), c(t)) ≥ t cos ε.

Proof. Let Dt be a region bounded by c|[0,t] and a minimal segment, say
σt , in M \ Cε from c(0) to c(t), and set θ (t) := � c(t)Dt , ϕ(t) := � c(0)Dt ; see
Figure 3.7.1. Then the Gauss–Bonnet theorem implies that

c(Dt ) = θ (t)+ ϕ(t)− λ(c|[0,t])− λ(σt ) for any t ≥ 0

with respect to suitable sides of σt and c. Here, by the assumption for Cε ,

c(Dt )+ λ(c|[0,t] \ σt ) ≤ ε
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and besides, by the minimal property of σt ,

λ(σt ) = λ(σt ∩ ∂Cε) ≤ 0.

Thus we obtain θ (t) ≤ ε for any t ≥ 0, which together with the first variation
formula completes the proof.

Lemma 3.7.2. There exists T = T (ε, L(∂Cε)) > 0 such that if σ, τ ∈ RCε

are two curves for which D(σ, τ ) is defined and λ∞(D(σ, τ )) < π − 5ε then a
minimal segment γT in D(σ, τ ) joining σ (T ) to τ (T ) does not intersect ∂Cε .

Proof. Set

T := L(∂Cε)

cos ε − cos 2ε
,

and let σ, τ ∈ RCε be such that D(σ, τ ) is defined and λ∞(D(σ, τ )) < π − 5ε.
For t ≥ 0, denote by γt a minimal segment in D(σ, τ ) from σ (t) to τ (t) and
by Dt the noncompact closed region in D(σ, τ ) bounded by σ |[t,+∞), γt and
τ |[t,+∞). Since λabs(σ ), λabs(τ ) ≤ ε and γt is locally concave with respect to
Dt , the Gauss–Bonnet theorem and the assumption for Cε prove that

5ε < π − λ∞(D(σ, τ )) = c(Dt )+ λ(∂Dt ) ≤ θ (t)+ ϕ(t)+ ε
for any t ≥ 0, where

θ (t) := � (−σ̇ (t), γ̇t (0)) and ϕ(t) := � (−τ̇ (t),−γ̇t (L(γt ))).
Hence, by the first variation formula, for almost all t ≥ 0,

d

dt
dD(σ,τ )(σ (t), τ (t)) = cos θ (t)+ cosϕ(t)

≤ 2 cos
θ (t)+ ϕ(t)

2
< 2 cos 2ε,

which together with dD(σ,τ )(σ (0), τ (0)) ≤ L(∂Cε) implies that

dD(σ,τ )(σ (t), τ (t))− L(∂Cε) < 2t cos 2ε for any t > 0. (3.7.1)

Suppose now that γt0 for a t0 ≥ 0 intersects I (σ, τ ) and that p is a point in
γt0 ∩ I (σ, τ ). We remark that σ and τ may be boundary curves and so we have,
by applying Lemma 3.7.1,

dD(σ,τ )(σ (t0), τ (t0)) ≥ dD(σ,τ )(σ (0), σ (t0))+ dD(σ,τ )(τ (0), τ (t0))

− dD(σ,τ )(σ (0), p)− dD(σ,τ )(τ (0), p)

≥ 2t0 cos ε − L(∂Cε).

Combining this and (3.7.1) yields t0 < T . This completes the proof.
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Set, for simplicity, & :=&Cε , and for r > 0 define a map fε,r : M → cone
M(∞) by

fε,r (p) :=
{
o for p ∈ Cε ,

(&Cε (p), d(p,Cε)/r ) for p ∈ M \ Cε .

We shall eventually prove that fε,r is an approximation. For the proof, the
following lemma is essential.

Lemma 3.7.3. Let p and q be two points contained in a common connected
component of M \ Cε . Assume that H := D(σ−&(p), σ

+
&(q)) contains p and q

(see Section 3.4 for the definition of σ±x ). Denote by dH the interior distance
function on H and by ρH the distance function on the Euclidean cone over
(H (∞), d̂∞), where d̂∞ is the intrinsic Tits metric on H (∞). Then we have

dH (p, q)

r
= ρH ( fε,r (p), fε,r (q))+ ω

(
ε,
1

r

)
,

where ω(·, ·) is independent of p and q.
Proof. We first prove the lemma under the assumption λ∞(H ) < π − 5ε.
Applying Lemma 3.7.2, we obtain a minimal segment γT from σ−&(p)(T ) to
σ+&(q)(T ) not intersecting ∂Cε . Let us prove

Sublemma 3.7.1. There exists a constant c = c(T, L(∂Cε)) > 0 such that the
diameter of the compact region, say D, bounded by the four curves σ−&(p)|[0,T ],
γT , σ

+
&(q)|[0,T ] and I (σ−&(p), σ+&(q)) is less than or equal to c.

Proof of Sublemma 3.7.1. Fix a point x0 ∈ ∂D. Find a continuous variation
{ct : [0, 1]→ D}0≤t≤1 of curves constructed by a length-decreasing process in
D such that ct (0) = ct (1) = x0 for any t ∈ [0, 1] and c0 is the closed curve (or
loop) bounding D. Here c1 is either a locally minimal simple closed curve or a
constant map with image {x0}.
If c1[0, 1] �= {x0} then the compact region, say D′, bounded by c1 is locally

concave except at x0, and hence theGauss–Bonnet theorem implies that c(D′) ≥
π , which contradicts

∫
M\Cε |G| dM ≤ ε , 1.

Thus, it follows that c1[0, 1] = {x0}. Let x ∈ D be any point. Since a number
t(x) ∈ [0, 1] with x ∈ ct(x) exists, we have

d(x0, x) ≤ L(ct(x))

2
≤ L(∂D)

2

and hence diam D ≤ L(∂D) ≤ 2(2T + L(∂Cε)), which proves the sublemma.
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Figure 3.7.2

Let σp (resp. σq ) be a minimal segment from Cε to p (resp. q). Note that
σp, σq ⊂ H . We denote by I− (resp. I+) the subarc of I (σ−&(p), σ

+
&(p)) from

σ−&(p)(0) to σp(0) (resp. from σp(0) to σ
+
&(p)(0)); see Figure 3.7.2.

Sublemma 3.7.2. If d(p,Cε)/r ≥ ε then

λ(I±) = ω
(
ε,
1

r

)
.

Proof of Sublemma 3.7.2. Since the assumption for Cε implies that 0 =
d∞(σ−&(p), σ

+
&(p)) = −λ(I−)− λ(I+)+ ω(ε), we obtain

|λ(I−)+ λ(I+)| ≤ ω(ε). (3.7.2)

First consider the case where λ(I−) ≥ λ(I+). Let τt be a minimal segment in
H joining σp(t) to σ

−
&(p). The Gauss–Bonnet theorem for the region, say Dt , in

H bounded by σp|[0,t] and τt yields

θ (t)− π
2
− λ(I−)− λ(τt ) = ω(ε), (3.7.3)

where θ (t) := �
σp(t)Dt . For the proof of Sublemma 3.7.2, we may assume that

rε is larger than the constant c of Sublemma 3.7.1. Then d(p,Cε) ≥ rε > c
and so σp intersects γT . Let tp be the number such that σp ∩ γT = {σp(tp)}. It
follows that L(τt ) ≤ c for any t ∈ [0, tp]. The minimal properties of γT , σp and
τt show that τt for any t > tp does not intersect I+ but possibly does intersect
I−. Thus

λ(τt ) ≥ 0 for any t ≥ tp,
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which together with (3.7.3) implies that

θ (t) ≥ π

2
+ λ(I−)+ ω(ε) for any t ≥ tp.

By the first variation formula,

−L(τtp ) ≤ L(τd(p,Cε ))− L(τtp ) =
∫ d(p,Cε )

tp

cos θ (t) dt

≤ (d(p,Cε)− tp) sin(−λ(I−)+ ω(ε)).

Since d(p,Cε) ≥ εr and L(τtp ) ≤ c,

λ(I+) ≤ λ(I−) ≤ arcsinmin

{
c

εr − tp
, 1

}
+ ω(ε) = ω

(
ε,
1

r

)
.

Combining this with (3.7.2) implies the conclusion of the sublemma.
If λ(I+) ≥ λ(I−), we can prove the sublemma in the same way.

If d(p,Cε)/r < ε then the triangle inequality implies that

dH (p, q)

r
= d(q,Cε)

r
+ ω

(
ε,
1

r

)
,

which finally proves Lemma 3.7.3. Here we note that d(·,Cε) = dH (·,Cε) on
H . If d(q,Cε)/r < ε, the same method leads to the lemma.
Assume thus that d(p,Cε)/r, d(q,Cε)/r ≥ ε. Then, by Sublemma 3.7.1 and

supposing that r - 1/ε, the segment σp intersects γT at a point that we denote
by P; we can find sp and tp such that γT (sp) = σp(tp) = P . A point Q and
numbers sq , tq are defined in a similar manner; see Figure 3.7.3.
We set

θ := � (γ̇T (0), σ̇
−
&(p)(T )), θ ′ := � (γ̇T (sp), σ̇p(tp)),

ϕ := � (−γ̇T (L(γT )), σ̇+&(q)(T )), ϕ′ := � (−γ̇T (sq ), σ̇q (tq )).

By Sublemma 3.7.2 and by applying the Gauss–Bonnet theorem for the region
in H surrounded by σ−&(p)|[0,T ], γT |[0,sp], σp|[0,tp] and I−, we see that

θ = θ ′ + ω
(
ε,
1

r

)
as well as ϕ = ϕ′ + ω

(
ε,
1

r

)
.
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Figure 3.7.3

Finding aminimal segment τ from P to q , we now consider the triangle�qPQ
with inner angles � q, � P and � Q. Since

dH (P, Q)

r
= ω

(
1

r

)
,

dH (q, P)

r
= d(q,Cε)

r
+ ω

(
1

r

)
,

and

dH (q, Q)

r
= d(q,Cε)

r
+ ω

(
1

r

)
,

Theorem 3.6.1 shows that

cos � q = 1

2 dH (q, P) dH (q, Q)

×
{
dH (q, P)

2 + dH (q, Q)
2 − dH (P, Q)

2

+ (dH (q, P)+ dH (q, Q)+ dH (P, Q))
2 ω

(
ε,
1

r

)}
≥ 1− ω

(
ε,
1

r

)
and hence

� P + ϕ′ = π − � q + ω(ε) = π − ω
(
ε,
1

r

)
.
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Thus, the angle ψ := � (σ̇p(tp), τ̇ (0)) satisfies

ψ = θ ′ − � P = θ + ϕ′ − π + ω
(
ε,
1

r

)
= θ + ϕ − π + ω

(
ε,
1

r

)
= d̂∞(&(p),&(q))+ ω

(
ε,
1

r

)
.

Therefore, remarking that

dH (P, p)

r
= d(p,Cε)

r
+ ω

(
1

r

)
,

dH (P, q)

r
= d(q,Cε)

r
+ ω

(
1

r

)
and applying Theorem 3.6.1 to �Ppq yields

dH (p, q)2

r2
= d(p,Cε)2

r2
+ d(q,Cε)2

r2

−2d(p,Cε)
r

d(q,Cε)

r
cos d̂∞(&(p),&(q))+ ω

(
ε,
1

r

)
,

which proves the lemma.
We next prove the lemma under the condition λ∞(H ) ≥ π − 5ε. Find a

minimal segment γ joining p and q in H . If γ intersects Cε then the triangle
inequality shows that

dH (p, q)

r
= d(p,Cε)

r
+ d(q,Cε)

r
+ ω

(
1

r

)
,

which, together with λ∞(H ) ≥ π − 5ε, leads to the conclusion of the lemma.
Assume that γ does not intersect Cε . Then the continuity of the map t �→
&(γ (t)) implies that there exists an x0 ∈ γ such that λ∞(H ′) = π − 6ε, where
H ′ := D(σ−&(p), σ

+
&(x0)

). Applying the first case of the lemma to p, x0 ∈ H ′, we
have

dH (p, x0)

r
= dH ′ (p, x0)

r
= ρH ′ ( fε,r (p), fε,r (x0))+ ω

(
ε,
1

r

)
= dH (p,Cε)

r
+ dH (x0,Cε)

r
+ ω

(
ε,
1

r

)
,

and hence

dH (p, q)

r
= dH (p, x0)

r
+ dH (x0, q)

r

= dH (p,Cε)

r
+ dH (x0,Cε)

r
+ dH (x0, q)

r
+ ω

(
ε,
1

r

)
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≥ dH (p,Cε)

r
+ dH (q,Cε)

r
+ ω

(
ε,
1

r

)

= ρH ( fε,r (p), fε,r (q))+ ω
(
ε,
1

r

)
.

Moreover, the reverse of the above inequality follows from the triangle inequal-

ity. This completes the proof of Lemma 3.7.3.

Theorem 3.7.1. The map fε,r : (1/r )B(Cε, r ) → B(o, 1; coneM(∞)) is an
ω(ε, 1/r )-approximation, where B(o, 1; coneM(∞)) is the metric ball cen-
tered at the vertex o and of radius 1 in coneM(∞).

Proof. The surjectivity of fε,r is easily verified. Let p, q ∈ M . It suffices to
show that

d(p, q)

r
= ρ( fε,r (p), fε,r (q))+ ω

(
ε,
1

r

)
, (3.7.4)

where ω(·, ·) is independent of p and q . If either p or q belongs to Cε then
(3.7.4) is obvious. Assume thus that p, q ∈ M \Cε . Find a minimal segment γ
joining p and q. If γ intersects Cε then

d(p, q)

r
= d(p,Cε)

r
+ d(q,Cε)

r
+ ω

(
1

r

)
≥ ρ(&(p),&(q))+ ω

(
ε,
1

r

)
. (3.7.5)

If p and q are contained in two different components of M \ Cε then γ inter-
sects Cε , so that from (3.7.5) and d∞(&(p),&(q)) = +∞ we obtain (3.7.4).
Therefore, we assume that p and q are contained in a common connected com-
ponent, say V , of M \ Cε . Replacing p and q if necessary, we assume that
p, q ∈ H := D(σ−&(p), σ

+
&(q)).

Let us now consider the case where V is a Riemannian half-plane. Then, by
Lemma 3.7.3,

d(p, q)

r
≤ dH (p, q)

r
= ρH (&(p),&(q))+ ω

(
ε,
1

r

)
= ρ(&(p),&(q))+ ω

(
ε,
1

r

)
. (3.7.6)



120 3 The ideal boundary

If γ intersectsCε then combining (3.7.5) and (3.7.6) yields (3.7.4). If γ does not
intersects Cε then γ is contained in H and d(p, q) = dH (p, q), which together
with (3.7.6) implies (3.7.4).
Consider now the case where V is a Riemannian half-cylinder. Set H ′ :=

V \ H . It follows from Lemma 3.7.3 that

d(p, q)

r
≤ dH (p, q)

r
= ρH (&(p),&(q))+ ω

(
ε,
1

r

)
,

d(p, q)

r
≤ dH ′ (p, q)

r
= ρH ′ (&(p),&(q))+ ω

(
ε,
1

r

)
and also

ρ(&(p),&(q)) = min{ρH (&(p),&(q)), ρH ′ (&(p),&(q))}.
If γ intersectsCε then combining the above formulae and (3.7.5) proves (3.7.4).
If γ does not intersects Cε then

d(p, q) = min{dH (p, q), dH ′ (p, q)}.

This completes the proof of the theorem.

Theorem 3.7.1 implies

Theorem 3.7.2. Assume that λ∞(M) < +∞ and p ∈ M is any fixed point.
Then the pointed space ((1/r )M, p) tends to (coneM(∞), o) as r → +∞ in
the sense of the pointed Gromov–Hausdorff convergence.

Next we consider the relation between straight lines and the Tits metric on
the ideal boundary.
For any curve γ : R→ M with γ |(−∞,0] ∈ CM , let γ (−∞) denote the class

of γ |(−∞,0].

Theorem 3.7.3. If γ is a straight line in M then

d∞(γ (−∞), γ (∞)) ≥ π.

Proof. The theorem directly follows from Corollary 2.2.1.

Remark 3.7.1. We can construct another proof using Theorem 3.7.1. Assume
that γ is a straight line and d∞(γ (−∞), γ (∞)) < π . Then, by reversing the
parameter ofγ if necessary, there is aRiemannianhalf-planeH = D(γ |(−∞,−a],
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γ |[a,+∞)) for an a ≥ 0 such that λ∞(H ) = d∞(γ (−∞), γ (∞)) < π . Applying
Theorem 3.7.1 to H yields a contradiction, because any Gromov–Hausdorff
limit of straight lines is also a straight line.

Theorem 3.7.4. For any x, y ∈ M(∞) with d∞(x, y) > π , there exists a
straight line γ in M such that γ (−∞) = x and γ (∞) = y.

Proof. Let x, y ∈ M(∞) and fix a core C of M . For each t ≥ 0, find a minimal
segment γt in M joining σx (t) to σy(t). Assume that

lim inf
t→+∞ d(γt ,C) = +∞.

Then there exists a connected component V of M \ C such that V (∞) ' x, y.
If V is a Riemannian half-cylinder then γt for t sufficiently large is contained
in either D(σx , σy) or D(σy, σx ). If V is a Riemannian half-plane then γt for t
sufficiently large is contained in D(σx , σy), provided that D(σx , σy) is defined.
Thus, without loss of generality it may be assumed that for some monotone in-
creasing sequence {ti }i=1,2,..., of positive numbers tending to+∞, the segments
γti are all contained in D(σx , σy). Now, for simplicity, set D := D(σx , σy). For
each i , let Di be the compact domain in D surrounded by σx |[0,ti ], I (σx , σy),
σy |[0,ti ] and γti . Then {Di } is a monotone increasing sequence covering D, so
that

lim
i→∞

c(Di ) = c(D),

lim
i→∞

(λ(∂Di )− (π − θi )− (π − ϕi )) = λ(∂D),

where θi := �
σx (ti )Di and ϕi := �

σy (ti )Di . The Gauss–Bonnet theorem implies
that

c(Di )+ λ(∂Di ) = 2π.

Therefore

d∞(x, y) ≤ λ∞(D) = π − λ(∂D)− c(D)

= π − lim
i→∞

(θi + ϕi ) ≤ π.

Now, supposing that d∞(x, y) > π for given two points x, y ∈ M(∞), the
above discussion implies the existence of a sequence {ti } of positive numbers
tending to +∞ such that {d(γti ,C)} is uniformly bounded, so that there exists
a subsequence of {γti } converging to a curve γ : R→ M that is a straight line.
Since γ |(−∞,0] and γ |[0,+∞) are respectively parallel to σx and σy , we obtain
γ (−∞) = x and γ (∞) = y.
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Remark 3.7.2. For two given points x, y ∈ M(∞) we cannot in general say
whether there exists a straight line γ such that γ (−∞) = x and γ (∞) = y.
In fact, if M = R2 with a flat metric then there always exists such a straight
line. However, we have a Riemannian plane with total curvature 0 (i.e., M(∞)
is isometric to the unit circle) that contains no straight lines, as is seen in the
following example.

Example 3.7.1 (cf. [64]). For two fixed positive numbers y0, y1 with y0 +
π/2 < y1, let f : (0, y1)→ (0,+∞) be a C∞-function such that

f (0+) = +∞,
f > 1, f ′ < 0, f ′′ > 0 on (0, y0),

f = 1 on [y0, y0 + π/2],
f (y1−) = 0, f ′(y1−) = −∞, f (n)(y1−) = 0 for any n ≥ 2,

where a+ (resp. a−) means y < a (resp.> a) and tending to a. For coordinates
(x, y, z) of R3, the subset

{( f (y), y, 0); y ∈ (0, y1)} ∪ {(0, y1, 0)}
is the image of a smooth xy-plane curve,which generates a surface of revolution,
sayM , with rotation axis y; see Figure 3.7.4. The surfaceM satisfies c(M) = 0,
or equivalently λ∞(M) = 2π .
Let us now prove the nonexistence of a straight line in M . We divide M into

the following three regions:

� M1 := M ∩ {(x, y, z) ∈ R3; y0 + π/2 < y ≤ y1}, which is an open disk
domain of G > 0;

� M2 := M ∩ {(x, y, z) ∈ R3; y0 ≤ y ≤ y0 + π/2}, which is a flat cylinder;
� M3 := M ∩ {(x, y, z) ∈ R3; 0 < y < y0}, which is an open cylinder of
G < 0.

Suppose that there is a straight line γ inM . On the one hand, if γ passes through
a point in M1∪M2 then it intersects both M1 and M3, so that there are numbers
t1 < t2 < t3 with γ (t1), γ (t3) ∈ ∂M3 and γ (t2) ∈ M1. Hence L(γ |[t1,t3]) >
2d(M1,M3) = π . On the other hand, d(γ (t1), γ (t3)) ≤ diam ∂M3 = π . This is
a contradiction of the minimal property of γ . Therefore γ must be contained
in M3. Since d∞(γ (−∞), γ (∞)) = π , each of the two half-planes bounded by
γ has total curvature 0, which contradicts the fact that one of them is a subset
of M3. Thus M contains no straight lines.
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Figure 3.7.4

3.8 The behavior of Busemann functions

In this section, we will consider the asymptotic behavior and the exhaus-
tion property of Busemann functions in connection with the Tits metric on
the ideal boundary; these have been studied in [78, 79, 42, 91]. We here ex-
tend known theorems to the case where the boundary of the manifold may be
nonempty.
First of all, we will give the definition of a Busemann function and prove its

elementary properties. Assume for a while that M is a complete noncompact
Riemannian manifold possibly with boundary.
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Definition 3.8.1 (Busemann function). We define the Busemann function Fσ :
M → R with respect to a ray σ in M by

Fσ (x) := lim
t→∞{t − d(x, σ (t))} for x ∈ M .

Here, the limit above always exists because the function t �→ t − d(x, σ (t))
is monotone nondecreasing and bounded above by d(x, γ (0)), by the triangle
inequality. It is easily verified that Fσ is a Lipschitz function with Lipschitz
constant unity 1.

Definition 3.8.2 (The gradient vector). A function f : M → R is said to be
differentiable at a point x ∈ M if there exists a vector called the gradient
vector ∇ f (x) ∈ TxM such that

f (expx v) = f (x)− 〈∇ f (x), v〉 + o(|v|)
for all v ∈ TxM .
Then any Busemann function is almost everywhere differentiable, by the

following:

Theorem 3.8.1 (Rademacher). Any Lipschitz function f : M → R is almost
everywhere differentiable.

For a Lipschitz function f : M → R and for an x ∈ M , we define

∇̄ f (x) := TxM ∩ {∇ f (y); y is a differentiable point of f }.
Theorem 3.8.2 (cf. Theorem 1.1, [80]). Let σ be a ray in M. We have the
following.

(1) B(σ (t), t − a) ↑ F−1σ (a,∞) as t →∞.
(2) For any x ∈ M and a ∈ Fσ (M) with Fσ (x) > a,

Fσ (x) = a − d(x, F−1σ (a)).

(3) For any ray γ asymptotic to σ ,

Fσ ◦ γ (t) = t + Fσ ◦ γ (0) for any t ≥ 0.

(4) For any ray γ asymptotic to σ and for any a > 0 with
γ (a) ∈ intM := M \ ∂M, the Busemann function Fσ is differentiable at
γ (a) and ∇Fσ (γ (a)) = γ̇ (a).

(5) For any x ∈ intM, ∇̄Fσ (x)
coincides with the set of initial vectors of rays from x asymptotic to σ .

(6) For any differentiable point x ∈ intM of Fσ , we have ∇̄Fσ (x) =
{∇Fσ (x)}.
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Proof. (1): The monotonicity of B(σ (t), t − a) follows from the triangle in-
equality. To prove

⋃
t>a B(σ (t), t − a) ⊂ F−1σ (a,∞), we take any point

x ∈ B(σ (t), t − a) and deduce that Fσ (x) ≥ t − d(x, σ (t)) > a, which
means x ∈ F−1σ (a,∞). To prove

⋃
t>a B(σ (t), t − a) ⊃ F−1σ (a,∞), we take

any point x ∈ F−1σ (a,∞). Then there is a t > a such that t − d(x, σ (t)) > a,
which implies that x ∈ B(σ (t), t − a). This completes the proof of (1).
(2): Let x ∈ M and a ∈ R be such that Fσ (x) > a. Then it follows that

t − d(x, σ (t)) = a − d(x, B(σ (t), t − a)),

which together with (1) implies that

Fσ (x) = a − d
(
x, F−1σ (a,∞)

)
,

where ∂F−1σ (a,∞) = F−1σ (a). Thus we have (2).
(3): There is a sequence {σi : [0, �i ]→ M} of minimal segments tending to

γ such that σ (ti ) = σi (�i ) for every i and ti , �i → +∞. It follows that, for an
arbitrarily fixed t ≥ 0,

|d(γ (t), σ (ti ))− d(σi (t), σ (ti ))| ≤ d(γ (t), σi (t))→ 0 as i →∞,

and therefore

Fσ ◦ γ (t) = lim
i→∞

{ti − d(σi (t), σ (ti ))}
= t + lim

i→∞
{ti − d(σi (0), σ (ti ))} = t + Fσ ◦ γ (0).

(4): Let γ be a ray asymptotic to σ and a > 0 be a number such that
γ (a) ∈ intM . Set δ := (conv γ (a))/3 and take a number b ∈ (a, a+δ). Denote
by S(p, r ) the metric sphere centered at p and of radius r > 0. Since  ± :=
S(γ (b± δ), δ) is contained in B(γ (a), 3δ), both  ± are smooth hypersurfaces.
Since a minimal segment from γ (t) for t ∈ (b − δ, a] to  ± is unique and is
γ |[t,b], the function d(·,  ±) is differentiable at γ (a) and its gradient is −γ̇ (a),
i.e.,

d(expγ (a) v, ±) = b − a − 〈γ̇ (a), v〉 + o(|v|) for any v ∈ Tγ (a)M .

(3.8.1)

Setting α := Fσ (γ (b)), we have, by (1),

M \ B(γ (b − δ), δ) ⊃ F−1σ (α,∞) ⊃ B(γ (b + δ), δ),
and hence

d(·,  −) ≤ d(·, F−1σ (α)) ≤ d(·,  +),
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which together with (3.8.1) implies that

d(expγ (a) v, F
−1
σ (α)) = b − a − 〈γ̇ (a), v〉 + o(|v|) for any v ∈ Tγ (a)M .

Since d(·, F−1σ (α)) = α − Fσ , this completes the proof of (4).
(5): Let γ be any ray from an x ∈ intM asymptotic to σ . Then, by (4), we

have γ̇ (a) = ∇Fσ (γ (a)) for any sufficiently small a > 0, which implies that
γ̇ (0) ∈ ∇̄Fσ (x).
Conversely, for any v ∈ ∇̄Fσ (x) and x ∈ intM , there is a sequence xi → x

such that ∇Fσ (xi )→ v. If γi is a ray from xi asymptotic to σ , it follows from
(3) that (Fσ ◦γi )′(0) = 1 and hence γ̇i (0) = ∇Fσ (xi )→ v. A limit of γi is a ray
from x with initial vector v and asymptotic to σ . This completes the proof of (5).
(6): Assume that Fσ is differentiable at a point x ∈ int M . By (5), for any

v ∈ ∇̄Fσ (x) we can find a ray γ from x whose initial vector is v. It follows
from (3) that (Fσ ◦ γ )′(0) = 1 and hence ∇Fσ (x) = v.
Remark 3.8.1. IfM has no boundary then the converse of (3) of Theorem 3.8.2
holds; precisely, if a unit-speed curve γ : [0,+∞)→ M satisfies

Fσ ◦ γ (t) = t + Fσ ◦ γ (0) for any t ≥ 0

then γ is a ray asymptotic to σ . See Theorem 1.1(4) of [80] for a proof.

Now, let H be a Riemannian half-plane admitting a curvature at infinity and
assume that σ := ∂H |(−∞,−a] and τ := ∂H |[b,+∞) for two numbers a, b ≥ 0
are (not necessarily geodesic) rays in H , where R ' t �→ ∂H (t) is a positive
arc length parameterization of ∂H . For each s, t ≥ 0, we can find a compact
contractible region Ds,t in H bounded by aminimal segment, say γs,t , from σ (s)
to τ (t). It may be assumed that Ds,t is monotone nondecreasing in s and t . The
region Dt :=

⋃
s≥0 Ds,t is bounded by the ray γt := lims→∞ γs,t asymptotic to

σ . The angle θs,t := �
τ (t)(H \ Ds,t ) is monotone nonincreasing in s and tends

to θt := �
τ (t)(H \ Dt ) as s → ∞. Since Dt is monotone nondecreasing in t ,

the ray γt is monotone nondecreasing in t with respect to the order relation on
CH . Hence, {γt }t≥0 satisfies only one of the two following conditions:
(1) for any compact subset K of H there is a t0 ≥ 0 such that γt for any t ≥ t0

does not intersect K ;
(2) the ray γt converges to a straight line in H as t →∞.

We will now prove:

Lemma 3.8.1. If {γt } diverges then
lim
t→∞ θt = λ∞(H ) ≤ π.
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Proof. Since each γt is parallel to σ , we have

0 = λ∞(Dt ) = π − λ(∂Dt )− c(Dt ).

Since {γt } diverges, it follows that
lim
t→∞(λ(∂Dt )− (π − �

σ (t)Dt )) = λ(∂H ) and lim
t→∞ c(Dt ) = c(H ).

Therefore

lim
t→∞(π − �

σ (t)Dt ) = π − λ(∂H )− c(H ) = λ∞(H ),
so that, in particular, λ(∂H ) is finite, which implies that the left-hand side of
the above is equal to lim θt and is not greater than π .

Lemma 3.8.2. We have

d

dt
Fσ (τ (t)) = cos θt for almost all t ≥ 0.

Proof. Let t1 > t0 ≥ 0 be any fixed numbers. Since Fσ is differentiable almost
everywhere, Fubini’s theorem shows that there is a sequence of piecewise-
mooth curves τi : [t0, t1]→ H , i = 1, 2, . . . , tending to τ |[t0,t1] such that
(1) Fσ is differentiable at almost all points on τi ;
(2) the right derivative of τi uniformly converges to the right derivative of

τ |[t0,t1].
Then it follows that

Fσ (τi (t1))− Fσ (τi (t0)) =
∫ t1

t0

〈∇Fσ (τi (t)), τ̇i (t)〉 dt.

Denote by V (t) (resp. Vi (t)) the set of initial vectors of rays in H from τ (t)
(resp. τi (t)) asymptotic to σ . Notice that, since {t ≥ 0; #V (t) ≥ 2} is ofmeasure
zero, we have V (t) = {γ̇t (0)} for almost all t and that limi→∞ Vi (t) ⊂ V (t)
for any t ∈ [t0, t1] by Proposition 3.2.2. Now, if Fσ is differentiable at τi (t)
for a t ∈ [t0, t1] then Theorem 3.8.2 (5), (6) implies that Vi (t) = {∇Fσ (τi (t))}.
Hence limi→∞ ∇Fσ (τi (t)) = γ̇t (0) for almost all t ∈ [t0, t1], so that

lim
i→∞

〈∇Fσ (τi (t)), τ̇i (t)〉 = cos θt for almost all t ∈ [t0, t1].

By the Lebesgue dominated convergence theorem,

Fσ (τ (t1))− Fσ (τ (t0)) =
∫ t1

t0

cos θt dt.

Since θt is almost everywhere continuous in t , this completes the proof.
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Remark 3.8.2. If Fσ is differentiable at τ (t) for almost all t ≥ 0 then Lemma
3.8.2 is obvious. However, the former will not be true in general.

Lemma 3.8.3

(1) If {γt } diverges then

lim
t→∞

Fσ (τ (t))

t
= cos λ∞(H ) and λ∞(H ) ≤ π.

(2) If {γt } converges then

lim
t→∞

Fσ (τ (t))

t
= −1 and λ∞(H ) ≥ π.

Proof. (1) follows from Lemmas 3.8.1 and 3.8.2.
(2): Assume that γt converges to a straight line γ as t →∞. Then λ∞(H ) ≥

π follows fromCorollary 2.2.1 (cf. Theorem3.7.3). There is a sequence si →∞
such that γsi ,t tends to γt as i →∞. If i(t) is taken to be large enough, it follows
that the distance between the image of γsi ,t and a fixed point on M is uniformly
bounded for all t ≥ 0 and i ≥ i(t). Then the triangle inequality shows that
|d(σ (si ), τ (t)) − si − t | is uniformly bounded for all t ≥ 0 and i ≥ i(t),
so that

lim
t→∞

Fσ (τ (t))

t
= lim

t→∞

[
1

t
lim
i→∞

{si − d(σ (si ), τ (t))}
]
= −1.

Let M be a finitely connected, complete and noncompact 2-manifold admit-
ting a curvature at infinity.

Theorem 3.8.3. For any rays σ and τ in M, we have

lim
t→∞

Fσ (τ (t))

t
= cosmin{d∞(σ (∞), τ (∞)), π}.

Proof. If σ ∩ τ is unbounded then there are a number a ∈ R and a sequence
ti →∞ such that σ (si ) = τ (si + a) for all i , which implies that

Fσ (τ (t)) = lim
i→∞

{si − d(τ (si + a), τ (t))} = t − a.

Since σ (∞) = τ (∞), this proves the theorem.
Assume that σ ∩ τ is bounded. Then there is a core C of M such that

σ [a,+∞)∩τ [b,+∞) = ∅, σ |[a,+∞)∩C = {σ (a)} and τ |[b,+∞)∩C = {τ (b)}.
We can find an arbitrary divergent sequence {ti } of positive numbers and a ray
γi from τ (ti ) asymptotic to σ for each i .
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If a subsequence {γ j(i)} of {γi } tends to some straight line γ then the same
discussion as in the proof of Lemma 3.8.3(2) yields

lim
i→∞

Fσ (τ (t j(i)))

t j(i)
= −1 and d∞(σ (∞), τ (∞)) ≥ π.

Assume that a subsequence {γ j(i)} of {γi } has no accumulation lines. Then
the rays σ (t) and τ (t) both tend to a common end as t →∞. If V denotes the
connected component of M \ C corresponding to that end then the ray γ j(i) for
each sufficiently large i is contained in V . Now, we consider a minimal segment
γ : [0, �] → M joining a point p ∈ σ to a point q ∈ τ that is contained in
V . Since σ and τ may have break points at ∂M , the minimal segment γ is
not necessarily contained in only one of D(σ, τ ) and D(τ, σ ). However, we
can find a different minimal segment γ ′ : [0, �] → M from p to q that is
contained in one of D(σ, τ ) and D(τ, σ ). In fact, there are a, b ∈ [0, �] such
that γ (a) ∈ σ , γ (b) ∈ τ and γ (a, b) ∩ H = ∅, where H is one of D(σ, τ )
and D(τ, σ ). Then, the join of the subarc of σ from p to γ (a) and γ |[a,b] and
the subarc of τ from γ (b) to q is the desired minimal segment γ ′. Therefore,
we can replace γ j(i) in such a way that γ j(i) is contained in one of D(σ, τ ) and
D(τ, σ ) and still has no accumulation lines. We can assume without loss of
generality that all the γ j(i) are contained in D(σ, τ ) =: H . Then it follows
that Fσ (τ (t j(i))) = FH

σ (τ (t j(i))) for all i , where F
H
σ is the intrinsic Busemann

function of H , i.e., the Busemann function defined by the intrinsic metric dH
of H . Hence, by Lemma 3.8.3,

lim
i→∞

Fσ (τ (t j(i)))

t j(i)
= lim

i→∞
FH
σ (τ (t j(i)))

t j(i)
= cos λ∞(H )

and λ∞(H ) ≤ π. (3.8.2)

If V is a Riemannian half-plane then we have d∞(σ (∞), τ (∞)) = λ∞(H )
and thus the proof is complete.
Nowassume thatV is aRiemannianhalf-cylinder. Thenγ j(i)⊂ H implies that

there is a sequence sk→∞ such thatdV \H (σ (sk), τ (t j(i))) ≥ d(σ (sk), τ (t j(i))) =
dH (σ (sk), τ (t j(i))) for all k large enough compared with i and hence
FV \H
σ (τ (t j(i))) ≤ Fσ (τ (t j(i))). Therefore

lim
i→∞

Fσ (τ (t j(i)))

t j(i)
≥ lim

i→∞
FV \H
σ (τ (t j(i)))

t j(i)
= cosmin{λ∞(V \ H ), π}. (3.8.3)

The formulae (3.8.2) and (3.8.3) together imply that d∞(σ (∞), τ (∞)) =
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λ∞(H ) ≤ min{λ∞(V \ H ), π}. Thus, we obtain

lim
i→∞

Fσ (τ (t j(i)))

t j(i)
= cos d∞(σ (∞), τ (∞))

and d∞(σ (∞), τ (∞)) ≤ π.
By the arbitrariness of the sequence {ti }, this completes the proof.
Theorem 3.8.4. Let σ be a ray in M and let a sequence pi ∈ M, i = 0, 1, . . . ,
tend to a point p∞ ∈ M(∞). If p∞ has a neighborhood in M(∞) with finite
d∞-diameter, we have

lim
i→∞

Fσ (pi )

d(p0, pi )
= cosmin{d(p∞, σ (∞)), π}.

Proof. Let C be a core of M . The assumption yields that there is a Riemannian
half-plane H = D(α, β), with α, β ∈ RC , such that λ∞(H ) < +∞ and H (∞)
is a neighborhood of p∞. Let τ ∈ RC be such that τ (∞) = p∞ and τ is
contained in H . Setting ti := d(pi ,C) we have∣∣∣∣ Fσ (pi )ti

− Fσ (τ (ti ))

ti

∣∣∣∣ ≤ d(pi , τ (ti ))

ti
,

where applying Theorem 3.7.1 to H yields that the right-hand side of the above
relationship tends to zero as i → 0. Thus, by Theorem 3.8.3 the proof is
complete.

Definition 3.8.3 (Radius of metric space). Let (X, d) be ametric space and x ∈
X any point. The radius rad(X, x, d) of the pointed space (X, x, d) is defined by

rad(X, x, d) := sup
y∈X

d(x, y).

Now the radius rad(X, d) of the metric space (X, d) is defined by

rad(X, d) := inf
x∈X

rad(X, x, d).

It is easily verified that 12 diam(X, d) ≤ rad(X, x, d) ≤ diam(X, d) provided
that (X, d) is an intrinsic metric space.

Remark 3.8.3. Notice that

(1) if M has more than one end then

diam(M(∞), d∞) = rad(M(∞), d∞) = +∞;

(2) if ∂M(∞) = ∅ then diam(M(∞), d∞) = rad(M(∞), d∞);
(3) if ∂M(∞) �= ∅ then diam(M(∞), d∞) = 2 rad(M(∞), d∞).

Theorem 3.8.4 can be used to prove:
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Theorem 3.8.5. For any ray σ in M we have the following:

(1) if rad(M(∞), σ (∞), d∞) < π/2 then Fσ is an exhaustion function;
(2) if rad(M(∞), σ (∞), d∞) > π/2 then Fσ is a nonexhaustion function.

Exercise 3.8.1. Prove Theorem 3.8.5.

Lemma 3.8.4. Let H, σ , τ be as defined after Remark 3.8.1. Assume that
λ∞(H ) = π/2, that σ, τ are geodesics and that there exists a compact subset
K ⊂ H such that G ≥ 0 on H \ K. Then there exists a large number T ≥ 0
such that Fσ (τ (t)) is monotone nonincreasing in t ∈ [T,+∞).

Proof. It follows from λ∞(H ) = π/2 that {γt } diverges. There exists a large
T ≥ 0 such that K ⊂ DT . Then c(Dt ) is monotone nondecreasing in t ≥ T
and tends to c(H ) as t → +∞. We have 0 = λ∞(Dt ) = π − λ(∂Dt )− c(Dt )
and λ(∂Dt ) = λ(∂H )+ θt , so that θt is monotone nonincreasing in t ≥ T and
tends to λ∞(H ) = π/2 as t → +∞. In particular we obtain θt ≥ π/2 for any
t ≥ T . Thus by Lemma 3.8.2 this completes the proof.

Theorem 3.8.6. Assume that for a core C of M, G ≥ 0 on M \C, λ(∂M \C) ≥
0, and let σ and τ be two rays from C such that d∞(σ (∞), τ (∞)) = π/2. Then
there exists a number T ≥ 0 such that Fσ (τ (t)) is monotone nonincreasing in
t ≥ T . In particular, if rad(M(∞), σ (∞), d∞) = π/2 for a ray σ in M then
Fσ is a nonexhaustion function.

Proof. Notice that the assumption implies that both σ |[a,+∞) and τ |[a,+∞) for
some large a ≥ 0 are geodesics and that σ (t) and τ (t) tend to a common end
as t →∞. Denote by V the connected component of M \ C corresponding to
that end. Without loss of generality it may be assumed that D(σ, τ ) =: H is
defined (when V is a Riemannian half-plane). Since there are no straight lines
γ in M such that γ (−∞) = σ (∞) and γ (∞) = τ (∞), we have (cf. the proof
of Theorem 3.8.3) for all sufficiently large t ≥ 0,

Fσ (τ (t)) =


FH
σ (τ (t)) if V is a Riemannian

half-plane,

min
{
FH
σ (τ (t)), F

V \H
σ (τ (t))

}
if V is a Riemannian

half-cylinder.

Thus, Lemma 3.8.4 proves the theorem.

As a direct consequence of Theorems 3.8.5 and 3.8.6 we have:
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Theorem 3.8.7. Assume that there exists a compact subset K of M such that
G ≥ 0 on M \ K and λ(∂H \ K ) ≥ 0. Then, the following hold.

(1) diam(M(∞), d∞) < π/2 iff any Busemann function on M is an
exhaustion function.

(2) rad(M(∞), d∞) ≥ π/2 iff any Busemann function on M is a
nonexhaustion function.

(3) The following, (a)–(c), are equivalent to each other.
(a) diam(M(∞), d∞) ≥ π/2 and rad(M(∞), d∞) < π/2.
(b) M admits both an exhaustion Busemann function and a

nonexhaustion Busemann function.
(c) (M(∞), d∞) is isometric to a compact arc with length �,

π/2 ≤ � < π .



4

The cut loci of complete open surfaces

The definition of the cut locus was introduced by Poincaré ([68]), and he first
investigated the structure of the cut locus of a point on a complete, simply con-
nected and real analytic Riemannian 2-manifold. Myers ([60, 61]) determined
the structure of the cut locus of a point in a 2-sphere and Whitehead [107]
proved that the cut locus of a point on a complete two-dimensional Riemannian
manifold carries the structure of a local tree. In this chapter we will determine
the structure of the cut locus and distance circles of a Jordan curve in a complete
Riemannian 2-manifold and will prove the absolute continuity of the distance
function of the cut locus.

4.1 Preliminaries

Throughout this chapter (M, g) always denotes a complete connected smooth
two-dimensionalRiemannianmanifoldwithout boundary. Letγ : [0,∞)→ M
be a unit-speed geodesic. Note that any geodesic segment γ : [0, a) → M is
extensible to [0,∞) according to Theorem 1.7.3. If, for some positive number
b, γ |[0,b] is not a minimizing geodesic joining its endpoints, let t0 be the largest
positive number t such that γ |[0,t] is minimizing. Note that there always exists
such a positive number t0, by Lemma 1.2.2 . The point γ (t0) is called a cut point
of γ (0) along the geodesic γ . For each point p on M , let C(p) denote the set
of all cut points along the geodesics emanating from p.
Let C be a smooth Jordan curve in M parameterized by a smooth map

z0 : [0, L0]→ M with arc length parameter s. The map z0 and other functions
of s will be considered periodic with period L0, for convenience. Throughout
this chapter wewill assume that C admits a unit normal smooth field N of period
L0 along itself. For example, the curve admits such a normal field if it lies in a
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convex ball B(p, conv(p)). A map z : R× [0, L0]→ M is defined by

z(t, s) := expz0(s) t Ns .

Definition 4.1.1. Letπ : NC → C be the normal bundle ofCwith projectionπ.
For every s ∈ [0, L0] let γs : R → M be a geodesic with γs(t) = z(t, s)

and es(t) a unit parallel vector field along γs with es(0) = (∂z/∂s)(0, s). Since
the normal exponential map on the normal bundle NC maps diffeomorphi-
cally around the zero section, each γs is a minimizing geodesic from γs(t)
to C if |t | is sufficiently small. Thus if this is the case then it follows from
the Gauss lemma 1.2.1 that the map z gives a coordinate system (t, s), that
g(∂z/∂t, ∂z/∂t) = 1 holds around C and that g(∂z/∂t, ∂z/∂s) = 0. For each s
let Ys(t) denote the Jacobi field along γs with Ys(0) = es(0), g(Ys(t), γ ′s (t)) = 0.
By setting

f (t, s) := g(Ys(t), es(t)),

we have f (0, s) = 1, ft (0, s) = k(s) and g(∂z/∂s, ∂z/∂s) = f 2(t, s), where
k(s) denotes the geodesic curvature of C at z0(s) and ft = ∂ f /∂t . Since Ys is a
Jacobi field we have

ftt (t, s)+ G(z(t, s)) f (t, s) = 0,

where ftt = (∂/∂t) ft and G denotes the Gaussian curvature of M .

Exercise 4.1.1. Prove that ft (0, s) = k(s) holds for each s.

Let P(s) (resp. N (s)) denote the least positive t (resp. the largest negative t)
with f (s, t) = 0, or let P(s) = +∞ (resp. N (s) = −∞) if there is no such
zero. If P(s0) < +∞ (resp. N (s0) > −∞) then P (resp. N ) is smooth around
s0, and z(P(s0), s0) (resp. z(N (s0), s0)) is called the first positive (resp. negative)
focal point of C along γs0 . A unit-speed geodesic γ : [0, a] → M is called a
C-segment (or minimizing geodesic from γ (a) to C) iff d(γ (t), C) = t holds
for all t ∈ [0, a]. It follows from the short-cut principle, Lemma 1.8.1, that no
two distinct C-segments intersect in its interior. Any C-segment γ issues from
C orthogonally, by the first variation formula (cf. Theorem 1.5.1). Therefore
every C-segment is a subarc of some γs . The set of all terminal points of all
C-segments is called the cut locus of C and denoted by C(C).
We shall need tools from measure theory to prove some theorems in this

chapter. Readers unfamiliar with the theory could consult, for example, [106].
Let h : [a, b]→ R be a continuous function with bounded variation. Then

the function defines a Lebesgue–Stieltjes measure !h such that !h((x, y]) for
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each subinterval (x, y] of [a, b] equals the total variation of h on [x, y]. It is
known that any Borel subset B in [a, b] is!h-measurable. The measure!h(B)
will be called the variation of h over B.

Lemma 4.1.1 (Banach [8]). Let h be a continuous function on [a, b] and n(t)
the number of elements of h−1(t). Then h is of bounded variation iff n(t) is
Lebesgue integrable on R, in which case∫ ∞

−∞
n(t) dt = V (h) (4.1.1)

holds, where V (h) = !h(a, b]. In particular, n(t) is finite for almost all t if h
is of bounded variation.

Proof. For each positive integer p, define 2p + 1 numbers a j ( j = 0, 1, 2, . . . ,
2p) by

a j := a + j(b − a)2−p.

For each positive integer j ≤ 2p, define intervals I j by

I j :=
{
[a j−1, a j ) if j < 2p,

[a j−1, a j ] if j = 2p.

Let L j (t), j = 1, 2, . . . , 2p, denote the characteristic function of h(I j ), i.e.,
L j (t) = 1 if t is an element of h(I j ) and L j (t) = 0 otherwise. Let np(t) be the
function defined by

np(t) =
2p∑
j=1

L j (t). (4.1.2)

It follows from the construction that np(t) ≥ nq (t) if p is not less than q. Hence
we have a measurable function

n̄(t) := lim
p→∞ np(t). (4.1.3)

Since n(t) ≥ np(t) for any positive integer p, we have

n(t) ≥ n̄(t). (4.1.4)

If n(t) ≥ m for some integer m and for some real t then, for any sufficiently
large integer p, np(t) ≥ m. Thus if, for some t , n(t) ≥ m then n̄(t) ≥ m. It
follows from (4.1.4) and this property that n(t) = n̄(t) for any t . It follows from
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the construction of L j (t) that∫ ∞

−∞
L j (t) dt = Mj − m j , (4.1.5)

where Mj := sup h|I j and m j := inf h|I j . Then we have∫ ∞

−∞
np(t) dt =

2p∑
j=1

(Mj − m j ). (4.1.6)

Note that the right-hand side of (4.1.6) is not greater than V (h). By (4.1.6),∫ ∞

−∞
np(t) dt ≤ V (h) (4.1.7)

for any positive integer p. It follows from Fatou’s lemma and (4.1.7) that∫ ∞

−∞
n(t) dt ≤ V (h). (4.1.8)

If h is of bounded variation then by (4.1.8) n(t) is Lebesgue integrable. Con-
versely, if n(t) is Lebesgue integrable then by (4.1.6) h is of bounded variation,
since

lim
p→∞

2p∑
j=1

(Mj − m j ) = V (h) (4.1.9)

holds.

Corollary 4.1.1. Let h be continuous and of bounded variation. Then

!h(h−1(−∞, r )) = !h(h−1(−∞, r ]) =
∫ r

−∞
n(t) dt. (4.1.10)

In particular the function R ' r �→ ! f ( f −1(−∞, r ]) is absolutely continuous
on each compact interval.

Proof. Suppose that r is a number with n(r ) < +∞. Then we can choose a
finite number of disjoint intervals I j such that

h−1(−∞, r ] = I1 ∪ · · · ∪ IN .

If we define a function hr by

hr (t) := min{h(t), r}
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then hr is continuous and of bounded variation. Since!h and!hr are measures,
we have

!h(h
−1(−∞, r )) =

∑
j

!h(I j ) =
∑
j

!hr (I j ) = !hr (
⋃

j
I j ) (4.1.11)

where !hr denotes the Lebesgue–Stieltjes measure defined by hr . However,
!hr (

⋃
j I j ) equals the total variation in hr . Thus by Lemma 4.1.1 we obtain

!hr

(⋃
j

I j
)
=
∫ ∞

−∞
nr (t) dt (4.1.12)

where nr (t) is the number of elements of h−1r (t). Clearly nr (t) = 0 for any
t > r and nr (t) = n(t) for any t ≤ r . By (4.1.11) and (4.1.12) we have (4.1.10)
for any r with n(r ) < ∞. The remaining case is easily proved by obtaining
an infinite sequence {ri } such that n(ri ) < +∞ for each i and limi→∞ ri = r .
Since h−1(−∞, r ) is a countable union of disjoint open intervals, it is easy to
prove that !h(h−1(−∞, r )) =

∫ r
−∞ n(t) dt .

Exercise 4.1.2. Give a complete proof of Corollary 4.1.1.

The following lemma is a special case of the Sard lemma.

Lemma 4.1.2 (Sard). If h is a C1-function on (a, b) then it follows that
h({t ∈ (a, b)|h′(t) = 0}) is of Lebesgue measure zero.
Exercise 4.1.3. Prove the lemma above.

Remark 4.1.1. The lemma is true for a continuous function (cf. [87]), i.e.,
the set

h({t ∈ (a, b); h′(t) exists and equals zero})
is of Lebesgue measure zero for any continuous function h.

Lemma 4.1.3. Let {In} be a collection of mutually disjoint closed subintervals
of [0, 1]. Then there exists a continuous monotone nondecreasing function f :
[0, 1]→ [0, 1] such that f (0) = 0, f (1) = 1 and such that f (t1) = f (t2) for
t1, t2 iff t1 and t2 lie in a common In.

Proof. The function f with the required properties can be constructed in the
same way as the Lebesgue–Cantor function ([106]). For technical reasons we
add a countable family of closed intervals {Jk} to {In}. For each component
(a, b) of (0, 1) \⋃n In , where

⋃
n In denotes the closure of

⋃
n In , we add a

closed interval [a, (2a + b)/3] (resp. [(a + 2b)/3, b]) to {In} if a /∈ ⋃
n In

(resp. if b /∈⋃n In); otherwise, we do not make this addition. Thus we obtain a
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countable family of mutually disjoint closed intervals {In, Jk ; n, k}. First we
rename each In, Jk as follows. Choose closed intervals J (0, 0) and J (0, 1)
from {In, Jk} such that 0 ∈ J (0, 0), 1 ∈ J (0, 1), if these intervals exist. Oth-
erwise, choose an empty set. Now choose an interval J (1, 1) from {In, Jk}
such that J (1, 1) ⊂ [0, 1] \ (J (0, 1)∪ J (0, 0)), |J (1, 1)| = max{|In|, |Jk |; In ∪
Jk ⊂ [0, 1] \ (J (0, 1) ∪ J (0, 0))}, where |J (1, 1)|, |In|, |Jk | denote the re-
spective lengths of the intervals. Suppose that closed intervals J (n, j), j =
1, 2, . . . , 2n−1, have been defined for some positive integer n. Then for each
component J of

[0, 1]

∖ ⋃
1≤k≤n
1≤ j≤2n−1

J (k, j) ∪ J (0, 0) ∪ J (0, 1)

choose an interval I from {In, Jk} such that I ⊂ J and

|I | = max{|In|, |Jk |; In ⊂ J, Jk ⊂ J }.
If there is no such I for some J , choose an empty set. So, we have chosen closed
intervals J (n+1, j), 1 ≤ j ≤ 2n , with max J (n+1, j) < min J (n+1, j+1).
From the construction, for each positive integer n we have that

|J (n, i)| ≥ |J (n + 1, j)|
holds for any i ∈ {1, 2, . . . , 2n−1} and j ∈ {1, 2, . . . , 2n}. Thus it is trivial
that

{In, Jk} = {J (n, i); n = 1, 2, . . . , 1 ≤ i ≤ 2n−1} ∪ {J (0, 0), J (0, 1)}.
For each positive integer n, let fn be a continuous monotone nondecreasing
function on [0, 1] that satisfies

fn(0) = 0, fn(1) = 1, fn|J (0,0) = 0,

fn|J (0,1) = 1, fn|J (k, j) = 2 j − 1

2k

for each k, j with 1 ≤ k ≤ n, j = 1, 2, . . . , 2k−1, and which is linear on each
component of

[0, 1]

∖(
n⋃

k=1

2k−1⋃
j=1

J (k, j) ∪ J (0, 0) ∪ J (0, 1)

)
.

Clearly each fn is monotone nondecreasing and has the property that t1, t2 ∈
[0, 1] satisfies fn(t1) = fn(t2) iff t1 and t2 are contained in a common J (k, j).
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Figure 4.1.1 On the left, I1 = Iy ⊃ Ix ; on the right, I1 = Ix , Iy �⊂ [0, 1] \ I1.

It follows from the construction that, for any positive integers m > n,

| fn(t)− fm(t)| ≤ 1

2n−1

holds on [0, 1]. Therefore, there exists a unique limit function f̃ (t) =
limn→∞ fn(t). Since the convergence is uniform, the function f̃ is monotone
nondecreasing and continuous. If (an, bn), k = 1, 2, . . . , denotes all the com-
ponents of (0, 1) \ ⋃n In such that ak /∈

⋃
n In or bk /∈

⋃
n In , let f be a

monotone nondecreasing continuous function on [0, 1] which satisfies f = f̃
on [0, 1] \⋃(ak, bk) and which is linear on each closed interval [ak, bk] with
f (ak) = f̃ (ak), f (bk) = f̃ (bk). Then it is easy to check that f has the required
properties.

Definition 4.1.2. An injective continuous map from an open or closed interval
into M is called a Jordan arc. An injective continuous map from a circle into
M is called a Jordan curve.

Proposition 4.1.1. Any continuous curve c : [0, 1] → M contains a Jordan
subarc joining c(0) to c(1) if c(0) �= c(1) (see Figure 4.1.1).

Proof. For each multiple point x in c([0, 1]) let Ix denote the closed subinter-
val [min c−1(x),max c−1(x)] of [0, 1]. Since c is continuous, we may choose
a closed interval I1 := [a1, b1] from the intervals Ix that has maximal length.
Inductively we may choose closed intervals In+1 := [an+1, bn+1], from the in-
tervals Ix having maximal length and multiple points x ∈ c([0, 1] \⋃n

k=1 Ik),
which admit distinct elements a, b in [0, 1]\⋃n

k=1 Ik such that c(a) = c(b) = x .
Thus we get a sequence {In} of mutually disjoint closed intervals such that
c(an) = c(bn) for each In = [an, bn] and such that if two distinct elements
x, y in [0, 1] \ ⋃n int In satisfy c(x) = c(y) then x and y are the endpoints
of a common In . It follows from Lemma 4.1.3 that there exists a continuous
monotone nondecreasing function f on [0, 1] such that f (0) = 0, f (1) = 1 and
such that f (t1) = f (t2) for t1, t2 iff t1 and t2 lie in a common In . Then c̄(u) :=
c(max f −1(u)) on [0, 1] is a continuous Jordan arc joining c(0) and c(1).
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4.2 The topological structure of a cut locus

It is easy to observe that M \C has at most two connected components. We will
not go into detail about the case where M \C has exactly one component, since
the case can be treated analogously. The details of this case are given in [86].
From now on, we will assume that M \ C has two components. Hence C admits
a unit normal vector field along itself with period L0. Note that the case where
this is not so would reduce to the case where M \ C has two components, for
most theorems, propositions and lemmas. In fact for a small positive number
ε, the normal ε-sphere bundle NεC of C is mapped by an exponential map
diffeomorphically onto a smooth Jordan curve Cε . It is easy to check that Cε
bounds a relatively compact domain and that

S(C, t + ε) = S(Cε, t), B(C, t + ε) = B(Cε, t)
for any t > ε, where

B(C, t) = {q ∈ M ; d(q, C) < t}.
Let

ρ(s) := sup{t ; d(γs(t), C) = t}
and

ν(s) := inf{t < 0; d(γs(t), C) = −t}.
As we noted in Section 4.1, these two functions are strictly positive valued. If
ρ(s) (resp. ν(s)) is finite then z(ρ(s), s) (resp. z(ν(s), s)) is called a cut point of
C. Thus γs |[0,ρ(s)] (resp. γs |[ν(s),0]) is amaximal C-segment contained in γs[0,∞)
(resp. γs |(−∞,0]). The functions ρ, ν are called the distance functions of the cut
locus. By Remark 1.8.1, we have

Lemma 4.2.1. No two distinct C-segments intersect in their interior.
From now on, our arguments will be framed in terms of the function ρ, but

exactly the same arguments hold for ν.

Proposition 4.2.1. The function ρ : [0, L0]→ (0,∞] is continuous.

Proof. Let s0 be any real number in [0, L0] and {sn} any sequence converg-
ing to s0. Since any limiting geodesic of a sequence of C-segments is itself a
C-segment, we obtain

lim sup
n→∞

ρ(sn) ≤ ρ(s0). (4.2.1)
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Supposing that ρ(s0) > b for a constant b, we shall prove that lim infn→∞ ρ(sn)
≥ b. This property implies that

lim inf
n→∞ ρ(sn) ≥ ρ(s0). (4.2.2)

Thus, combining inequalities (4.2.1) and (4.2.2), we obtain the claimed propo-
sition. By the above assumption, γs0 |[0,b] is a C-segment and γs0 (b) is not a
focal point of C along γs0 . Therefore the normal exponential map onNC maps
a neighborhood U around bγ̇s0 (0) diffeomorphically onto a neighborhood V
around γs0 (b). It follows from Lemma 4.2.1 that if x is a point sufficiently close
to γs0 (b) then, for any C-segment γs from x to C, d(x, C)γ̇s(0) is an element of
U . Therefore, for sufficiently large n we have that γsn |[0,b] is a C-segment. Thus
we get (4.2.2).

Since the set {s ∈ [0, L0]; ρ(s) < +∞} is a union of countably many in-
tervals, it follows from the proposition above that the cut locus is a union of
countably many continuous curves. If the cut locus contains a Jordan curve σ
that bounds a domain then we get a C-segment from a point in the domain.
Thus the segment meets a cut point on σ in its interior. This is a contradiction.
Therefore we have

Lemma 4.2.2. A cut locus does not contain a Jordan curve that lies in a convex
neighborhood. Furthermore, if M is simply connected then the cut locus does
not contain a Jordan curve.

For each cut point x of C, let �(x) denote the set of all C-segments from x to
C. The following definition of a sector at a point x ∈ C(C) plays an important
role in investigating the structure of the cut locus.

Definition 4.2.1. In the case where a positive ε (< d(x, C)) is chosen suf-
ficiently small that B(x, ε) is a convex ball, each component of B(x, ε) \⋃
γ∈�(x) γ (0, ε) is called an ε-sector (or simply a sector) at x .

Each sector  ε(x) at x ∈ C(C) has the following four properties.

S1 If y ∈  ε(x) then the unique minimal geodesic joining y to x lies in
 ε(x) ∪ {x}. If the inner angle of  ε(x) at x is less than π then every
minimizing geodesic joining two points in  ε(x) lies in  ε(x).

S2 There is no element in �(x) that passes through points in  ε(x).
S3 There exists a sequence of cut points of C in  ε(x) converging to x .
S4 If {q j } is a sequence of points in  ε(x) converging to x then every

converging subsequence of C-segments in �(q j ) has as its limit either γ or
σ , where γ, σ ∈ �(x) denote the geodesics whose subarcs, together with
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the subarc of S(x, ε) with endpoints γ (d(C, x)− ε) and σ (d(C, x)− ε),
form the boundary of  ε(x).

The properties above would be trivial were it not for the inclusion amongst
them of S3. Suppose that there is no cut point near x in  ε(x). Let S(x, t)
denote the geodesic circle at x with radius t . Then, for each t < ε, the arc
S(x, t) ∩  ε(x) is simply covered by C-segments. If t1 < t2 < ε then each
C-segment through S(x, t1) ∩  ε(x) is the continuation of some C-segment
through S(x, t2) ∩ ε(x). Therefore we get an element of �(x) through  ε(x).
This contradicts S2.

Lemma 4.2.3. For each s ∈ [0, L0] the inequality ρ(s) ≤ P(s) holds, and if
ρ(s0) = P(s0) < +∞ for some s0 then P ′(s0) = 0.

Proof. Without loss of generality, we may assume that P(s0) <∞ in order to
prove ρ(s0) ≤ P(s0). Thus z(P(s0), s0) is the first focal point of C. Take any
l > P(s0). Then, by imitating the proof of Lemma 1.6.1, we may construct a
piecewise-smooth variation v : (−ε0, ε0) × [0, l]→ M of γs0 , with v(ε, 0) =
z0(s0 + ε), such that L(ε) < L(0) for any sufficiently small ε > 0, where
L(ε) denotes the length of the curve s �→ v(s, ε). Thus we have proved that
ρ(s) ≤ P(s) for any s. Suppose that P ′(s0) �= 0 for some s0 ∈ (0, L0] satisfying
P(s0) = ρ(s0) < +∞. Again without loss of generality, we may assume that
P ′(s0) > 0. Take any s1 ∈ [0, s0) such that P ′(s) > 0 on [s1, s0]. The length of
a subarc {z(P(s), s); s ∈ [s1, s0]} equals∫ s0

s1

∥∥∥∥ d

ds
z(P(s), s)

∥∥∥∥ ds = P(s0)− P(s1).

Thus on the one hand, by the definition of the distance function, we obtain

d(z(P(s1), s1), z(P(s0), s0)) ≤ P(s0)− P(s1), (4.2.3)

d(z(P(s1), s1), C) ≤ L(γs1 |[0,P(s1)]) = P(s1).

On the other hand, from the triangle inequality,

d(z(P(s1), s1), C)+ d(z(P(s1), s1), z(P(s0), s0)) (4.2.4)

≥ d(z(P(s0), s0), C) = P(s0).

Note that P(s0) = ρ(s0).By (4.2.3), the equality holds in the relationship (4.2.4).
This implies that the arc combining γs1 |[0,P(s1)] and {z(P(s), s); s ∈ [s1, s0]} is
a C-segment from z(P(s0), s0) for any s1(< s0) sufficiently close to s0. This
contradicts the assumption P ′(s0) �= 0.

A cut point of C is said to be normal if it is the endpoint of exactly two
C-segments and is not a first focal point along either of them. A cut point of C
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z0(s0)

Figure 4.2.1

that is not normal is said to be anormal. An anormal cut point x is said to be
totally nondegenerate iff x is not a first focal point of C along any C-segment
from itself. An anormal cut point is said to be degenerate iff it is not totally
nondegenerate. By Lemmas 4.2.3, 4.2.4 and Propositions 4.2.2, 4.2.3, we will
prove that the set of all normal cut points is open and dense in a cut locus with
the relative topology.

Lemma 4.2.4. The set F := {s ∈ [0, L0]; ρ(s) < P(s) and z(ρ(s), s) is a
degenerate cut point} is of Lebesgue measure zero.
Proof. Fix s0 ∈ F and set p = z(ρ(s0), s0). Let  +ε (p) and  

−
ε (p) be the

two sectors at p that have the common boundary γs0 [ρ(s0) − ε, ρ(s0)]; see
Figure 4.2.1. Since p is not a focal point of C along γs0 , there exists a neigh-
borhood V of ρ(s0)γ̇s0 (0) in NC and a neighborhood U of p in M such that
the restriction expV of the normal exponential map to V is a diffeomorphism
of V onto U . Let s+ be the number in [0, L0] such that γs+ [ρ(s0) − ε, ρ(s0)]
is the boundary of  +ε (p) distinct from γs0 [ρ(s0) − ε, ρ(s0)]. Suppose that
P(s+) = ρ(s+). Choose a positive number ε1 such that U contains z(ρ(s), s)
and z(P(s), s) for all s ∈ [s+ − ε1, s+ + ε1]. Without loss of generality we may
assume that {z(ρ(s), s); s ∈ [s0, s0 + ε1]} is a curve lying in  +ε (p). Hence the
curve {z(ρ(s), s); s ∈ [s0 − ε1, s0]} lies in  −ε (p). We may choose a positive
number δ1 < ε1 such that if z(ρ(s1), s1) = z(ρ(s), s) for s1 ∈ [0, L0] and s ∈
(s0, s0 + δ1) then s = s1 or s1 ∈ (s+ − ε1, s+ + ε1). Let a smooth function v on



144 4 The cut loci of complete open surfaces

(s+ − ε1, s+ + ε1) be defined by
v(s) := z−10 ◦ π ◦ exp−1V z(P(s), s).

Recall here that the map z0 : [0, L0] → M denotes the Jordan curve C. Note
that if s ∈ (s+ − ε1, s+ + ε1) satisfies P ′(s) = 0 then v′(s) = 0 and hence s is a
critical point of v. Let K ⊂ (s+ − ε1, s+ + ε1) be the set of all critical points of
v. If s ∈ (s0, s0 + δ1) is an element of F then there exists an s1 ∈ [0, L0] such
that z(ρ(s), s) = z(ρ(s1), s1), P(s1) = ρ(s1). It follows from the choice of δ1
and from Lemma 4.2.3 that P ′(s1) = 0 and s1 ∈ (s+ − ε1, s+ + ε1). Therefore
we can find an s1 ∈ K such that z(ρ(s), s) = z(ρ(s1), s1) = z(P(s1), s1).
This means that (s0, s0 + δ1) ∩ F is entirely contained in v(K ). Therefore if
ρ(s+) = P(s+) then (s0, s0 + δ1)∩ F is of Lebesgue measure zero, since v(K )
is thus by Lemma 4.1.2. If ρ(s+) < P(s+) then there exists a positive number
δ such that (s0, s0 + δ) ∩ F = ∅. Summing up this discussion we observe that
there exists a positive number δ1 such that (s0, s0 + δ1)∩ F is of measure zero.
The same argument can be applied to  −ε (p) to prove that (s0 − δ1, s0) ∩ F
is of measure zero for some positive number δ1. Therefore F is covered by
countably many sets of measure zero. Hence F is also of measure zero.

Proposition 4.2.2. Let p be a normal cut point such that p = z(ρ(s), s) has
exactly two solutions, s = s1, s2, in [0, L0). Then:

(1) ρ(s) is smooth on a neighborhood of s = s1, s2;
(2) there is a strictly monotonic smooth function v(s) in a neighborhood of s2

with the properties v(s2) = s1, ρ(v(s)) = ρ(s) and z(ρ(v(s)), v(s)) =
z(ρ(s), s) for s near s2;

(3) p has exactly two sectors and the cut locus of C near p is a smooth curve
that bisects the inner angle of each sector at p.

Proof. Since p is not a focal point along γs1 or γs2 , there exist neighborhoods
V,U1 and U2 around p, ρ(s1)γ̇s1 (0) and ρ(s2)γ̇s2 (0) respectively such that the
normal exponential map on NC is a diffeomorphism of Ui onto V for each
i = 1, 2. Let f be a smooth function on V defined by

f (q) := ∥∥ exp−1U1
q
∥∥− ∥∥ exp−1U2

q
∥∥,

where expUi
:Ui → V denotes the restriction of the normal exponential map to

Ui . Then for any w ∈ TpM the equation

d f p(w) = 〈γ̇s1 (ρ(s1)),w〉 − 〈γ̇s2 (ρ(s2)),w〉 (4.2.5)

follows from the first variation formula. Since the two vectors γ̇s1 (ρ(s1)),
γ̇s2 (ρ(s2)) are distinct, p is not a critical point of f . Thus by the implicit function
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theorem, f −1(0) is a smooth one-dimensional submanifold. Letv c be a smooth
curvein f −1(0) emanating from p = c(0).Put si (t) := z−10 ◦π ◦ exp−1Ui

c(t), i =
1, 2. It is easy to observe that if |t | is sufficiently small then γsi (t)|[0,‖ exp−1Ui c(t)‖]
is a C-segment and c(t) is a normal cut point. Now claim (3) of our proposition
is clear by (4.2.5). The other claims also are easily proved.

It follows from the first variation formula that, in the above proposition,
ρ ′(s) = 0 at s = s1(or s = s2) iff the two C-segments γs1 , γs2 make an angle π
at z(ρ(s1), s1) = z(ρ(s2), s2).

Definition 4.2.2. γs1 |[0,2ρ(s1)] is called a C-loop if the two C-segments γs1 , γs2
make an angle π at z(ρ(s1), s1) = z(ρ(s2), s2).

The proof of the next proposition is analogous to that of the proposition
above.

Proposition 4.2.3. Let p be a totally nondegenerate anormal cut point. Then:

(1) there exists only a finite number n ≥ 3 of s-values in [0, L0), say
s = s1, s2, . . . , sn, such that p = z(ρ(s), s);

(2) p has exactly n sectors;
(3) ρ is piecewise-smooth on all small open intervals including s j and smooth

except at s j ;
(4) in each small sector at p, the cut locus is a smooth curve bisecting the

inner angle of the sector at p;
(5) any cut point in each small sector at p is a normal cut point. In particular,

totally nondegenerate cut points are isolated.

By Lemmas 4.2.3, 4.2.4 and Propositions 4.2.2, 4.2.3 we get

Corollary 4.2.1. For any 0 ≤ a < b < L0, the set {z(ρ(s), s); a ≤ s ≤ b,
z(ρ(s), s) is normal} is either empty or open dense in {z(ρ(s), s); s ∈ [a, b]}.
Furthermore, if {z(ρ(s), s); a ≤ s ≤ b, z(ρ(s), s) is normal} is empty then it
consists of a single element.

A topological space T is by definition a tree iff any two points on T are
joined by a unique Jordan arc in T . A point x on a tree T is by definition an
endpoint iff T \ x is connected. A topological space C is by definition a local
tree iff, for every point x ∈ C and for every neighborhood U around x , there
exists a smaller neighborhood T ⊂ U around x that is a tree.

Theorem 4.2.1. Let M be a complete, connected, smooth Riemannian
2-manifold and C a smooth Jordan curve in M. Then the cut locus of C is
a local tree. Furthermore, if M is simply connected then the cut locus is a tree.
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Proof. Let x be any cut point of C. Take any sector  ε(x) at x . Since ρ is
continuous by Proposition 4.2.1, the set

{s ∈ [0, L0]; z(ρ(s), s) = x}
is compact. Therefore there exists a finite number of open intervals I j , j =
1, 2, . . . , k, such that

{s ∈ [0, L0]; z(ρ(s), s) = x} ⊂
k⋃
j=1

I j

and such that each c j , where c j (s) := z(ρ(s), s) for s ∈ I j , is a curve through x
and contained in B(x, ε). By the property S3 of sectors (see Definition 4.2.1),
there exists a cut point y in  ε(x) sufficiently close to x . Thus z(ρ(s), s) = y
for some s ∈ I j . Since c j (I j ) contains x , the cut point y can be joined to x
by a continuous curve in  ε(x) ∩ C(C). By Corollary 4.2.1, we may assume
that y is a normal cut point, which is the intersection of C-segments σy, γy of
�(y). Since c j bisects the two sectors at y, it follows from the property S4
of sectors that, as y tends to x , σy and γy converge to C-segments σ and γ
respectively; σ, γ ∈ �(x) denote the geodesics whose subarcs form the bound-
ary of ε(x), together with the subarc of S(x, ε) with endpoints σ (d(C, x)− ε),
γ (d(C, x)− ε).
Thus if y is chosen sufficiently close to x then four C-segments σ, γ, σy, γy

and two subarcs {z0(s); s ∈ J1}, {z0(s); s ∈ J2} of C together bound a disk
domain D containing any cut point which lies in  ε(x). Here each Ji denotes
a closed subinterval in [0, L0] such that {x, y} = {z(ρ(s), s); s is an endpoint
of Ji }. Since a C-segment from a cut point q in D is a subarc of γs for some
s ∈ J1 ∪ J2, the cut point q lies on a curve c j . It follows from Proposition 4.1.1
and Lemma 4.2.2 that any cut point in D (and hence in  ε(x)) can be joined
to x by a unique Jordan arc in ( ε(x) ∪ {x}) ∩ C(C). This implies that C(C)
is a tree in ( ε(x)∪ {x}) ∩  2ε(y; x), where  2ε(y; x) denotes the 2ε-sector at
y containing x . If the inner angle of  ε(x) at x is sufficiently small then there
exists a closed subinterval J of [0, L0] with J ⊂ ⋃k

j=1 I j such that the two
C-segments σ, γ and the subarc {z0(s); s ∈ J } of C cut off by σ and γ bound
a disk domain D. Since J is contained in some I j , any cut point in D lies in
the curve c j . Thus any cut point in D lies in  ε(x) and may be joined to x by
a Jordan arc in C(C) ∩ ( ε(x) ∪ {x}). Summing up the argument, there exist
finitely many normal cut points yi in B(x, ε) such thatU ∩C(C) is a tree, where
U := B(x, ε)

⋂
i  2ε(yi ; x) is a neighborhood around x .

In Propositions 4.2.2 and 4.2.3, we observed that each sector at a totally
nondegenerate cut point is bisected by a Jordan arc in C(C) emanating from the
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cut point. This property holds for a sector at any cut point, in a sense. Before
stating this property, we need to define some terminology.
A Jordan arc c : [a, b] → M is said to have a left tangent (resp. a right

tangent) v ∈ Sc(t0)M := {v ∈ Tc(t0)M ; ‖v‖ = 1} at c(t0) for some t0 ∈ (a, b]
(resp. t0 ∈ [a, b)) iff exp−1c(t0) c(t)/‖ exp−1c(t0) c(t)‖ converges to v as t → t0 − 0

(resp. t → t0+0). Here exp−1c(t0) denotes the local inverse of expc(t0) around 0c(t0).
Proposition 4.2.4. Let c : [0, 1] → C(C) be a Jordan arc lying in a sector
 2ε(p) at p = c(0). Then c has a right tangent at c(0) that bisects the inner
angle of  2ε(p) at p.

Proof. Since the case where �(c(0)) consists of a single C-segment is trivial, by
Theorem 1.7.1, we will prove only the other case (see Figure 4.2.2). The inner
angle of 2ε(p) at p is less than 2π , otherwise�(p) consists of a single element.
Let α and β be the C-segments whose subarcs bound  2ε(p). By choosing a
smaller ε, we may assume that c(a) /∈  ε(p) for some positive a. Then the
subarc c|[0,b] (0 < b < a) of c divides ε(p) into two components, say D1, D2.
Since no C-segment meets the curve c in its interior, for each c(t), t ∈ (0, b),
there exist C-segments of �(c(t)) lying in D1 and D2 respectively. Thus we
get two distinct sectors  +2ε(c(t)) and  

−
2ε(c(t)) for each c(t), t ∈ (0, b), such

that

 +2ε(c(t)) ⊃ c(t, b],  −2ε(c(t)) ⊃ c(0, t].

It follows from property S4 of sectors (see Definition 4.2.1) that for each t ∈
(0, b] we may choose C-segments α+t , β+t ∈ �(c(t)) (resp. α−t , β−t ∈ �(c(t)))
bounding  +2ε(c(t)) (resp.  

−
2ε(c(t))) such that

lim
t→+0

α+t = α, lim
t→+0

β+t = β

(resp. limt→+0 α−t = α, limt→+0 β−t = β).
Assume that there exists a sequence {c(ti )} with limi→∞ ti = 0 such that

lim
i→∞

�
(
exp−1p α(ε), exp

−1
p c(ti )

) =: θ
lim
i→∞

�
(
exp−1p β(ε), exp

−1
p c(ti )

) =: θ ′.
From the triangle inequality we have

d(β−ti (ε), c(ti ))− d(β−ti (ε), p) ≤ d(C, c(ti ))− d(C, p)
≤ d(α(ε), c(ti ))− d(α(ε), p).
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∈ Γ(c(t))

the minimal geodesic
joining c(0) and c(t)

intersection

B(c(0), ε)

c(0) c

Γ(c(0)) �

Γ(c(t)) �

C

c(t)

0 < δ

Figure 4.2.2

Applying the first variation formula to each side of the above relation,

−cos θ ′ = lim
i→∞

d(β−ti (ε), c(ti ))− d(β−ti (ε), p)
d(c(ti ), p)

≤ lim
i→∞

d(α(ε), c(ti ))− d(α(ε), p)

d(c(ti ), p)
= −cos θ.

By the symmetry of the above discussion we have θ = θ ′. Thus the claim in
the proposition is clear.
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4.3 Absolute continuity of the distance function
of the cut locus

In [34], Hartman tried to prove that ρ is absolutely continuous if it is finite
valued. He proved that if the function ρr := min{ρ, r} is of bounded variation
for any real r then ρ is absolutely continuous where it is finite valued. This
property has an interesting application to the Ambrose problem in the two-
dimensional case, which was pointed out by Hebda in [35]. Incidentally, this
problem in the two-dimensional case can be stated as follows. Let M and M̄ be
complete connectedRiemannian2-manifoldswithGaussian curvatures denoted
by GandḠ respectively. Suppose that there exists a linear isometry I : TpM →
Tp̄ M̄ for points p ∈ M and p̄ ∈ M̄ such that G(expp X ) = Ḡ(exp p̄ I (X )) for
any tangent vector X ∈ TpM. If M is simply connected, does there exist an
isometric immersion F : M → M̄ such that F(p) = p̄, dF = I at p?
In 1993, Hebda in [36] and Itoh in [41] independently and affirmatively

solved this problem by proving that ρr is of bounded variation for any r in the
case where C = {p}. Since the function P is smooth if P is finite valued, the
following lemma is trivial.

Lemma 4.3.1. For each real r , the function Pr : [0, L0]→ (0, r ] is Lipschitz
continuous, where Pr := min{P, r}.
Let E0, E1 be closed subsets of [0, L0] defined by

E0 := {s ∈ [0, L0]; ρ(s) = P(s)}
E1 := {s ∈ [0, L0]; ρ(s) < +∞ and γs |[0,2ρ(s)] is a C-loop}.

See Definition 4.2.2 for the definition of a C-loop. For convenience, we can
take 0 ∈ E0 ∪ E1 by reparameterizing the curve C. Then we get a countable
family of open intervals I j with [0, L0] \ E0 ∪ E1 =

⋃
j I j . By Lemma 4.2.3

the following lemma is trivial.

Lemma 4.3.2. For any s0 ∈ E0 and s ∈ [0, L0],

ρr (s)− ρr (s0) ≤ K (Pr ) |s − s0|,
where K (Pr ) denotes a Lipschitz constant of Pr .

We define positive constants C1(r ),C2(r ),C3(r ) depending on r by

C1(r ) := max{| f (s, t)|/2; 0 ≤ s ≤ L0, 0 ≤ t ≤ r},
C2(r ) := C1(r )(r/min ρ − 1),

C3(r ) := max{C1(r ),C2(r )}.
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Lemma 4.3.3. For any s0 ∈ E1 and s1 ∈ [0, L0],

ρr (s1)− ρr (s0) ≤ C3(r )|s1 − s0|.
Proof. We will assume that ρ(s0) < ρ(s1) ≤ r , since the other case is easily
proved. Suppose that ρ(s1) ≤ 2ρ(s0). Define a smooth curve ϕ on [0, L0] by
ϕ(s) := z(ρ(s1), s). From the definition of the distance function d,

d(γs1 (ρ(s1)), γs0 (ρ(s1))) ≤
∣∣∣∣∫ s1

s0

|ϕ′(s)| ds
∣∣∣∣

≤
∣∣∣∣∫ s1

s0

| f (ρ(s1), s)| ds
∣∣∣∣ ≤ 2C1(r ) |s1 − s0|. (4.3.1)

Since γs0 |[0,2ρ(s0)] is a C-loop, we have
d(C, γs0 (ρ(s1))) = 2ρ(s0)− ρ(s1). (4.3.2)

Thus by the triangle inequality

d(γs1 (ρ(s1)), γs0 (ρ(s1))) ≥ d(C, γs1 (ρ(s1)))− d(C, γs0 (ρ(s1)))
≥ 2(ρ(s1)− ρ(s0)). (4.3.3)

Therefore by (4.3.1) and (4.3.3) we have proved the claim in the lemma if
ρ(s1) ≤ 2ρ(s0) ≤ 2r . Now suppose that ρ(s1) > 2ρ(s0). Then if we take a
positive value s2 ∈ [0, L0] satisfying ρ(s2) = 2ρ(s0) we obtain |s0 − s1| ≥
|s0− s2|. By applying the reasoning in the first case to the pair s0 and s2, we get

ρ(s0) = ρ(s2)− ρ(s0) ≤ C1(r )|s2 − s0|. (4.3.4)

Thus

ρ(s1)− ρ(s0) ≤ ρ(s0)
(
ρ(s1)

min ρ
− 1

)
≤ (ρ(s2)− ρ(s0))

(
r

min ρ
− 1

)
≤ C2(r )|s2 − s0| ≤ C2(r )|s1 − s0|. (4.3.5)

Lemma 4.3.4. If ρ attains a local minimum at s = s0 then s0 ∈ E0 ∪ E1.

Proof. Put p = z(ρ(s0), s0). Suppose that s0 /∈ E0 ∪ E1. Then p admits at least
two sectors. Since s0 /∈ E1, there exists a sector  ε(p) at p and adjacent to γs0
whose inner angle θ at p is less than π . Without loss of generality, we may
assume that a Jordan arc {z(ρ(s), s); s0− ε1 ≤ s ≤ s0} in C(C) lies in the sector
 ε(p) for some positive ε1 > 0. Since for each s ∈ [s0 − ε, s0]

ρ(s) = d(C, γs(ρ(s))) ≤ d(z0(s0), γs(ρ(s)))
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holds, by the triangle inequality we get

ρ(s0)− ρ(s) ≥ d(z0(s0), p)− d(z0(s0), c(s))

≥ d(γs0 (ρ(s0)− ε), p)− d(γs0 (ρ(s0)− ε), c(s)), (4.3.6)

where c(s) = z(ρ(s), s).
It follows from the first variation formula and Proposition 4.2.4 that

lim
s→s0

d(γs0 (ρ(s0)− ε)p)− d(γs0 (ρ(s0)− ε), c(s))
d(p, c(s))

= cos θ

2
. (4.3.7)

Thus, by (4.3.6) and (4.3.7), ρ cannot attain a local minimum at s0 since θ is
less than π . This is a contradiction.

Lemma 4.3.5. For each interval I j above,

V (ρr |I j ) ≤ C(r )|I j |

where V (ρr |I j ) denotes the total variation of ρr |I j , C(r ) := max{K (Pr ),C3(r )}
and |I j | denotes the length of I j .
Proof. Since ρ has no local minimum in the interior of I j , either ρ|I j is mono-
tonic or it has a uniquemaximal valueρ(t1) such thatρ ismonotone nondecreas-
ing on [a j , t1] and monotone nonincreasing on [t1, b j ], where (a j , b j ) = I j . By
Lemmas 4.3.2 and 4.3.3, we have the claim.

Proposition 4.3.1. For any r > 0, ρr is of bounded variation.

Proof. Let 0 = t0 < t1 < t2 < · · · < tn = L0 be any subdivision of [0, L0]. If
(ti , ti+1) ∩ (E0 ∪ E1) �= ∅ then we may choose the smallest number a and the
largest number b in [ti , ti+1] ∩ (E0 ∪ E1). Thus

(ti , a) ∩ (E0 ∪ E1) = ∅ = (b, ti+1) ∩ (E0 ∪ E1).

By taking a finer subdivision of [0, L0], if necessary, we may assume that if
(ti , ti+1) ∩ (E0 ∪ E1) is nonempty then ti , ti+1 ∈ E0 ∪ E1. Now decompose
{0, 1, . . . , n − 1} into two disjoint subsets A, B:

A := {i ; (ti , ti+1) ∩ (E0 ∪ E1) = ∅},
B := {i ; (ti , ti+1) ∩ (E0 ∪ E1) �= ∅}.

Then it follows from Lemmas 4.3.2, 4.3.3 and 4.3.5 that∑
i∈A
|ρr (ti )− ρr (ti+1)| ≤ C(r )

∑
j

|I j | ≤ L0C(r )
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and ∑
i∈B
|ρr (ti )− ρr (ti+1)| ≤ C(r )

∑
i∈B
|ti+1 − ti | ≤ L0C(r ).

Therefore we get

n−1∑
i=0
|ρr (ti )− ρr (ti+1)| ≤ 2L0C(r )

for any subdivision 0 = t0 < t1 < · · · < tn = L0 of [0, L0].

Exercise 4.3.1. Generalize Proposition 4.3.1 to the case of a smooth Jordan
curve C in M admitting a periodic smooth unit normal vector field along itself.

Definition 4.3.1. A number t > 0 is said to be anormal (resp. normal) if there
exists an anormal (resp. no anormal) point in S(C, t). Also, t > 0 is said to
be exceptional if it is anormal or normal but there exists an s ∈ ρ−1(t) such
that ρ ′(s) = 0. A positive number t is by definition nonexceptional iff it is not
exceptional.

Lemma 4.3.6. The set of exceptional values is closed and of Lebesgue measure
zero.

Proof. It follows from Proposition 4.2.2 that the set of normal cut points
z(ρ(s), s) with ρ ′(s) �= 0 is relatively open in the cut locus to C. Thus the
set of exceptional values is closed. By Proposition 4.2.3 the set of ρ-values of
totally nondegenerate anormal cut points is discrete. In particular, this set is of
Lebesgue measure zero. It follows from Lemmas 4.1.2 and 4.2.3 that the set
of ρ-values of all degenerate cut points is of Lebesgue measure zero. Note
that {s ∈ [0, L0]; P(s) < +∞} is a countable union of intervals. Therefore
the set of anormal values is of Lebesgue measure zero. By Proposition 4.2.2,
ρ is smooth on

{s ∈ [0, L0]; z(ρ(s), s) is a normal cut point}.

Thus

{ρ(s); z(ρ(s), s) is a normal cut point and ρ ′(s) = 0}

is of Lebesgue measure zero, by Lemma 4.1.2. Therefore we have proved that
the set of exceptional values is of Lebesgue measure zero.

Theorem 4.3.1. Let M be a complete connected smooth Riemannian
2-manifold and C a smooth Jordan curve separating M into two components.
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Then, for any positive r , ρr is absolutely continuous. In particular ρ is abso-
lutely continuous on every compact interval where it is finite valued.

Proof. Without loss of generality, we may assume that r is nonexceptional. Let
ε be an arbitrary positive number. It follows from Proposition 4.3.1 and Lemma
4.1.1 that there exists a positive number δ = δ(ε, r ) such that∫

B
nr (t) dt < ε (4.3.8)

for any Borel subset B of [0, r ] with |B| < δ, where |B| denotes the Lebesgue
measure of B and nr (t) denotes the number of elements of ρ−1(t). It follows
from Lemma 4.3.6 that there exists a finite number of nonoverlapping open
subintervals I1, . . . , Ik of [0, r ], any of whose endpoints are nonexceptional,
such that the set of exceptional values in [0, r ] is covered by the union of
I j , j = 1, . . . , k, and such that

k∑
j=1
|I j | < δ. (4.3.9)

If  denotes the union of I j , j = 1, . . . , k, then by (4.3.8)∫
 

nr (t) dt < ε. (4.3.10)

Since any endpoints of I j are nonexceptional, S1 := ρ−1( ) is a finite union
of nonoverlapping open intervals I ′1, . . . , I

′
l . By Corollary 4.1.1 we have

!ρr (S1) =
∫
 

nr (t)dt. (4.3.11)

Since S1 is open, the set

S2 := {s ∈ [0, L0]; ρ(s) ≤ r, s /∈ S1}
is closed, hence compact. Since ρ is smooth at each point of S2, by Proposition
4.2.2, there exists a positive constant c such that

|ρ ′(s)| ≤ c (4.3.12)

on S2.
Let J1, . . . , Jq be arbitrary nonoverlapping closed subintervals of [0, L0]

such that
q∑
j=1
|Jj | < ε

c
. (4.3.13)
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Since S1 is a union of finite number of open intervals, we may take each int Ji
to be either disjoint from S1 or contained in S1 to prove that

q∑
j=1
|ρr (b j )− ρr (a j )| < 2ε, (4.3.14)

where [a j , b j ] = Jj . Furthermore, we may assume that

max ρ|I j ≤ r (4.3.15)

for each j , since r is nonexceptional and the total variation of ρr is zero on
a closed interval I with min ρ|I ≥ r . We observe that the inequality (4.3.14)
implies the absolute continuity of ρr . If int Jj is disjoint from S1 then I j is
contained in S2, for we have assumed (4.3.15). Thus by (4.3.12)

|ρr (b j )− ρr (a j )| ≤ c|Jj |. (4.3.16)

If int Jj is contained in S1 then

|ρr (b j )− ρr (a j )| ≤ !ρr (Jj ), (4.3.17)

since V (ρr |J j ) = !ρr (Jj ). It follows from the observation above that we have

q∑
j=1
|ρr (b j )− ρr (a j )|

=
∑

int J j∩S1=∅
|ρr (b j )− ρr (a j )| +

∑
int J j⊂S1

|ρr (b j )− ρr (a j )|

≤
∑

int J j∩S1=∅
c|Jj | +

∑
int J j⊂S1

!ρr (Jj ) ≤ ε +!ρr (S1) ≤ 2ε.

Therefore the proof is complete.

Exercise 4.3.2. Generalize Theorem 4.3.1 to the case of any smooth Jordan
curve C on M admitting a periodic smooth unit normal vector field along itself.

It follows fromProposition 4.3.1 that any twocut points in the sameconnected
component of C(C) can be joined by a rectifiable curve lying in the cut locus.
Furthermore, if c denotes a curve in C(C) defined by c(s) = z(ρ(s), s) for
s ∈ [a, b] then it follows from Theorem 4.3.1 that c is absolutely continuous.
Thus the length L(c) of the curve can be defined by

L(c) :=
∫ b

a
|ċ(s)| ds.

Therefore an interior metric δ on an each component of C(C) is defined by
δ(p, q) := inf L(c),
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where the infimum is taken over all absolutely continuous curves inC(C) joining
p to q. For two points p, q not lying in the same component, define

δ(p, q) = +∞.
Theorem 4.3.2. The interior metric δ is a complete distance function and the
topology induced by δ is compatible with the one induced by d.

Proof. Let {pn} be any sequence of points in C(C) convergent to a point p with
respect to d. For each pn , take a point sn ∈ [0, L0] such that pn = z(ρ(sn), sn).
Letb∈ [0, L0] be a limit point of {sn}. Then, byProposition 4.2.1, p= z(ρ(b), b)
and hence p is a cut point of C. From the definition of δ, we have

δ(pn, p) ≤
∣∣∣∣∫ sn

b
|ċ(s)| ds

∣∣∣∣ ,
where c(s) := z(ρ(s), s). Since c is absolutely continuous, |ċ(s)| is Lebesgue
integrable. This implies that limn→∞ δ(pn, p) = 0. Therefore the latter claim
of the theorem is proven. The former claim is an easy consequence from the
latter.

Exercise 4.3.3. Prove Theorem 4.3.2 for any smooth Jordan curve C on M
admitting a periodic unit normal vector field along itself.

The next lemma is a consequence of the property S3 of sectors (see
Section 4.2).

Lemma 4.3.7. A point p in C(C) is an endpoint of C(C) iff p admits exactly
one sector.

Theorem 4.3.3. Let M be a complete connected smooth Riemannian
2-manifold and C a smooth Jordan curve separating M into two components.
Then the cut locus of C consists of countably many rectifiable Jordan arcs and
the endpoints of the cut locus.

Proof. For each s ∈ [0, L0] with ρ(s) < +∞, choose a closed subinterval Is of
[0, L0] such that c(Is) lies in a convex neighborhood, where c(u) := z(ρ(u), u).
Wemaychoose countablymany closed intervals {In}n=1,2,..., from {Is}s such that⋃

n In = {s ∈ [0, L0]; ρ(s) < +∞}. Since c|In lies in a convex neighborhood,
c(In) is a tree. It is sufficient to prove that, for each In , c(In) is a union of a
countable number of Jordan arcs and the set of endpoints. Fix a point p in c(In).
Choose a point q1 ∈ c(In) such that δ(q1, p) = max{δ(p, q); q ∈ c(In)}. Let J1
be the unique rectifiable Jordan arc in c(In) joining p to q1. Suppose that curves
J1, . . . , Jk have been defined. Choose the point qk+1 ∈ c(In) that is farthest
from the set

⋃k
i=1 Ji . Then define Jk+1 by the unique rectifiable Jordan arcs
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joining qk+1 to
⋃k

i=1 Ji . If ak , the length of Jk , is zero for some k then c(In)
is a finite union of the Ji . If ak is positive for all k then limk→∞ ak = 0, since∑∞

k=1 ak does not exceed the length of c(In), which is finite by Theorem 4.3.1.
Thus the set

⋃∞
i=1 Ji is a dense subset of c(In). This implies that c(In) is a union

of Ji and the set of endpoints, since c(In) is a tree.

Exercise 4.3.4. Prove Theorem 4.3.3 for any smooth Jordan curve C on M .

A cut point p ofC(C) is called a branch point if T \{p} has at least three con-
nected components for an open tree T containing p. The number of components
of T \ {p} is called the order of the cut point.
Corollary 4.3.1. The cut locus C(C) admits at most countably many branch
points.

Exercise 4.3.5. Show that a point p ∈ C(C) is a branch point iff p admits at
least three sectors.

Remark 4.3.1. Gluck and Singer constructed a compact convex surface of
revolution such that the cut locus of a point on the surface admits a branch point
with infinite order (cf. [28]).

4.4 The structure of geodesic circles

For each nonpositive t , let S+(C, t) denote the set

S+(C, t) := {x ∈ M+; d(x, C) = t}.

HereM+ denotes the component ofM \C containing {z(ρ(s), s); ρ(s) <∞}. In
this section the structure of S+(C, t) will be stated for nonexceptional values t .
Definition 4.4.1. Let E ⊂ [0,∞) be the set of all exceptional values.

Note that the set E is closed and of Lebesgue measure zero by Lemma 4.3.6.

Lemma 4.4.1. Let t be nonexceptional. Then ρ−1(t) has at most finitely many
elements. The number nρ(t) of elements is even and constant on every interval
of nonexceptional values.

Proof. From Proposition 4.2.2 and from the definition of a nonexceptional
value, ρ is smooth and ρ ′ �= 0 at each point in ρ−1(t). Thus ρ−1(t) has at most
finitelymany elements and nρ(t) is constant on every interval of nonexceptional
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values. For each s1 ∈ ρ−1(t), there exists a unique element s2 ∈ ρ−1(t) \ {s1}
such that z(ρ(s1), s1) = z(ρ(s2), s2), since the cut point is normal. Therefore
nρ(t) is even.

The following theorem states the structure of S+(C, t) for nonexceptional
values t in the case where M \ C has two components. The analogous claim
holds in the other case. See Proposition 4.3 in [86] for more details.

Theorem 4.4.1. Let M be a complete connected smooth Riemannian
2-manifold and C a smooth Jordan curve bounding a domain of M. If t > 0 is
nonexceptional then ρ(s) = t has an even number of solutions 2m mod L0,
which (if m > 0) can be enumerated as α1 < β1 < α2 < · · · < αm < βm(<
α1+ L0), such that ρ > t on (αk, βk) and ρ < t on (βk, αk+1) for k = 1, . . . ,m
with αm+1 = α1 + L0. S+(C, t) consists of the set of smooth curves z(t, s),
αk ≤ s ≤ βk , for k = 1, . . . ,m and forms a set of simply closed piecewise-
smooth curves whose corners are at z(t, αk), z(t, βk), k = 1, . . . ,m. The length
L+(t) of S+(C, t) is

L+(t) =
m∑
k=1

∫ βk

αk

f (t, s) ds. (4.4.1)

Furthermore L+(t) is smooth on the set (0,∞) \ E , and its derivative L ′+(t)
with respect to t is given by

L ′+(t) =
∫
S+(C,t)

κ(s̄; t) ds̄ −
∑
k

2 tan
θk

2
(4.4.2)

where ds̄ is the line element of S+(C, t), κ(s̄; t) is the geodesic curvature of the
curve and the θk are the inner angles of the sectors at nondifferential points
of it.

Remark 4.4.1. Fiala [26] proved the above theorem for a real analytic Rieman-
nian plane in connection with an isoperimetric inequality. Hartman extended
Fiala’s results to a Riemannian plane with C2-metric. These results were ex-
tended to complete open smooth Riemannian 2-manifolds in [81, 82, 85, 86]
and to an Alexandrov surfaces in [87].

Proof. The existence of the αk and βk is trivial by Lemma 4.4.1. Hence it is
easy to check equation (4.4.1). Since t is nonexceptional, the derivative ρ ′ of ρ
exists and is nonzero on a neighborhood of ρ−1(t). Thus αk, βk are smooth on
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(0,∞) \ E . By differentiating the equation (4.4.1) with respect to t , we get

L ′+(t) =
∑
k

∫ βk

αk

ft (t, s) ds + f (t, βk)
dβk
dt
− f (t, αk)

dαk
dt
. (4.4.3)

Since d(z0(βk), z(t, βk)) = t for any t ∈ (0,∞) \ E , it follows from the first
variation formula that we have

cos
θk

2

{
1+ f (t, βk)

2

(
dβk
dt

)2
}1/2

=
∥∥∥∥ ddt z(t, βk(t))

∥∥∥∥ cos θk2 = 1. (4.4.4)

Since dβk/dt is negative, by (4.4.4) we get

f (t, βk)
dβk
dt

= − tan
θk

2
. (4.4.5)

A similar argument for the equation d(z0(αk), z(t, αk)) = t leads us to

f (t, αk)
dαk
dt

= tan
θk

2
. (4.4.6)

The geodesic curvature κ(s; t) at z(t, s) of S+(C, t) is

κ(s; t) = ft (t, s)

f (t, s)
. (4.4.7)

Since the line element of S+(C, t) is f (t, s) ds, we get∑
k

∫ βk

αk

ft (t, s) ds =
∫
S+(C,t)

κ(s̄; t) ds̄.

Therefore by (4.4.3), (4.4.5) and (4.4.6), we get (4.4.2).

We shall introduce some notation in order to extend the function L+(t) for
exceptional values t . Let

D+ := {(t, s); 0 ≤ t < ρ(s), 0 ≤ s ≤ L0}
and χ+(t, s) the characteristic function of D+ such that χ+(s, t) = 1 or 0
according to whether (t, s) ∈ D+ or not. For any t ≥ 0, set

L+(t) :=
∫ L0

0
χ+(t, s) f (t, s) ds. (4.4.8)

It is easy to check that the function L+(t) defined by (4.4.8) equals the length
of S+(C, t) if t is nonexceptional. We define for t ≥ 0 the set Q+(t) as follows:

Q+(t) := {s ∈ ρ−1(t); z(s, t) is normal and ρ ′(s) = 0}.
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For each positive integer n, the set

{t ∈ [0,∞); |Q+(t)| ≥ 1/n}

is finite, since Q+(t1) and Q+(t2) are disjoint subsets of [0, L0] if t1 and t2 are
distinct. Thus Q+(t) is of Lebesgue measure zero except for at most countably
many t . We define the function J+(t) on [0,∞) by

J+(t) :=
∑
0≤u≤t

∫
Q+(u)

f (u, s) ds. (4.4.9)

Note that L+ and J+ are discontinuous at t = t0 iff |Q+(t0)| is nonzero. The
function L+(t) has no geometrical meaning at an exceptional value t . Here we
shall give a sufficient condition for L+(t) to be equal to the length of S+(C, t).
Definition 4.4.2 (The length of a continuous curve). The length L(c) of a con-
tinuous curve c : [a, b]→ M is defined by the following number:

L(c) := sup

{
k∑

i=1
d(c(ti ), c(ti−1)); a = t0 < t1 < t2 < · · · < b = tk

}
.

Notice that if the curve c is smooth then its length is equal to
∫ b
a ‖ċ(t)‖ dt .

Lemma 4.4.2. Let f :[a, b]→ Rn beaC1-function. Then theone-dimensional
Hausdorff measure of the set

f ({t ∈ [a, b]; d ft = 0})

is zero.

Proof. For simplicity we set

A := {t ∈ [a, b]; d ft = 0}, B := f (A).

Let ε be any positive number. For each t0 ∈ A there exists an open interval
Iε(t0) (' t0) such that f |Iε (t0) is a function with Lipschitz constant ε. Thus
we have H1( f (Iε(t0))) ≤ εH1(Iε(t0)). Here H1 denotes the one-dimensional
Hausdorff measure. Since A is compact, there exist finite elements t1, . . . , tk in
A such that

A ⊂
k⋃

i=1
Iε(ti ).

If Iε(ti )∩ Iε(t j ) is nonempty then f |Iε (ti )∪Iε (t j ) is a function on the interval with
Lipschitz constant ε. Therefore we may assume that the members of {Iε(ti )} are
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mutually disjoint. Thus we get

H1(B) ≤ ε
∑
i

H1(Iε(ti )) ≤ εH1([a, b]).

This implies thatH1(B) = 0.

Definition 4.4.3. A point x ∈ M is called a critical point of the distance func-
tion to a compact subset C of M if for any unit vector v ∈ TxM there exists a
minimal geodesic segment σ joining x to C such that 〈σ̇ (0), v〉 ≥ 0.

Remark 4.4.2. If a cut point does not admit a sector whose inner angle at p
greater than π then it is a critical point of the distance function d(C, ·). Compare
[15] for the theory of critical points of distance functions.

Lemma 4.4.3. Assume that for a compact subset C of M there exist two num-
bers t1 < t2 such that A(C, t1, t2) := B(C, t2)− B(C, t1) contains no critical
points of the distance function to C. Then A(C, t1, t2) is homeomorphic to
S(C, t1)× [t1, t2].

Proof. For each point q of A(C, t1, t2) there exists a local smooth vector field
XU on an open neighborhood N around q such that for any C-segment γ
through a point p ∈ U the angle made by XU and γ̇ (d(C, p)) at p is greater
than π/2. Since A(C, t1, t2) is compact, there exist finitely many local smooth
vector fields Xi := XUi on an open neighborhood Ui , i = 1, . . . , k, such that
A(C, t1, t2) ⊂

⋃k
i=1Ui . Let {ψi } denote a partition of unity associated with

{Ui }. Clearly X := ∑
i φi Xi is nonvanishing on A(C, t1, t2). Furthermore, for

each point q ∈ A(C, t1, t2) and C-segment γ through q, the angle made by Xq

and γ̇ (d(C, q)) is greater than π/2+ δ for some positive δ. By normalizing X ,
we may assume that the length ‖X‖ of X is equal to unity on A(C, t1, t2). Let q
be an element of A(C, t1, t2) and let σq : [0,∞)→ M be an integral curve of
X with σq (0) = q. Since d(C, σq (s)) is a Lipschitz function in s, this function
is differentiable almost everywhere. It follows from the first variation formula
that

d

ds
d(C, σq (s)) < −sin δ

if (d/ds)d(C, σq (s)) exists and σq (s) ∈ A(C, t1, t2). Therefore we obtain the
inequality

d(C, σq (0))− d(C, σq (s)) < −s sin δ
if σq (s) ∈ A(C, t1, t2). This inequality implies that there exists a positive num-
ber s(q) depending continuously on q such that σq (s(q)) ∈ ∂. B(C, t1). Hence
we may construct an injective and continuous map f from A(C, t1, t2) into
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∂. B(C, t1)× [t1, t2]. Since its inverse map may be constructed in the same man-
ner, themap f is a homeomorphism of A(C, t1, t2) onto ∂. B(C, t1)×[t1, t2].
Lemma 4.4.4. If any point q ∈ S+(C, t2) admits a sector whose inner angle at
q is greater than π for a positive number t2 then S+(C, t2) is a union of finitely
many circles and its total length is equal to L+(t2).

Proof. Let t1 (< t2) be a nonexceptional value sufficiently close to t2 such that
any cut point q of C admits a sector whose inner angle at q is greater than π ,
if t1 ≤ d(C, q) ≤ t2. It follows from Theorem 4.4.1 that S+(C, t1) is a union of
finitely many circles. Therefore, by Lemma 4.4.3, S+(C, t2) is also a union of
finitely many circles. If ρ(s) is greater than t2 for any s ∈ [0, L0] then the latter
claim is trivial. Thus we will suppose that ρ(s) is not greater than t2 for some
s ∈ [0, L0]. By reparameterizing C we may assume that ρ(0) ≤ t2. Hence the
set {s ∈ [0, L0]; ρ(s) > t2} consists of at most countably many open intervals
In , n = 1, 2, . . . , If q ∈ S+(C, t2) is a totally nondegenerate cut point then,
by Propositions 4.2.2 and 4.2.3, q is an element of the set {z(t2, s); s ∈ Ī n} for
some n. Therefore we get

S+(C, t2) \ F ⊂
⋃
n

{z(t2, s); s ∈ Ī n} ⊂ S+(C, t2),

where F denotes the set of all degenerate cut points of C. SinceH1(F) = 0, by
Lemma 4.4.2, we have

H1(S+(C, t2)) =
∑
n

H1({z(t2, s); s ∈ Īn})

=
∑
n

∫
In

f (t2, s)ds = L+(t2).

Notice that, for any continuous Jordan arc σ : [a, b]→ M , H1(σ (I )) = L(σ )
holds.

Theorem 4.4.2. The function H+(t) := L+(t)+ J+(t) is absolutely continuous
on any compact subinterval of [0,∞).

Proof. Let [a, b] be a compact subinterval of [0,∞). In order to prove the the-
orem we shall show that for any positive ε there exists a positive δ = δ(ε, a, b)
such that if I1, . . . , Ik are overlapping subintervals of [a, b] then

k∑
i=1
|Ii H | < (L0 + 2)ε (4.4.10)

whenever
∑k

i=1 |Ii | < δ, where Ii = (σ, τ ] and Ii H+ = H+(τ ) − H+(σ ). Let
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ε be fixed. It follows from Proposition 4.2.3 that the set

Tb := {s ∈ [0, L0]; ρ(s) ≤ b, and z(ρ(s), s) is a totally

nondegenerate anormal point}
is finite. Let c = c(b) be a constant satisfying

| f (t, s)| ≤ c, | ft (t, s)| ≤ c

on [0, b]× [0, L0]. It follows from Lemma 4.2.4 that the set Fε defined by

Fε := {s ∈ [0, L0]; ρ(s) ≤ b, s ∈ F, f (ρ(s), s) ≥ ε/2}
is compact and of Lebesgue measure zero, where F is the set defined in Lemma
4.2.4.
Let V ε be a finite union of open subintervals of [0, L0] such that |V ε | < ε/c

and V ε ⊃ Tb ∪ Fε . Let Qε be a set defined as follows:

Qε := {s ∈ [0, L0]; ρ(s) ≤ b, f (ρ(s), s) ≤ ε/2}.
Since Qε is compact, it can be covered by a set Sε consisting of a finite number
of open subintervals of [0, L0] on which f (ρ(s), s) < 3ε/4. Then the set

Rε := [0, L0] \ (Sε ∪ V ε)

consists of a finite number of closed subintervals J1, . . . , Jp of [0, L0]. By the
definition of Rε and by Proposition 4.2.2, ρ is smooth at each point s ∈ Rε

if ρ(s) ≤ b. Hence the function ρb is Lipschitz continuous on each interval
Jj , j = 1, . . . , p. In particular the restriction ρ j of ρb to Jj is of bounded
variation. If! j denotes the Lebesgue–Stieltjes measure defined by ρ j then we
observe from Corollary 4.1.1 that, for each Ii ,

k∑
j=1
! j
(
ρ−1j (Ii )

) = ∫ τ

σ

n(r ) dr, (4.4.11)

where n(r ) is the Lebesgue, integrable function defined as the number of
elements of the set

{s ∈ Rε ; ρ(s) = r}.
Let O(i) be an open set containing R(i) = ⋃

σ<t≤τ Q+(t) such that |O(i) \
R(i)| < |Ii |. Setting S(i) = ρ−1(Ii ), we define

S1 := (S(i) \ R(i)) ∩ O(i),

S2 := (S(i) \ R(i)) ∩ ({s; f (ρ(s), s) < ε} ∪ V ε),

S3 := (S(i) \ R(i)) \ (S1 ∪ S2).
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By (4.4.8), we get

Ii L+ = −
∫
S(i)

f (ρ(s), s) ds +
∫ L0

0
( f (t, s)− f (σ, s))χ (t, s) ds. (4.4.12)

By the definition of Q+(t),

Ii J+ =
∑
σ<t≤τ

∫
Q+(t)

f (t, s) ds. (4.4.13)

Since s ∈ Q+(t) implies that ρ(s) = t , we get

Ii J+ =
∫
R(i)

f (ρ(s), s) ds. (4.4.14)

Combining (4.4.12) and (4.4.14), we obtain

|Ii H+| ≤
3∑
j=1

∫
Sj

f (ρ(s), s) ds + 2cL0|Ii |

≤ c|Ii | + ε|S(i)| + c|V ε ∩ S(i)| + c|S3| + 2cL0|Ii |. (4.4.15)

Since S3 ⊂ Rε and S3∩O(i) = ∅, ρ is smooth at each point of S3 and |ρ ′| ≥ c1
on S3 holds for some positive constant c1 = c1(ε, a, b). From the property of
the Lebesgue–Stieltjes measure ! j we obtain

p∑
j=1
! j (Jj ∩ S3) ≥ c1

p∑
j=1
|Jj ∩ S3| = c1|Rε ∩ S3| = c1|S3|. (4.4.16)

From (4.4.11) and (4.4.16),

|S3| ≤ c−11
p∑
j=1
! j (Jj ∩ S3) ≤ c−11

∫ τ

σ

n(t) dt. (4.4.17)

From (4.4.15) and (4.4.17),

k∑
i=1
|Ii H+| ≤ c(1+ 2L0)

k∑
i=1
|Ii | + (L0 + 1)ε + cc−11

k∑
i=1

∫
Ii

n(r ) dr.

(4.4.18)

The inequality (4.4.18) implies that we can find a positive δ = δ(ε, a, b) satis-
fying (4.4.10). Note that the function n(t) is Lebesgue integrable.

Remark 4.4.3. In the case where C does not bound any domain, a similar claim
to that in the above theorem holds if the functions L+(t), J+(t) are defined in a
modified way. Compare Section 3 in [86] for this case. Note that the case where
C does not admit a unit normal vector field along itself is reduced to that where
M − C has two components, as observed in the first paragraph in Section 4.2.





5

Isoperimetric inequalities

In this chapter the structures of distance circles and the cut locus of a Jordan
curve in a complete open finitely connected Riemannian 2-manifold will be
investigated under the assumption that the manifold admits a total curvature.
The existence of a total curvature imposes some strong restrictions on these
structures.

5.1 The structures of S(C, t) and the cut locus of C
In this chapter the notation and definitions used in the last chapter will be used
implicitly.
Throughout this section and the next, M always denotes a connected, finitely

connected, smooth complete Riemannian 2-manifold without boundary admit-
ting a total curvature, and C denotes a smooth Jordan curve in M . Take a suffi-
ciently large nonexceptional value t1 and a core B of M such that the boundary
∂B of B is contained in S(C, t1) and such that M \ B is homeomorphic to a
disjoint union of k tubes, 1 ≤ k < ∞. Hence we are assuming that M has
exactly k ends. For each x ∈ M \ B admitting at least two C-segments, let E(x)
be the maximal compact disk domain of ones bounded by a subarc of ∂B cut off
by two distinct C-segments from x and by the two subarcs of these C-segments
cut off by ∂B. Let β(x) for each x ∈ M \B be defined as the inner angle of E(x)
at x if x admits at least two C-segments, and let β(x) = 0 otherwise. Recall
that a unit-speed geodesic γ : [0,∞)→ M is called a ray from C if γ (0) ∈ C
and if γ |[0,t] is a C-segment for all t . Let F be the set of all points on rays from
C. Then it is easy to check that F is nonempty and closed, if M is noncompact.
Hence M \ (F ∪ B) consists of the union

⋃
i Di of countably many disjoint

and unbounded domains Di bounded by two subrays γ
+
i , γ

−
i of rays from C

165



166 5 Isoperimetric inequalities

Figure 5.1.1

(or possibly by one subray, if there is a unique ray from C) and a subarc Ji of
∂B (see Figure 5.1.1).

Lemma 5.1.1. For each Di , the total curvature c(Di ) of Di equals

c(Di ) = −
∫
Ji

κ(s) ds −
∑
k

(
π − ω(i)k

)
, (5.1.1)

where κ(s) denotes the geodesic curvature of ∂B with respect to the outward
pointing unit normal vector field at B and the ω(i)k denote the inner angles of
Di at its nondifferentiable points on Ji . Furthermore, lim j→∞ β(x j ) = 0 for
any divergent sequence {x j } of points in M.

We remark that Lemma 5.1.1 is essentially contained in Lemmas 3.4.3 and
3.2.2 under more general conditions.

Proof. We shall prove this theorem in the case where γ+i �= γ−i , since the
other case is reduced to this case by considering the universal cover of D̄i ,
which is a cylinder. Let {a j } be a monotone increasing divergent sequence of
nonexceptional values a j with a1 > t1. Then there exists a sequence {y j } of
cut points y j ∈ S(C, a j ) of C such that {E(y j )} is a monotone sequence with⋃∞

j=1 E(y j ) = Di . If I j denotes the subarc of Ji cut off by E(y j ) then {I j }
forms a monotone increasing sequence with

⋃∞
j=1 I j = Ji . Note that there

exists no ray from C lying in Di . It follows from the Gauss–Bonnet theorem
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that, for all sufficiently large j ,

c(E(y j )) = β(y j )−
∫
I j

κ(s) ds −
∑
k

(
π − ω(i)k

)
. (5.1.2)

Since lim j→∞ I j = Ji and lim j→∞ E(y j ) = Di , the limits of c(E(y j )) and∫
I j
κ(s) ds exist as j goes to infinity and are equal to c(Di ) and

∫
Ji
κ(s) ds

respectively. Therefore by (5.1.2) lim j→∞ β(y j ) also exists. Thus we get

c(Di ) = lim
j→∞

β(y j )−
∫
Ji

κ(s) ds −
∑
k

(
π − ω(i)k

)
. (5.1.3)

It follows from Lemma 1.2.2 and (5.1.3) that lim j→∞ β(y j ) = 0 and (5.1.1)
holds. Suppose that there exists a divergent sequence of points x j in M and a
positive constant c such that β(x j ) ≥ c for any j . If

⋃
j E(x j ) contains some

Di then from the argument above it is easy to prove that lim inf j→∞ β(x j ) = 0.
Thus wemay assume that E(xk) and E(x j ) are disjoint if k and j are distinct. If,
for each j , I j denotes the subarc of ∂B cut off by E(x j ) then {I j } are mutually
disjoint subarcs of ∂B. Therefore the length of I j tends to zero as j goes to
infinity. It follows from the Gauss–Bonnet theorem that

c(E(x j )) = β(x j )−
∫
I j

κ(s) ds (5.1.4)

for any sufficiently large j . In particular, for all sufficiently large j ,

c(E(x j )) ≥ c

2
, (5.1.5)

because we have assumed that c ≤ β(x j ) for any j . The inequality (5.1.5)
implies that c(M) = ∞. This is impossible, since c(M) ≤ 2πχ (M) < ∞
(cf. Theorem 2.2.1).

Theorem 5.1.1. Let M be a finitely connected, connected, smooth complete
Riemannian 2-manifold without boundary admitting a total curvature and let
C be a smooth Jordan curve in M. Then there exists a constant R1(> t1) such
that, for any t > R1, each tube of M \ B has a unique component of S(C, t)
homeomorphic to a circle.

Proof. It follows from Lemma 5.1.1 that there exists a number R1(> t1) such
that, for any x ∈ M \ B(C, R1), β(x) is less than π . Thus it follows from
Lemma 4.4.4 that, for any t ≥ R1, S(C, t) is a union of mutually disjoint
circles. Suppose that there exist at least two components of S(C, a) in a tube
U of M for some a > R1 (see Figure 5.1.2). Since S(C, a) ∩ U has a unique
component freely homotopic to the boundary ofU , there exists a component of
S(C, a) ∩U that bounds a compact domain D1 in U . Thus the function d(C, ·)
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U

∂U

C
a component of S(C, a)
freely nonhomotopic to the boundary of U

a component of S(C, a)
freely homotopic to the boundary of U

Figure 5.1.2

attains a maximal value t2 > a at a point x on D1. This implies that β(x) ≥ π
for a point x ∈ M \ B(C, R1). This contradicts the choice of R1. Thus for any
t > R1 there exists a unique component of S(C, t) in each tube of M .

Corollary 5.1.1. The length of S(C, t) is an absolutely continuous function on
any compact subinterval of [R1,∞).

Proof. It follows from Theorem 4.4.1 that H+(t) is absolutely continuous on
any compact subinterval of [0,∞). Furthermore by the theorem above J+(t) is
constant on [R1,∞). Thus the assertion is clear.

Proposition 5.1.1. For any positive ε, there exists a number t(ε) such that if
t > t(ε) then ∑

x∈S(C,t)
β(x) < ε. (5.1.6)

Proof. For each positive integer n, {x ∈ S(C, t); β(x) > 1/n} is finite. Thus
the sum in (5.1.6) is countable. For each t > R1, let E(t) be the set

E(t) :=
⋃

y∈S(C,t)
E(y),

where E(y) = ∅ if there exists a unique C-segment from y. Take any element y
in S(C, t), where t > R1, with E(y) �= ∅. Then y ∈ M \ (F ∪ B) =⋃i Di , and
hence y ∈ Di for some i . It follows from Theorem 5.1.1 that, for any t ′ > t ,
S(C, t ′) ∩ Di is a Jordan arc bounding a 2-disk, relatively compact, domain
that contains E(y). Therefore for each t ′ > t there exists y ∈ S(C, t ′) such
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that E(y′) ⊃ E(y). This implies that E(t) is strictly monotone increasing with
respect to t . Put I (t) := E(t) ∩ ∂B for each t > R1, where B denotes the core
of M introduced in Section 5.1. Then I (t) increases monotonically with t and
limt→∞ I (t) = ⋃

i Ji , since limt→∞ E(t) = ⋃
i Di . Therefore there exists a

number tε(> R1) such that, for each t > tε ,∫
⋃

i Ji−I (t)
|κ(s)| ds < ε

2
(5.1.7)

and ∫
⋃

i Di−E(t)
|G| dM <

ε

2
. (5.1.8)

Note that (5.1.8) is a consequence of the fact that
∑

i c(Di ) is bounded, which
is due to Lemma 5.1.1. Fix any t > tε . Applying the Gauss–Bonnet theorem
for each E(x) with x ∈ S(C, t) and summing up over

{x ∈ S(C, t); β(x) > 0}
one obtains ∑

x∈S(C,t)
β(x) ≤ c(E(t))+

∫
I (t)
κ(s) ds +

∑
k,i

(
π − ω(i)k

)
. (5.1.9)

By (5.1.7), (5.1.8) and Lemma 5.1.1, the right-hand side of (5.1.9) is less than
ε. Thus we obtain (5.1.6).

5.2 The case where M is finitely connected

The following lemma is a generalization of l’Hôpital’s theorem and will be
useful in provingTheorem5.2.1 below.Weomit the proof of the lemma, because
it is standard.

Lemma 5.2.1 (Generalization of l’Hôpital’s theorem). Let f, g be absolutely
continuous functionswith limt→∞ g(t) = ∞. If g(t) ismonotone nondecreasing
then

lim sup
t→∞

f (t)

g(t)
≤ lim sup

t→∞
f ′(t)
g′(t)

, lim inf
t→∞

f (t)

g(t)
≥ lim inf

t→∞
f ′(t)
g′(t)

. (5.2.1)

Exercise 5.2.1. Prove the lemma above.

Theorem 5.2.1. Let M be a connected smooth complete noncompact Rieman-
nian 2-manifold and let C be a smooth Jordan curve on M. If L(t) and A(t) are
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the length of S(C, t) and the area of B(C, t) then

lim
t→∞

L(t)

t
= lim

t→∞
2A(t)

t2
= λ∞(M), (5.2.2)

lim
t→∞

L2(t)

2A(t)
= λ∞(M). (5.2.3)

Proof. Suppose that M − C has two components. The other case would be
proved analogously. It follows from the Gauss–Bonnet theorem and Theorem
4.4.1 that

L ′(t) = 2πχ (B(C, t))− c(B(C, t))−
∑
k

(
2 tan

θk

2
− θk

)
(5.2.4)

for any nonexceptional value t . Here θk denotes the inner angle of a sector at
a cut point of S(C, t). It follows from Proposition 5.1.1 that for any positive ε
there exists a number t(ε) such that∑

k

(
2 tan

θk

2
− θk

)
< ε (5.2.5)

for any nonexceptional t > t(ε). On the one hand, by Theorem 5.1.1, (5.2.4)
and (5.2.5) we obtain

2πχ (M)− c(B(C, t))− ε ≤ L ′(t) ≤ 2πχ (M)− c(B(C, t)) (5.2.6)

for any nonexceptional t > t0(ε) := max{R1, t(ε)}. On the other hand, the area
A(t) of B(C, t) is given by

A(t) =
∫ t

0
L(u) du (5.2.7)

for any t > 0. From (5.2.7) and Lemma 5.2.1, we get (5.2.2). Note that L(t)
is absolutely continuous on [R1,∞) by Corollary 5.1.1 and that A(t) is C1 on
[R1,∞) by the relation (5.2.7). If limt→∞ A(t) = ∞ then we get (5.2.3) by
Lemma 5.2.1. Suppose that limt→∞ A(t) =: A(∞) is finite. Then by (5.2.2)
and (5.2.7) we get

0 = lim
t→∞

2A(t)

t2
= λ∞(M), lim inf

t→∞ L(t) = 0. (5.2.8)

Hence by (5.2.6) there exists t1(ε) > t0(ε) such that, for any nonexceptional
t > t1(ε),

|L ′(t)| < 2ε. (5.2.9)
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It follows from (5.2.6) and (5.2.9) that, for any t2 > t1 > t1(ε),

|L2(t2)− L2(t1)| ≤ 2
∫ t2

t1

|L(t)L ′(t)| dt < 4εA(∞). (5.2.10)

Therefore limt→∞ L2(t) exists and equals 0 by (5.2.8). Thus by (5.2.8)

lim
t→∞

L2(t)

A(t)
= λ∞(M) = 0.

Corollary 5.2.1. There exists a positive constant R2 such that L(t) is locally
Lipschitz continuous on [R2,∞). Furthermore if λ∞(M) is finite then L(t) is
uniformly Lipschitz continuous on [R2,∞).

Proof. It is trivial by (5.2.6).

From now on let M be a two-dimensional connected oriented noncompact
smooth manifold without boundary. Let M0(M) be the set of all complete
metrics on M such that, for every g in M0(M), the Gaussian curvature Gg

with respect to g satisfies |Gg| ≤ 1. Gromov proved in [31] that the infimum
of areas A(R2, g) over all g ∈ M0(R2) is greater than 4π + 0.01 and not
greater than (2 + 2

√
2)π . He also proved that if χ (M) is nonpositive then

infg∈M0(M) A(M, g) = 2π |χ (M)|. As an application of Theorem 5.2.1 we shall
generalize the results on minimal area in the following theorem.

Theorem 5.2.2. Let M be a connected oriented finitely connected noncompact
smooth 2-manifold without boundary and letM(M) be the set of all complete
Riemannian metrics on M such that, for each g ∈M(M), Gg ≤ 1 if χ (M) ≥ 0
and Gg ≥ −1 if χ (M) < 0. Then

inf
g∈M(M)

A(M, g) =
{
4π if χ (M) = 1
2π |χ (M)| if χ (M) ≤ 0.

(5.2.11)

Remark 5.2.1. It is not yet known whether the minimal area for M0(R2) is
(2+ 2

√
2)π . This problem seems rather intractable.

Proof. The proof in the case χ (M) < 0 is clear from the inequalities

c(M, g) ≥
∫
M
G−g d(M, g) ≥ −A(M, g), (5.2.12)

where G−g := min{Gg, 0}, and c(M, g) and d(M, g) denote respectively the
total curvature and area element of the Riemannian manifold (M, g). It follows
from Theorem 5.2.1 that if A(M, g) is finite then

c(M, g) = 2πχ (M). (5.2.13)
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Therefore by (5.2.12) and (5.2.13) we get

inf
g∈M(M)

A(M, g) ≥ 2π |χ (M)|. (5.2.14)

Since there exists a g ∈ M(M) such that A(M, g) < ∞ and Gg ≡ −1, the
inequality (5.2.14) holds.
If χ (M) = 0 then for each positive ε we can construct a Riemannian metric

gε ∈M(M) such that A(M, gε) < ε, as follows. Let (M, g := dt2+m(t)2 dθ2)
be a surface of revolution homeomorphic to a cylinder with finite area whose
Gaussian curvature is not greater than unity. Define a new metric

gε := dt2 + mε(t)
2 dθ2,

where

mε := ε

2A(M, g)
m(t).

Since

A(M, g) = 2π
∫ ∞

−∞
m(t) dt and Gg = −m ′′

m
,

we have

A(M, gε) = ε

2
, Ggε = −

m ′′

m
≤ 1.

The following two lemmas are useful for the proof of Theorem 5.2.2 for the
case where χ (M) is not less than zero.

Lemma 5.2.2 (The Sturm comparison theorem). Let K1(t) and K2(t) be con-
tinuous functions on [0,∞) such that K1(t) ≥ K2(t). For each Ki (t), i = 1, 2,
let ui (t) be the solution to

u′′i (t)+ Ki (t)ui (t) = 0

having ui = 0 and u′i = 1 at t = 0. If ai denotes the first zeros after t = 0 of
u1(t) and u2(t) respectively then a2 ≥ a1 and, for any t ∈ [0, a1],

u2(t) ≥ u1(t).

Proof. Suppose that a2 < a1. Then

d

dt

(
u1
u2

)
= f (t)

u22
(5.2.15)

on (0, a2), where f (t) = u′1u2 − u1u′2. Since f ′(t) = (K2 − K1)u1u2 ≤ 0
on [0, a2] and f (0) = 0, f (t) is nonpositive on [0, a2]. On the one hand, by
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(5.2.15) u1/u2 is monotone nonincreasing on (0, a2). On the other hand,

lim
t→+0

u1
u2
= lim

t→+0
u′1
u′2
= 1. (5.2.16)

Thus we get

u1(t) ≤ u2(t) (5.2.17)

for any t ∈ [0, a2]. In particular u1(a2) ≤ u2(a2) = 0. This contradicts the
assumption a2 < a1. Therefore a2 ≥ a1. Then the second claim is trivial from
the argument above.

Lemma 5.2.3. For every g ∈M(R2) with A(R2, g) < ∞ there exists a point
p0 and a number R such that the metric R-ball B(p0, R) around p0 has area
greater than 4π .

Proof. Since the total curvature c(R2, g) exists, c(R2, g) = 2π by (5.2.2). Thus
it follows from Theorem 3.8.5 that every Busemann function is an exhaustion
function and in particular, takes a minimum. Let p0 be a point in the minimum
set of a Busemann function. Then for every unit vector v at p0 there exists
a ray σ emanating from p0 such that 〈σ̇ (0), v〉 ≥ 0. Otherwise there exist a
Busemann function Fγ , where γ is a ray, and a geodesic α emanating from
p0 such that the gradient vector ∇Fγ (α(t)) exists and 〈∇Fγ (α(t)), α̇(t)〉 < 0
for almost all sufficiently small t > 0. Note that Fγ is Lipschitz continuous.
Since (d/dt)Fγ (α(t)) = 〈∇Fγ (α(t)), α̇(t)〉 is negative for almost all sufficiently
small t > 0, Fγ (p0) is not a minimum. Thus there exist at least two distinct
rays emanating from p0. Let V be the set of all points on all rays emanating
from p0. Set ⋃

i

Ui = R2 \ V,

where the Ui denote the components of R2 \ V . For each i, ∂Ui consists of
two distinct rays, and the inner angle of ∂Ui at p0 is not greater than π . Each
Ui contains no ray emanating from p0 and but does contain a component of
C(p0), the locus of p0. Let (r, θ ) be a set of geodesic polar coordinates around
p0. Then g = dr2 +m2 dθ2 on a neighborhood around p0, where m = m(r, θ )
is the solution of

∂2

∂r2
m + Ggm = 0 (5.2.18)

with m(0, θ ) = 0, (∂/∂r )m(0, θ ) = 1. Since Gg ≤ 1, it follows from
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Lemma 5.2.2 that

m(r, θ ) ≥ sin r (5.2.19)

for any r ∈ (0, π ).
Therefore, if the injectivity radius i(p0) at p0 is not less than π then the

conclusion of the proof is direct from (5.2.19). If, however, i(p0) < π then
there is a point p′ ∈ C(p0) ∩ Ui for some i such that d(p0, p′) < π . Let
p1 ∈ C(p0) ∩Ui be a point with the property that d(p0, p1) = d(p0,C(p0) ∩
Ui ) =: a0. Then it follows from Lemma 4.3.4 that there exists a geodesic loop
γ0 at p0 of length 2a0 such that γ0(a0) = p1 and γ0(0, 2a0) is contained in
Ui . The geodesic loop γ0 bounds a 2-disk D0 contained in Ui , and the inner
angle α0 of D0 at p0 is less than π . Thus D0 is convex. It follows from a0 < π
and α0 < π that there exists a point q ∈ C(p1) ∩ D0 with the property that
d(p1, q) < d(p1, p0). Therefore there exists a point p2 on D0∩C(p1) such that
d(p1, p2) = d(p1,C(p1) ∩ D0) < d(p0, p1). Now set a1 := d(p1, p2). There
exists a geodesic loop γ1 of length 2a1 lying in D0 such that γ1 bounds a 2-disk
D1. The inner angle of D1 at p1 is less than π . By iterating this procedure, one
finally obtains a simple closed geodesic γ in D0 whose length is lim j→∞ a j
and which bounds a 2-disk D contained entirely in D0. The Gauss–Bonnet
theorem implies that c(D, g) = 2π and, in particular, A(D, g) ≥ 2π follows
from the assumption Gg ≤ 1. The above argument shows that if there is a point
q on C(p0) ∩ Ui such that d(p0, q) < π then there is a positive number R
such that A(B(p0, R) ∩ Ui , g) > 2π . Therefore, A(B(p0, R), g) > 4π holds
for some positive number R if there exist at least two componentsUi admitting
q ∈ C(p0) ∩ Ui with d(q, p0) < π . If there is a unique Ui such that d(Ui ∩
C(p0), p0) < π then it follows from (5.2.19) that A(B(p0, π ) − Ui , g) ≥
2(2π − θ ), where θ denotes the inner angle of Ui at p0. Thus

A(B(p0, R), g) > 2π + 2(2π − θ ) ≥ 4π

holds for some R ≥ π .
The proof of Theorem 5.2.2 for χ (M) nor less than zero is achieved by

showing that for any positive ε there exists a gε ∈M(R2) such that A(R2, g) <
4π + ε. Let y = f (x), x ≥ 0, be the equation of a tractrix with f (0) = 1 (see
Figure 5.2.1). For a given positive ε there is a small positive η such that the
area of the surface of revolution in E3 around the x-axis whose profile curve
is given by y = η f (x) is less than ε/2. Remove from the unit sphere S2 in
E3 centered at the origin a small ball around the point (1, 0, 0). Then attach
to the hole a portion of the surface of revolution such that the total area of the
resulting C0-surface is less than 4π + 2ε/3. This surface is approximated by
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y

η

x

z
– η

Figure 5.2.1 The unit sphere and the surface of revolution with profile curve y = η f (x).

smooth surfaces whose induced metrics have Gaussian curvature not greater
than unity, and its area is less than 4π + ε. This completes the proof of
Theorem5.2.2. ✷

5.3 The case where M is infinitely connected

In this section, we shall generalize Theorem 5.2.1 for an infinitely connected
manifold M . Therefore, throughout this section let M be a connected, infinitely
connected, complete smooth Riemannian 2-manifold without boundary admit-
ting a total curvature. By Theorem 2.2.2 the total curvature c(M) of M is−∞.
The crucial point of our topological observation is to interpret the value λ∞(M)
so as to give a natural meaning to an infinitely connected M . This value should
depend only on the Riemannian metric that defines the total curvature. For this
purpose we decompose M into a sequence {Mj } of submanifolds Mj of M ,
each of which satisfies the following four properties:

(1) Mj is complete and finitely connected with nonempty compact boundary;
(2) each component of ∂Mj is a nonnull homotopic simply closed geodesic;
(3) {Mj } is strictly monotone increasing with j and lim j→∞ Mj = M ;
(4) the sequence {χ (Mj )} of the Euler characteristics of Mj is strictly

monotone decreasing.
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We shall call such an {Mj } a filtration of finitely connected submanifolds of
M . Such a filtration of M was in fact constructed in the proof of Theorem
2.2.2. We shall prove in Theorem 5.3.1 below that the sequence {λ∞(Mj )} is a
monotone nondecreasing sequence of nonnegative numbers and that the limit
of the sequence,

s(M) := lim
j→∞

λ∞(Mj ), (5.3.1)

is independent of the choice of filtration. The limit s(M) takes a value in [0,∞]
and depends only on the Riemannian metric around the ends.

Theorem 5.3.1. Let M be a connected, infinitely connected, complete smooth
Riemannian 2-manifold and let {Mj } be a filtration of finitely connected sub-
manifolds of M. Set

s j := λ∞(Mj )

for each Mj . Then {s j } is a nondecreasing sequence of nonnegative numbers
and s(M) := lim j→∞ s j is independent of the choice of filtration of M and
depends only on the Riemannian metric around the ends.

Proof. Take any smooth Jordan curve C on M with C ⊂ M1. For each j , let
L j (t) be the length of S(C, t) ∩ Mj for each nonexceptional value t . It follows
from Theorem 5.2.1 that

s j+1 = lim
t→∞

L j+1(t)
t

≥ s j = lim
t→∞

L j (t)

t
.

Therefore the sequence {s j } is monotone nondecreasing. Let {M̃h} be another
filtration of finitely connected submanifolds of M and set

s̃h := λ∞(Mh).

Take any M̃h from {M̃h}. By the properties of a filtration of M there exists
an Mj such that M̃h ⊂ Mj . Thus limh→∞ s̃h ≤ lim j→∞ s j . This shows that
limh→∞ s̃h = lim j→∞ s j .

Suppose that the function L(t) is extended for any t > 0 according to equation
(4.4.8). Then the area A(t) of B(C, t) is given by

A(t) =
∫ t

0
L(t) dt (5.3.2)

Thus the following lemma is trivial.
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Lemma 5.3.1. By setting

ᾱ := lim sup
t→∞

L(t)

t
, α := lim inf

t→∞
L(t)

t
,

β̄ := lim sup
t→∞

2A(t)

t2
, β := lim inf

t→∞
2A(t)

t2
,

we have

ᾱ ≥ β̄ ≥ β ≥ α ≥ s(M).

Theorem 5.3.2. Let M be an infinitely connected complete smooth Riemannian
2-manifold admitting a total curvature. For a smooth Jordan curve C and for a
nonexceptional value t, let L(t) and A(t) be the length of S(C, t) and the area
of B(C, t). Then we have

lim inf
t→∞

L(t)

t
≥ s(M), (5.3.3)

lim inf
t→∞

2A(t)

t2
≥ s(M) (5.3.4)

and

lim sup
t→∞

L2(t)

A(t)
≥ 2s(M). (5.3.5)

Proof. The inequalities (5.3.3) and (5.3.4) are trivial. To prove (5.3.5), we may
assume that s(M) > 0. Thus β̄ is positive by Lemma 5.3.1. Suppose that ᾱ is fi-
nite. Let {tn} be amonotone divergent sequence such that limn→∞ L(tn)/tn = ᾱ.
Then Lemma 5.3.1 implies that

lim inf
n→∞

L(tn)2

2A(tn)
≥ ᾱ2

β̄
≥ ᾱ ≥ s(M).

Hence (5.3.4) is true if ᾱ is finite. Suppose that ᾱ is infinite. Then for every
positive integer n there exists a number tn such that

tn := inf

{
t > 0;

L(t)

t
≥ n

}
.

The sequence {tn} is monotone divergent. By the choice of tn we see that
L(t)

t
< n (5.3.6)

for all t < tn . Since L(t) is right continuous at each t , we get

L(tn)

tn
≥ n. (5.3.7)
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Therefore by (5.3.2), (5.3.6) and (5.3.7), we obtain

A(tn) < n
∫ tn

0
t dt ≤ n

2

(
L(tn)

n

)2

= L(tn)2

2n
. (5.3.8)

The inequality (5.3.8) implies (5.3.5).

We will provide three examples, M1,M2 and M3, of complete infinitely
connected surfaces having total curvature −∞ that are embedded in R3. From
these examples we will observe that the relations (5.3.3), (5.3.4) and (5.3.5)
are optimal. A point p ∈ R3 is expressed by a canonical set of coordinates
(x, y, z) as p = (x(p), y(p), z(p)). For constants a, b, c ∈ R let &ax+by+cz :=
{(x, y, z) ∈ R3; ax + by + cz = 0}.
Example 5.3.1. We fix numbers l > 3 and θ ∈ (0, π/4). A setW ⊂ &z , which
is symmetric with respect to &x , is defined as the union of the following three
sets (see Figure 5.3.1):

{(0, y, 0); −1 ≤ y ≤ 0}; {(x, y, 0); y = |x | cot θ};
∞⋃
n=1
{p ∈ &z ; l

n cos θ ≤ y(p) ≤ 2ln cos θ, |x(p)| ≤ y(p) tan θ}.

For a sufficiently small ε > 0 let B(W, ε) be an ε-ball aroundW and ∂B(W, ε)
the boundary of this ball in R3. The boundary ∂B(W, ε) is an infinitely con-
nected topological surface, with a unique end, which is smooth almost every-
where. The set of nonsmooth points on ∂B(W, ε), which forms a union of por-
tions of ellipses, has a neighborhood U ⊂ ∂B(W, ε) that can be approximated
to obtain a complete smooth surface M1 ⊂ R3 with the following properties:

(i) ∂B(W, ε) \U is contained entirely in M1 and if U1 := M1 \
(∂B(W, ε) \U ) then the Gaussian curvature G does not change
sign in any component of U1,

(ii) if D := {p ∈ M1; y(p) ≤ − 1
2 } then D is a disk and a surface of

revolution obtained by attaching a convex cap to a flat cylinder and
∂D =: C is a closed geodesic;

(iii) G ≤ 0 on M1 \ D and G < 0 in an open set contained in U1 \ D;
(iv) M1 is symmetric with respect to both &z and &x .

The cut locus of C is described as follows. C is symmetric with respect to&z

and&x and hence so is the cut locus of C. Let p := (0,−1− ε, 0) ∈ &x ∩&z ∩
M1 and let N be a unit normal field alongC such that N = ∂/∂y. If γ0 : R→ M1

is the geodesic with γ0(0) = p and γ (R) lies in &z and is symmetric with
respect to&x then γ0|[0,∞) and γ (−∞, 0] are both rays from p and their subrays



5.3 Case where M is infinitely connected 179

Figure 5.3.1

emanating from points on C lying in M1 \ D are C-rays. There is no C-ray other
than the subrays of γ0. The set of all cut points of C is

{p} ∪ (M1 ∩ (&x ∪&z) \ (D ∪ γ0(R))) .

Proposition 5.3.1. Let M1 ⊂ R3 and C ⊂ M1 be as above. Then the following
hold:

(1) M1 admits a total curvature and s(M1) = 0;

(2) lim inft→∞
L(t)

t
= s(M1) = 0;

(3) lim inft→∞
2A(t)

t2
> s(M1).

Proof. (1) is clear from the construction of M1. Since C is symmetric in &x

and &z , the cut locus of C and S(C, t) are also symmetric in &x and &z . Note
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portion of ellipse

semi-circle

ellipse

circle

hemisphere

ellipse

Figure 5.3.2 The region ∂B(W, ε).

that the distance function on M1 can be approximated by the distance function
on W ⊂ &z . For n = 1, 2, . . . , let

X2n−1 := (ln sin θ, ln cos θ, 0), X2n := (2ln sin θ, 2ln cos θ, 0),

Q2n−1 := (0, ln cos θ, 0), Q2n := (0, 2ln cos θ, 0)
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The points on C are expressed as(
ε cos

s

ε
,−1

2
, ε sin

s

ε

)
, 0 ≤ s ≤ L0 = 2πε.

L(t) and A(t) are estimated as follows. If t ∈ (ln + 1
2 , l

n(1 + sin θ ) + 1
2 ) then

S(C, t) has two components and the right-hand half of it is approximated by
two copies of a portion of circle in&z centered at X2n−1 with radius t − ln − 1

2
making an angle � (X2n, X2n−1, Q2n−1) = 1

2π + θ at X2n−1. Therefore

L(t) = 4
(π
2
+ θ

)(
t − ln − 1

2

)
and

A(t) > 2
(π
2
+ θ

)(
t − ln − 1

2

)2

+
n−1∑
i=1

(3 sin 2θ ) l2i .

If t ∈ (ln(1+sin θ )+ 1
2 , l

n(1+cos θ )+ 1
2 ) then S(C, t) is connected to nonsmooth

points on &x near the segment Q2n−1Q2n . Therefore

L(t) = 4
(π
2
+ θ − φt

)(
t − ln − 1

2

)
and

A(t) > 2
(π
2
+ θ

)
(ln sin θ )2 +

n−1∑
i=1

(3 sin 2θ ) l2i ,

where we set

cosφt := ln
sin θ

t − ln − 1
2

∈ [tan θ, 1].

If t ∈ (ln(1 + cos θ ) + 1
2 , 2l

n + 1
2 ) then S(C, t) has three components, and

setting

cos
ψt

2
:= ln

cos θ

t − ln − 1
2

,

we see that

L(t) = 4
(π
2
+ θ − ψt − φt

)(
t − ln − 1

2

)
and

A(t) > 2
(π
2
+ θ

)
(ln sin θ )2 +

n−1∑
i=1

(3 sin 2θ ) l2i .
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If t ∈ (2ln+ 1
2 , l

n+1+ 1
2 ) then S(C, t) has two components lying in flat cylinders

of radius ε, L(t) = 4πε and A(t) >
∑n

i=1(3 sin 2θ ) l
2i . The claim (2) in the

proposition is easily seen from

lim inf
t→∞

L(t)

t
≤ lim

n→∞
L(2ln + 1)

2ln + 1
= 0.

For every n = 1, 2, . . . , and for t ∈ (ln + 1
2 , l

n+1 + 1
2 ) we have a function that

bounds A(t)/t2 from below. Thus we have

lim inf
t→∞

A(t)

t2
≥ lim

n→∞

∑n−1
i=1 (3 sin 2θ ) l

2i(
ln+1 + 1

2

)2 = 3 sin 2θ

l2(l2 − 1)
> 0.

This completes the proof of Proposition 5.3.1.

Example 5.3.2. We shall construct an example M2 ⊂ R3 that shows that the
relation (5.3.5), if lim inft→∞ L(t)2/A(t) is replaced by lim supt→∞ L(t)2/A(t),
does not hold. Such an M2 is obtained by joining together M1 \ D and a tube
V along C. The tube V is constructed as follows. Let β := lim inft→∞ A(t)/t2

for the A(t) in Proposition 5.3.1(3). For a positive number c let α ∈ (0, 2π ) be
a number satisfying

2α

α + β ≤ c.

V is a surface of revolution around the y-axis such that {q ∈ V ; y(q) ≥ −1} is
a flat cylinder with radius ε and such that c(V ) = −α (see Figure 5.3.3). Then
M2 is infinitely connected, with two ends, and s(M2) = α. If LV (t) and LM (t)
are the lengths of S(C, t) ∩ V and S(C, t) ∩ (M1 \ D) and AV (t) and AM (t)
are the areas of B(C, t)∩ V and B(C, t)∩ (M1 \ D) respectively, then we have
A(t) = AV (t)+ AM (t) and

lim
t→∞

LV (t)

t
= lim

t→∞
2AV (t)

t2
= α.

Therefore

lim inf
t→∞

L(t)2

A(t)
= lim inf

t→∞
(LV (t)+ LM (t))2

AV (t)+ AM (t)
≤ 2α2

α + β ≤ cs(M2).

Thus we have proved
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ε

O

x

Figure 5.3.3 The surface of revolution V .

Proposition 5.3.2. For every c > 0 there exists a complete infinitely connected
surface M2 ⊂ R3 having a total curvature with s(M2) ∈ (0, 2π ) and a simply
closed curve C in M2 such that lim inft→∞ L(t)2/A(t) ≤ cs(M2).

Example 5.3.3. The previous example shows that there exists an M3 ⊂ R3

and a simply closed curve C in M3 such that in the relations (5.3.3), (5.3.4) and
(5.3.5) the equalities hold. Fix an l > 3 and an ε ∈ (0, 1/2) such that

A :=
∞∑
n=1

(ε l)n <∞.

Let W ⊂ &z (see Figure 5.3.4) be defined as follows:

W : = {p ∈ &z ∩&y ; |x(p)| ≥ l} ∪ { p ∈ &z ∩&x ; |y(p)| ≥ l}
∞⋃
n=1
{p ∈ &z ; |x(p)| + |y(p)| = ln}.
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x

y

l

l2

l3– l
– l2

– l3

l

– l
l2

l3

– l3

– l2

Figure 5.3.4 The region of W .

Let f : (l − 1,∞) → (0, ε] be a smooth function such that f (t) = εn for
ln − 1 ≤ t ≤ ln + 1 and f ′(t) ∈ (−εn/ ln, 0) for ln + 1 < t < ln+1 − 1. Let
B(W ) ⊂ R3 (Figure 5.3.5) be defined as a union of the following three sets:

{q ∈ R3; |x(q)| ≥ l, y(q)2 + z(q)2 ≤ f (x(q))2};
{q ∈ R3; |y(q)| ≥ l, x(q)2 + z(q)2 ≤ f (y(q))2};

∞⋃
n=1
{q ∈ R3; dn(q) ≤ εn}.

Here dn(q) denotes the distance between q and the rectangle |x | + |y| = ln

in &z .

By the samemanner as in Example 5.3.1, the boundary ∂B(W ) of B(W ) inR3

can be approximated by a smooth surface M3 with the following properties:

(1) ∂B(W ) \⋃∞
n=1{B4εn (0,±ln, 0) ∪ B4εn (±ln, 0, 0)} is contained entirely in

M3;



5.3 Case where M is infinitely connected 185

x

y

z

ε

ε2ε

ε

ε

ε

Figure 5.3.5 The region B(w).

(2) the four components B4εn (0,±ln, 0) ∩ M3 and B4εn (±ln, 0, 0) ∩ M3 are
congruent and have nonpositive curvature for all n = 1, 2, . . . ;

(3) M3 is symmetric with respect to &x ,&y,&z,&x+y and &x−y .

It follows from the construction that M3 has nonpositive Gaussian curvature;
hence it admits a total curvature and s(M3) = 0. The total area ofM3 is bounded
above by

8π

( ∞∑
n=1

(ln+1 − ln) εn +
√
2 lnεn

)
= 8π A(l − 1+

√
2).

Let C ⊂ M3 be the closed geodesic of length L0 < 4
√
2l lying in &z that is

symmetric with respect to&x ,&y,&z,&x+y and&x−y . There are exactly eight
C-rays whose images are in &x and &y . The cut locus of C is (&z ∪ &x−y ∪
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&x+y)∩ (M3 \C). If t ∈ (ln, ln(1+1/
√
2)) then S(C, t) has 12 components and

24πεn ≤ L(t) ≤ 24πεn−1. If t ∈ (ln(1 + 1/
√
2), ln+1) then S(C, t) has four

components and 8πεn ≤ L(t) ≤ 8πεn−1. Thus we have proved

Proposition 5.3.3. Let M3 and C be as described above. Then we have

lim inf
t→∞

L(t)

t
= lim inf

t→∞
2A(t)

t2
= lim sup

t→∞
L(t)2

2A(t)
= s(M3).



6

Mass of rays

We observed in Chapter 5 that the existence of a total curvature imposes
some strong restrictions on the structure of distance circles. In this chapter,
we shall see that the total curvature of a finitely connected complete open two-
dimensional Riemannian manifold imposes strong restrictions on the mass of
rays emanating from an arbitrary fixed point. The first result on the relation
between the total curvature and the mass of rays was proved by Maeda in [51].
In [76], Shiga extended this result to the case where the sign of the Gaussian
curvature changes. Some relations between the mass of rays and the total cur-
vature were investigated, in detail, by Oguchi, Shiohama, Shioya and Tanaka
[62, 83, 84, 90]. Also, Shioya investigated the relation between the mass of
rays and the ideal boundary of higher-dimensional spaces with nonnegative
curvature (cf. [90]).

6.1 Preliminaries; the mass of rays emanating
from a fixed point

Let M be a connected, finitely connected, smooth complete Riemannian
2-manifold.
Note that if M contains no straight line (see Definition 2.2.1) then it has

exactly one end.

Lemma 6.1.1. Assume that M contains no straight line. Then, for each compact
subset K of M, there exists a number R(K ) such that if q ∈ M satisfies
d(q, K ) > R(K ) then no ray emanating from q passes through any point on K .

Proof. Suppose that there exists a compact subset K of M and a divergent
sequence {q j }of points onM such that for eachq j there exists a rayγ j emanating
from q j and passing through K . Let p j be an intersection point of γ j and K .

187
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Since K is compact, the sequence {p j } has a convergent subsequence {p jk }.
Since the sequence {v jk } of unit-speed vectors of γ jk at p jk has a convergent
subsequence, the sequence {γ j } has a limiting geodesic γ through K . Since
{q j } is divergent, γ is a straight line. This contradicts the hypothesis of our
lemma.

For eachBorel subset F ofM admitting a total curvature let the total curvature
of F be denoted by c(F), i.e.,

c(F) :=
∫
F
G dM.

For each core K of M (see Definition 2.1.2) and each ray or straight line
γ : I → M , where I = [0,∞) or R, intersecting K , we define two numbers
t(γ ), s(γ ) by

t(γ ) := max{t ∈ I ; γ (t) ∈ K }, s(γ ) := min {t ∈ I ; γ (t) ∈ K }.
Theorem 3.7.3 implies the following:

Lemma 6.1.2. Suppose M has exactly one end. If M contains a straight line
and if it admits a total curvature then

λ∞(M) ≥ 2π.

Lemma 6.1.3. Suppose that there exist two distinct rays α, β emanating from a
common point p bounding a domain D which contains no ray emanating from
p. If M admits a total curvature then

c(D) = 2π (χ (D)− 1)+ θ,
where θ denotes the inner angle of D at p. In particular if D is homeomorphic
to a plane then c(D) = θ .
Proof. Take a small positive ε less than the injectivity radius at p. Then C :=
{expp εv; v ∈ TpM, ||v|| = 1} is a smooth Jordan curve on M and, for any
t > ε,

S(p, t) = S(C, t − ε).
Therefore, by Theorem 4.4.1, there exists a sequence {q j } of normal cut points
of p in D such that {d(p, q j )} is a strictly monotone increasing and diver-
gent sequence of nonexceptional values with respect to S(C; t) and such that
the domains Dj bounded by the two distinct minimal geodesics α j , β j join-
ing p to q j form a strictly monotone increasing sequence. Since there is no
ray emanating from p in D, lim j→∞ Dj = D and we may assume that
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α

p αj

j

Sp(d(p, qj))

qj

α β= Sp(d(p, qj))

qj

j

αj

p
Dj

β

β

β

Figure 6.1.1 On the left, the case α = β; on the right, the case α �= β.

lim j→∞ α j = α, lim j→∞ β j = β (Figure 6.1.1). Let θ j and ξ j be the inner
angles of Dj at p and q j respectively. Then lim j→∞ θ j = θ and lim j→∞ ξ j = 0
by Proposition 5.1.1. By applying the Gauss–Bonnet theorem to Dj , we get

c(Dj ) = 2π (χ (Dj )− 1)+ θ j + ξ j . (6.1.1)

Since lim j→∞ Dj = D, we have

lim
j→∞

c(Dj ) = c(D), χ (Dj ) = χ (D) (6.1.2)

for all sufficiently large j . Thus by (6.1.1) and (6.1.2)

c(D) = 2π (χ (D)− 1)+ θ.

Lemma 6.1.4. If there exists a unique ray emanating from a point p and if M
admits a total curvature then M has exactly one end and λ∞(M) = 0.

Proof. The lemma is trivial since M(∞) consists of a single point.

Theorem 3.7.4 implies the following:

Lemma 6.1.5. Suppose that M has exactly one end. If M contains no straight
lines and if it admits a total curvature then M satisfies λ∞(M) ≤ 2π .

Definition 6.1.1. Let Ap be the set of all unit vectors tangent to the rays ema-
nating from a point p. We denote by µ the Lebesgue measure on the unit circle
SpM := {v ∈ TpM ; ‖v‖ = 1} with total measure 2π .



190 6 The mass of rays

Theorem 6.1.1. The equality

µ(Ap) = 2πχ (M)− c(M \ Fp) (6.1.3)

holds for any connected, finitely connected, smooth complete Riemannian
2-manifold M admitting a total curvature c(M). Here

Fp := {expp tu; u ∈ Ap, t ≥ 0}. (6.1.4)

Proof. First of all, we shall observe that the set Ap is measurable. Since the
limit of a sequence of rays in M is also a ray, the set Ap is closed and hence a
measurable subset of SpM . Take a core B := {q ∈ M ; d(p, q) ≤ t1} of M as
defined in Section 2.1. Here we shall use some notation from this section. Let
T > t1 be a sufficiently large nonexceptional value such that S(p, T ) consists
of k piecewise-smooth closed curves C (i), i = 1, . . . , k; the nondifferentiable
points x (i)m , 1 ≤ m ≤ m(i), of C (i) are joined to p by exactly two distinct min-
imizing geodesics α(i)m , β

(i)
m , 1 ≤ m ≤ m(i), with α(i)m (0) = β (i)m (0) = p,

α(i)m (T ) = β (i)m (T ) = x (i)m (see Figure 6.1.2). This is possible by Theorem
4.4.1. Here we have defined the points x (i)m and the geodesics α(i)m , β

(i)
m in

such a way that for each C (i) the two endpoints of each maximal smooth
subarc of C (i) are x (i)m , x

(i)
m+1(x

(i)
m(i)+1 := x (i)1 ) and the subarc is orthogonal to

α(i)m , β
(i)
m+1(β

(i)
m(i)+1 := β (i)1 ) at x (i)m , x

(i)
m+1 respectively. We denote this subarc by

[x (i)m , x
(i)
m+1]. Let F

(i)
m , 1 ≤ m ≤ m(i), 1 ≤ i ≤ k, be the disk domain bounded

by α(i)m , [x
(i)
m , x

(i)
m+1] and β

(i)
m+1. On the one hand, by the Gauss–Bonnet theorem

we get

c(B) = 2πχ (M)− λ(∂B)− θ, (6.1.5)

where θ denotes the sum of all outer angles of B at the break points of ∂B and
λ(∂B) denotes the geodesic total curvature of ∂B with respect to the inward-
pointing unit normal field. On the other hand, by Lemma 4.1.1,

c(M \ (B ∪ Fp)) = θ +
∑
i

λ(Ji ). (6.1.6)

For each F (i)
m ,

c
(
B ∩ F (i)

m

) = ξ (i)m − λ(∂B ∩ F (i)
m

)
, (6.1.7)

where ξ (i)m denotes the angle between α̇(i)m (0) and β̇ (i)m+1(0). Thus it follows from
(6.1.5) and (6.1.7) that

c

(
B \

⋃
i,m

F (i)
m

)
= 2πχ (M)− θ −

∑
i,m

ξ (i)m − λ
(
∂B \

⋃
i,m

F (i)
m

)
. (6.1.8)
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+

Figure 6.1.2

Since the total arc length ∂B \⋃i,m F (i)
m − ∂B \ Fp tends to zero as T →∞,

we get

lim
T→∞

λ

(
∂B \

⋃
i,m

F (i)
m

)
=
∑
i

λ(Ji ). (6.1.9)

Furthermore it is trivial that limT→∞
∑

i,m ξ
(i)
m = µ(Ap). Therefore, by (6.1.8),

c(B \ Fp) = lim
T→∞

c

(
B \

⋃
i,m

F (i)
m

)
= 2πχ (M)− θ − µ(Ap)−

∑
i

λ(Ji ).

(6.1.10)

Combining (6.1.6) and (6.1.10), we obtain

c(M \ Fp) = c(M \ (B ∪ Fp))+ c(B \ Fp) = 2πχ (M)− µ(Ap).
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U

τ
γq = τ (0)

p = γ(0)

Figure 6.1.3

Lemma 6.1.6. Suppose that M has finite area. Let γ : [0,∞) → M be a ray
that, except for its subarcs with finite length lies in a tube U of M. Then, for
any positive b, γ |[b,∞) is a unique ray emanating from γ (b) that, except for its
subarcs with finite length, lies in the tube U.

Proof. Set q := γ (b). Suppose that there exists a ray τ : [0,∞) → M ema-
nating from q = τ (0) and distinct from γ |[γ (b),∞), which, except for its subarcs
with finite length, lies in U (see Figure 6.1.3). Then there exists a positive δ
such that for any sufficiently large t

d(γ (0), τ (t)) ≤ t + b − δ. (6.1.11)

S(q, t) ∩ U does not always have a unique component for a sufficiently large
nonexceptional value t , since we do not assume that M admits a total curvature.
But S(q, t)∩U has a unique component freely homotopic to the boundary ∂U
of U for any nonexceptional t > max{d(x, q); x ∈ ∂U }. If a ray emanating
from q meets S(q, t)∩U for sufficiently large nonexceptional value t then the
ray meets S(q, t)∩U at a point of the unique component of S(q, t)∩U freely
homotopic to ∂U . Therefore γ (t + b) and τ (t) lie in the same component of
S(q, t) for any sufficiently large nonexceptional value t and hence, for such a t ,

d(τ (t), γ (t + b)) ≤ L(t)

2
(6.1.12)

holds, where L(t) denotes the length of S(q, t) for the nonexceptional value t .
By the triangle inequality, (6.1.11) and (6.1.12),

t + b = d(γ (0), γ (t + b)) ≤ d(γ (0), τ (t))+ d(τ (t), γ (t + b))

≤ t + b − δ + L(t)

2
.

Thus we get

L(t) ≥ 2δ (6.1.13)
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for any sufficiently large nonexceptional t . Thus by (5.2.7) or (5.3.2), the area
of M is infinite, a contradiction.

Theorem 6.1.2. Suppose that M has finite area. Then there exists a set E of
Lebesgue measure zero such that each point q ∈ M \ E has the property that
there exist exactly k rays emanating from q, where k is the number of ends
of M.

Proof. Let K be a core of M . Thus M \ K has k tubesU1, . . . ,Uk . Take a point
p. For each tube Ui , choose a ray γi : [0,∞) → M emanating from p that,
except for its subarcs with finite length, lies inUi . Let Fi denote the Busemann
function with respect to γi . Set E := E1 ∪ · · · ∪ Ek , where Ei denotes the set
of all nondifferentiable points of Fi . Since each set Ei is of Lebesgue measure
zero, so is E . Take any point q ∈ M \ E . Then it is trivial that there exist at least
k rays σ1, . . . , σk emanating from q such that each σi , except for its subarcs with
finite length, lies in Ui . We shall prove that there is no ray emanating from q
except σ1, . . . , σk . Suppose that there exists a ray γ : [0,∞)→ M emanating
from q = γ (0) and distinct from σ1, . . . , σk . For sufficiently large a, γ |[a,∞)

is contained in a unique tube, say U1. Take any positive b. Let τ be a coray
of σ1 emanating from γ (b). Then by definition τ , except for its subarcs with
finite length, lies in U1. By Lemma 6.1.6, τ is a subray of γ ; thus γ is a coray
of σ1. Since q is a differentiable point of F1, q admits a unique coray of σ1, a
contradiction.

Lemma 6.1.7. Suppose that M admits a total curvature. Let {Dn} be a
sequence of domains on M. If there exists a Borel subset H of M such that
limn→∞ c(Dn ∩ K ) = c(H ∩ K ) holds for any compact subset K then

lim sup
n→∞

c(Dn) ≤ c(H ).

Proof. Let ε be any positive number. It follows from Theorem 2.2.1 that there
exists a compact subset K (ε) of M such that∫

M\K (ε)
G+ dM < ε. (6.1.14)

Here G+ = max{G, 0}. Let {K j } be a monotone increasing sequence of com-
pact subsets satisfying ⋃

j

K j = M, K1 ⊃ K (ε).

Then it follows from (6.1.14) that

c(Dn) ≤ c(Dn ∩ K j )+ ε (6.1.15)
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for any j, n. Hence we get

lim sup
n→∞

c (Dn) ≤ c(H ∩ K j )+ ε (6.1.16)

for any j . Since c(H ) = lim j→∞ c(H ∩ K j ), we have lim supn→∞ c(Dn) ≤
c(H ).

Exercise 6.1.1. Find a sequence {Dn} and an H as in the above lemma satis-
fying

lim sup
n→∞

c(Dn) < c(H ).

Definition 6.1.2. For each point p ∈ M and u ∈ SpM , let γu(t) := expp tu,
t ≥ 0, denote the geodesic emanating from p and tangent to u.

Definition 6.1.3. For each core K of M , point p /∈ K and distinct tangent vec-
tors u, v ∈ {w ∈ SpM ; γw [0,∞)∩K �= ∅}, let D(u, v) denote the disk domain
bounded by γu |[0,s(γu )], γv|[0,s(γv )] and the subarc of ∂K cut off by γu and γv .

Theorem 6.1.3. Suppose that M admits a total curvature. Let K be any core
of M and ε any positive number. Then there exists a number R(ε) such that if
p ∈ M satisfies d(p, K ) > R(ε) then θK (p) < ε, where θK (p) denotes the
maximal inner angle of the domains D(u, v), where u, v ∈ {u ∈ Ap; γu[0,∞)
∩ K �= ∅}, at p.
Proof. It is sufficient to prove that any divergent sequence {pn} of points on
M has a subsequence {pn j } such that lim j→∞ θK (pn j ) = 0. Without loss of
generality we may assume that all pn are contained in a tube U that is a con-
nected component of M \ int K . Consider the universal Riemannian covering
space Ũ of U . Let τ : [0,∞) → M be a ray from the boundary ∂Ũ of U
lying on U , i.e., d(τ (t), ∂U ) = t for any t > 0. Cut open U along τ [0,∞)
and let, . . . , Ũ−1, Ũ 0, Ũ 1, . . . , be the fundamental domains of U lying in this
order in Ũ . Let τ̃i : [0,∞)→ Ũ be the lifted ray of τ whose image coincides
with ∂Ũ i−1 ∩ ∂Ũ i and

W̃ := Ũ 0 ∪ Ũ 1 ∪ Ũ 2

3⋃
i=0
τ̃i [0,∞).

Then ∂W̃ consists of two rays, τ̃0[0,∞) and τ̃3[0,∞), and the subarc of ∂Ũ
cut off by τ̃0 and τ̃3. For each n, choose un, vn ∈ {u ∈ Ap; γu[0,∞)∩ K �= ∅}
in such a way that θK (pn) is equal to the inner angle of D(un, vn) at pn . For
simplicity set αn := γun , βn := γvn . It follows from Lemma 3.2.2 that we may
assume that no pn lies on τ . Therefore for each n, we may choose a lifted point
p̃n in Ũ 1 of pn . Let α̃n : [0, tn] → Ũ , β̃n : [0, sn] → Ũ , where tn := s(αn),
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sn := s(βn), denote the lifted geodesics of αn|[0,tn ], βn|[0,sn ] emanating from p̃n .
It follows from theminimality of rays that, for each n, α̃n and β̃n respectively in-
tersect

⋃∞
i=−∞ τ̃i [0,∞) at most once. This fact means that these geodesics lie in

W̃ and, in particular, that x̃n := α̃n(tn), ỹn := β̃n(sn) are on ∂W̃∩∂Ũ . By choos-
ing a subsequence, if necessary, we may demonstrate that {x̃n} and {ỹn} con-
verge to x̃, and ỹ respectively and that {α̃n} and {β̃n} converge to rays α̃ and β̃
respectively. By Lemma 3.2.2, we get limn→∞ θK (pn) = 0.

6.2 Asymptotic behavior of the mass of rays

Throughout this section, M will always denote a connected, finitely connected,
smooth complete Riemannian 2-manifold admitting a total curvature c(M).

Theorem 6.2.1. Suppose that M has a unique end and λ∞(M) < 2π . Then for
each positive ε there exists a compact subset K (ε) of M such that

|µ(Ap)− λ∞(M) | < ε

for any p ∈ M \ K (ε).
Proof. By Theorem 2.2.1 and the hypothesis of our theorem,

−∞ < 2π (χ (M)− 1) < c(M) ≤ 2πχ (M).

Thus
∫
M |G| dM is finite. Fix an arbitrary positive number ε and choose a core

K of M such that ∫
M\K

|G| dM <
ε

2
. (6.2.1)

Take any point p with d(p, K ) > R(K ), where R(K ) is the number defined in
Lemma 6.1.1. Let D be the component of M \ Fp such that K ⊂ D, where Fp

is the set defined by (6.1.4). It follows from Lemma 6.1.3 and (6.2.1) that

c(M)− 2πχ (M)+ 2π + ε
2
> θ = c(D)− 2πχ (M)+ 2π

> c(M)− 2πχ (M)+ 2π − ε
2
. (6.2.2)

The set M \ Fp is expressed as a disjoint union
⋃

i Di ∪ D of at most countably
many disjoint open sets Di and D. Note that each Di is bounded by two rays
emanating from p and homeomorphic to a plane. It follows from Lemma 6.1.3,
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(6.2.1) and (6.2.2) that

c(M)− 2πχ (M)+ 2π − ε < 2π − µ(Ap) = θ +
∑
i

c(Di )

< c(M)− 2πχ (M)+ 2π + ε.
This inequality implies that

2πχ (M)− c(M)+ ε > µ(Ap) > 2πχ (M)− c(M)− ε
for any p ∈ M \ K (ε), where K (ε) = {q ∈ M ; d(q, K ) ≤ R(K )}.
From Theorems 6.1.1 and 6.2.1 we obtain the following two corollaries.

Corollary 6.2.1. If M is a Riemannian plane with nonnegative Gaussian cur-
vature then

inf
p∈M

µ(Ap) = λ∞(M).

Corollary 6.2.2. If M is a Riemannian plane then

2π −
∫
M
G+ dM ≤ inf

p∈M
µ(Ap) ≤ 2π − c(M) = λ∞(M),

where G+ = max{G, 0}.
Theorem 6.2.2. Suppose that M has exactly one end andλ∞(M) < 2π . If {K j }
is a monotone increasing sequence of compact subsets of M with lim K j = M
then we have

lim
j→∞

∫
p∈K j

µ(Ap) dM∫
K j
dM

= λ∞(M).

Proof. First of all, we shall observe that the function M ' p �→ µ(Ap) is
measurable. Since the limit of a sequence of rays in M is a ray, the function
M ' p �→ µ(Ap) ∈ R is upper semicontinuous. Therefore this function is
locally integrable. If M has infinite area then the integral formula above follows
trivially from Theorem 6.2.1. If it has finite area then, by Theorem 6.1.2,µ(Ap)
is zero for almost all p ∈ M . Thus the left-hand side of the equation is zero.
However, by Theorem 5.2.1 λ∞(M) = 0. Thus the proof is complete.

It is trivial that the theorem above is still true in the case where λ∞(M) =
2π , if M does not admit straight lines. Making use of Theorem 6.1.1, in [84]
the present authors extended Theorem 6.2.1 for any M with λ∞(M) = 2π
and hence the theorem above. The existence of straight lines makes the proof
difficult. Furthermore, in [90] Shioya generalized these results in the case where
λ∞(M) ≥ 2π , as follows:
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Theorem 6.2.3. Let Ui be a tube of M. Then for each positive ε there exists a
compact subset K (ε) of M such that

| min{2π, λ∞(Ui )} − µ(Ap) | ≤ ε

for any p ∈ Ui \ K (ε).
Therefore we get

Theorem 6.2.4. Suppose that M has exactly one end. If {K j } is a monotone
increasing sequence of compact subsets of M with lim K j = M then we have

lim
j→∞

∫
p∈K j

µ(Ap) dM∫
K j
dM

= min{2π, λ∞(M)}.

Note that the limit of the left-hand side of the integral formula of Theorem
6.2.4 does not always exist in the case where M has more than one end. But the
limit exists for a sequence of balls about a Jordan curve.

Theorem 6.2.5. Let C be a smooth Jordan curve in M and B(t) := B(C, t).
Then we have

lim
t→∞

∫
p∈B(t) µ(Ap) dM∫

B(t) dM
=


(λ∞(M))−1

∑k
i=1 λ∞(Ui )

×min{2π, λ∞(Ui )} if λ∞(M) > 0,

0 if λ∞(M) = 0,

where Ui is a family of tubes such that M \ int⋃i Ui is a core.

Proof by assuming Theorem 6.2.3. Take any positive ε. By Theorem 6.2.3 we
may choose a sufficiently large nonexceptional value t1 such that M \ int B,
where B := B(C, t1) is a union of k mutually disjoint tubes U1, . . . ,Uk , and
such that for any p ∈ Ui

| min{2π, λ∞(Ui )} − µ(Ap) | ≤ ε. (6.2.3)

For each i let Mi denote a complete open Riemannian 2-manifold with the
properties that there exists an isometric embedding ι of B ∪Ui into Mi and that
Mi \ ι(B ∪Ui ) consists of k − 1 mutually disjoint disks. Then it is trivial from
the Gauss–Bonnet theorem that λ∞(Mi ) = λ∞(Ui ) and that the difference of∫
Ui∩B(t) dM and the area Ai (t) of B(C, t) is bounded. Therefore it follows from
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Theorem 5.2.1 that

lim
t→∞

1

t2

∫
Ui∩B(t)

dM = lim
t→∞

1

t2
Ai (t) = λ∞(Ui )

2
, (6.2.4)

lim
t→∞

1

t2

∫
B(t)

dM = λ∞(M)

2
.

Thus by (6.2.3),

1

2

∑
i

λ∞(Ui )(min{2π, λ∞(Ui )} − ε)

≤ lim
t→∞

1

t2

∫
p∈B(t)

µ(Ap) dM

≤ 1

2

∑
i

λ∞(Ui )(min{2π, λ∞(Ui )} + ε).

Since ε is arbitrary, we get

lim
t→∞

1

t2

∫
p∈B(t)

µ(Ap) dM = 1

2

∑
i

λ∞(Ui ) min{2π, λ∞(Ui )} (6.2.5)

If 2πχ (M)− c(M) is positive then it follows from (6.2.4) and (6.2.5) that

lim
t→∞

∫
p∈B(t) µ(Ap) dM∫

B(t) dM
= 1

λ∞(M)

k∑
i=1
λ∞(Ui ) min{2π, λ∞(Ui )}.

Suppose that λ∞(M) = 0. Then λ∞(Ui ) = 0 for each i , by Lemma 3.1.1. Thus
by (6.2.3)

µ(Ap) ≤ ε (6.2.6)

for any p ∈ M \ B. If the area of M is infinite then it follows from (6.2.6) that

lim
t→∞

∫
p∈B(t) µ(Ap) dM∫

B(t) dM
= lim

t→∞
1∫

B(t) dM

∫
p∈B(t)\B

µ(Ap) dM

≤ ε lim
t→∞

1∫
B(t) dM

∫
B(t)\B

dM = ε.

Thus limt→∞(
∫
p∈B(t) µ(Ap) dM/

∫
B(t) dM) = 0. The case where the area of M

is finite is trivial, from Theorem 6.1.2.

Definition 6.2.1. For each core K of M let theUi (K ), i = 1, . . . , k, denote the
tubes of M with M \ int K =⋃k

i=1Ui (K ).
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Definition 6.2.2. If Ui denotes a tube of M then for each p ∈ intUi we define
three subsets of Ap by

Ac
p(Ui ) := {u ∈ Ap; γu[0,∞) �⊂ Ui but γu[t1,∞) ⊂ Ui

for sufficiently large t1},
Ap(Ui ) := {u ∈ Ap; γu[0,∞) ⊂ Ui },

Ap(intUi ) := {u ∈ Ap; γu[0,∞) ⊂ intUi }.

Note that Ac
p(Ui ) is the complement of Ap(Ui ) in the set

{v ∈ Ap; γv[t1,∞) ⊂ Ui for sufficiently large t1}.

We need the following three lemmas to assist us in the long proof of Theorem
6.2.3. Before proving the lemmas, we shall prove the theorem.

Lemma 6.2.1. Let {p j } be a divergent sequence of points in a tubeUi (K0) of M.
Suppose that, for each core K ⊃ K0 of M, Ac

p j (Ui (K )), where Ui (K ) denotes
the subtube of Ui (K0), is empty for all sufficiently large j . Then λ∞(Ui (K )) ≤
2π and

lim
j→∞

µ(Apj ) = λ∞(Ui (K )) = min{2π, λ∞(Ui (K ))}.

Lemma 6.2.2. For each core K of M there exists a compact subset K1 ⊃ K
of M such that Ap(Ui (K )) is nonempty for all p ∈ M \ K1.

Definition 6.2.3. If Ap(Ui (K )) �= ∅ for a point p ∈ intUi (K ), then ξK (p)
denotes the inner angle of Dp(K ) at p and Dp(K ) denotes the unique component
of M \ {γv(t); t ≥ 0, v ∈ Ap(Ui (K ))} that contains K ; see Figure 6.2.1 .

Lemma 6.2.3. Let K be a core of M. For any divergent sequence {p j } of points
within a tube Ui (K ) such that Ac

p j (Ui (K )) is nonempty for each j , we have

lim
j→∞

ξK (p j ) = 0.

Let us give the proof of Theorem 6.2.3 assuming Lemmas 6.2.1, 6.2.2 and
6.2.3.

Proof of Theorem 6.2.3. Let {p j }be anydivergent sequenceof pointswithin the
tubeUi . It is sufficient to prove that the sequence has a subsequence {p jn } such
that limn→∞ µ(Apjn ) = min{2π, λ∞(Ui )}. By Lemma 6.2.1 we may assume
that there exists a core K0 such that Ac

p j (Ui (K0)) is nonempty for all j . Take
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Figure 6.2.1

any positive ε. Let K (ε) ⊃ K0 be a core of M such that∫
M\K (ε)

G+ dM < ε. (6.2.7)

It follows from Lemmas 6.2.2 and 6.2.3 that there exists a number j0 such that

ξK (ε)(p j ) < ε (6.2.8)

for any j > j0. It follows from Lemma 6.1.3 and (6.2.7) that for any j > j0

2π − µ(Apj )− ξK (ε)(p j ) ≤
∑
m

c(Dm) < ε,

where Dm denotes a component ofUi (K (ε))\ (Dpj (K (ε))∪{γv(t); t ≥ 0, v ∈
Apj (Ui (K (ε)))}). Therefore by (6.2.8)

µ(Apj ) ≥ 2π − 2ε
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for any j > j0. Thus

lim
j→∞

µ(Apj ) = 2π.

However, there exists a straight line lying, except for its subarcs with finite
length, in Ui (K0), because there exists a divergent sequence {p j } of points in
Ui such that Ac

p j (Ui (K0)) is nonempty for all j . It follows from Theorem 3.7.3
that λ∞(Ui (K0)) is not less than 2π . Thus

lim
j→∞

µ(Apj ) = min {2π, λ∞(Ui (K0))}.
This completes the proof.

Proof of Lemma 6.2.1. Let j0 be a positive integer such that, for any j ≥ j0,
Ac
p j (Ui (K0)) is empty. Using the same method as in the proof of Lemma 6.1.3,

we get

c(Dpj (K0) ∩Ui (K0)) = −λ(∂Ui (K0))+ ξK0 (p j )− 2π (6.2.9)

for any j ≥ j0. In particular,

−(c(Dpj (K0) ∩Ui (K0))+ λ(∂Ui (K0))) ≤ 2π.

Since
⋃∞

j= j0
Dpj (K0)∩Ui (K0) = Ui (K0), by the hypothesis of our lemma, we

have

λ∞(Ui (K0)) ≤ 2π.

In particular, c(Ui (K0)) is finite. Take any positive ε and let K (ε) ⊃ K0 be a
core of M such that ∫

Ui (K0)\K (ε)
|G| dM <

ε

2
.

Since Dpj (K0) ⊃ K (ε) for any sufficiently large j , it follows from (6.2.9) that

2π − λ∞(Ui (K0))− ε
2
< ξK0 (p j ) < 2π − λ∞(Ui (K0))+ ε

2

holds for any sufficiently large j . Therefore from Theorem 6.1.3

λ∞(Ui (K0))− ε ≤ µ(Apj ) ≤ λ∞(Ui (K0))+ ε
holds for all sufficiently large j . Thus the proof is complete.

For each pair of distinct raysα, β emanating from a point p ∈ intU (whereU
denotes a tube) such that α̇(0), β̇(0) ∈ Ac

p(U ), let H (α, β) denote the component
containing p of

intU \ (α[t(α),∞) ∪ β[t(β),∞));

see Figure 6.2.2.



202 6 The mass of rays

α

(α(t(α))

p

H(α, )

(t( ))

∂U

β

ββ

β

Figure 6.2.2

Proof of Lemma 6.2.2. We shall get a contradiction by supposing that there
exists a core K and a divergent sequence {p j } of points in a tube U := Ui (K )
such that Apj (U ) is empty for any j . First of all we shall note that for all
sufficiently large j , Ac

p j (U ) does not consist of a single element. If Ac
p j (U ) did

consist of a single element then on the one hand U would admit a unique ray
emanating from p j . Thus we would get λ∞(U ) = 0. On the other hand, for
all sufficiently large j there would exist a ray emanating from p j that would
intersect ∂U . Thus there would exist a straight line lying, except for its subarcs
with finite length, in U . This would imply that λ∞(U ) ≥ 2π . We obtain a
contradiction. Therefore, without loss of generality we may assume that, for
any j , Ac

p j (U ) consists of more than one element. For any pair of distinct rays
τi , i = 1, 2,with τ̇i (0) ∈ Ac

p j (U ) and for any ray γ with γ̇ (0) ∈ Ac
p j (U ), γ (t(γ ))

is not an element of D̄(τ̇1(0), τ̇2(0)); here D̄(τ̇1(0), τ̇2(0)) denotes the closure
of the domain D(τ̇1(0), τ̇2(0)) defined in Definition 6.1.3; see Figure 6.2.3.
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Figure 6.2.3 The region between the rays τ1 and τ2 is D(τ ′1(0), τ
′
2(0)).

Therefore wemay choose two distinct rays α j , β j , with α̇ j (0), β̇ j (0) ∈ Ac
p j (U ),

such that there is no ray γ with γ (t(γ )) ∈ H̄ j ∩ ∂U except for α j and β j . Here
H̄ j denotes the closure of Hj := H (α j , β j ). Then we can prove that the total
curvature c(Hj ) of Hj satisfies

c(Hj ) = π − λ(∂Hj ). (6.2.10)

Let {tk} be a divergent monotone increasing sequence of nonexceptional values
with respect to Spj (t) such that there exists a cut point on Spj (t1) ∩ Hj . Then
for each k we may choose a normal cut point qk ∈ Spj (tk) ∩ Hj such that
the sequence {D(−γ̇k(tk),−τ̇k(tk))} of relatively compact domains in Hj is
monotone increasing,whereγk, τk denote the distinctminimal geodesics joining
p j to qk . Set Dk := D(−γ̇k(tk),−τ̇k(tk)) for simplicity. Since we have assumed
that Apj (U ) is empty, the sequences {γk}, {τk} converge to rays γ∞, τ∞ with
γ̇∞(0), τ̇∞(0) ∈ Ac

p j (U ) respectively, as k goes to infinity. These rays γ∞, τ∞
satisfy γ∞(t(γ∞)), τ∞(t(τ∞)) ∈ H̄ j ∩ ∂U . It follows from the property of Hj

that the sequences {γk}, {τk} converge to α j , β j respectively. Thus
⋃∞

k=1 Dk =
Hj and hence

lim
k→∞

c(Dk) = c(Hj ). (6.2.11)

It follows from Proposition 5.1.1 that the sequence of the inner angles of Dk at
qk converges to 0. Hence by the Gauss–Bonnet theorem

lim
k→∞

c(Dk) = π − λ(∂Hj ). (6.2.12)

By (6.2.11) and (6.2.12), we get (6.2.10). Without loss of generality we may
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α

α(t(α))
β (or α)

β(s(β)) or α(s(α))

α (or β)
α(s(α)) or β(s(β))

β(t(β)) ∂U

β

U

H

Figure 6.2.4

assume that two limiting straight lines,

α := lim
k→∞

αk, β := lim
k→∞

βk,

exist; see Figure 6.2.4. Let H denote the component of intU \ (α[t(α),∞) ∪
β[t(β),∞)) such that ∂H ∩ ∂U = limi→∞ ∂Hi ∩ ∂U . For each j , H̄ j contains
two geodesic segments α j |[0,s(α j )], β j |[0,s(β j )]. Hence α|(−∞,s(α)] divides H into
two half-planes Hα, Hβ , say H̄α ⊃ α[t(α),∞). Then it follows from Lemma
2.2.2 and Corollary 2.2.1 that

c(Hα) ≤ −λ(∂Hα), (6.2.13)

c(Hβ) ≤ π − λ(∂Hβ). (6.2.14)

Therefore we get

c(H ) = c(Hα)+ c(Hβ) ≤ π − (λ(∂Hα)+ λ(∂Hβ)) = −λ(∂H ). (6.2.15)

By Lemma 6.1.7, however,

lim sup
i→∞

c(Hi ) ≤ c(H ). (6.2.16)
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αj γj

Tj
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∂U
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αj(s(αj))

( j))

ξ ((p ))

ηK

Figure 6.2.5

Thus it follows from (6.2.10) and (6.2.16) that

lim sup
i→∞

c(Hi ) = lim
i→∞

c(Hi ) = π − lim
i→∞

λ(∂Hi ) = π − λ(∂H ) ≤ c(H ).

This contradicts (6.2.15).

Proof of Lemma 6.2.3. Set U := Ui (K ) for simplicity. It is sufficient to prove
that any divergent sequence {p j } has a subsequence {p jn } such that limn→∞ ξK
(p jn ) = 0. By Lemma 6.2.2 wemay assume that for any j , Apj (U ) is nonempty.
For each j let γ j , τ j be the rays emanating from p j that form the boundary of
Dj := Dpj (K ), the domain defined in Definition 6.2.3; see Figure 6.2.5. If
γ̇ j (0) ∈ Apj (intU ) then we may choose a ray α j with α̇ j (0) ∈ Ac

p j (U ) in
such a way that there exists a component Tj of intU ∩ Dj \ (α j [0, s(α j )] ∪
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α j [t(α j ),∞)) such that there is no ray emanating from p j whose subarc with
infinite length lies in Tj . Let ηK (p j ) denote the inner angle of Tj at p j . Define
ηK (p j ) = 0 if γ̇ j (0) /∈ Apj (intU ). For each τ j , we define the corresponding
inner angle of τ j by λK (p j ). Then it is trivial that

ξK (p j ) ≤ θK (p j )+ ηK (p j )+ λK (p j ). (6.2.17)

It follows from Theorem 6.1.3 that if we can prove that

lim
j→∞

ηK (p j ) = lim
j→∞

λK (p j ) = 0,

then we obtain lim j→∞ ξK (p j ) = 0, our conclusion. If {γ j } has a convergent
subsequence {γ jn } then by Theorem 6.1.3 we get lim j→∞ ηK (p jn ) = 0. Thus
we may assume that {γ j } is a divergent sequence. Since Tj admits a cut point
of p j , by an analogous calculation to that for Hj in the proof of Lemma 6.2.2
we arrive at

c(Tj ) = π − λ(∂Tj ). (6.2.18)

Choosing a subsequence of {p j } if necessary, we may assume that a straight
line α := lim j→∞ α j exists and that a component H of U \ (α[t(α),∞) ∪
α(−∞, s(α)]) contains each τ j except for its finite subarcs. It follows from
Corollary 2.2.1 that

c(H ) ≤ −λ(∂H ).
Thus on the one hand, by Lemma 6.1.7,

lim sup
j→∞

c(Tj ) ≤ −λ(∂H ). (6.2.19)

On the other hand, by (6.2.18),

lim sup
j→∞

c(Tj ) = −λ(∂H )+ lim sup
j→∞

ηK (p j ). (6.2.20)

So, combining (6.2.19) and (6.2.20), we obtain

lim
j→∞

ηK (p j ) = 0.

In the same way,

lim
j→∞

λK (p j ) = 0.

Thus by (6.2.17), we find that

lim
j→∞

ξK (p j ) = 0.
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The poles and cut loci of a surface of revolution

It is not easy to find a nontrivial pole even on a surface of revolution, unless
the latter has a nonpositive Gaussian curvature. We shall give a necessary and
sufficient condition for a surface of revolution to have nontrivial poles. The
proof is achieved by obtaining Jacobi fields along any geodesic (see [101]). The
method is found in a classicalworkof vonMangoldt [59].Wewill also determine
the cut loci of a certain class of surfaces of revolution containing well-known
examples: the two-sheeted hyperboloids of revolution and the paraboloids of
revolution (see [102]). von Mangoldt proved in [59] that any point on a two-
sheeted hyperboloid of revolution is a pole if the point is sufficiently close to
the vertex. Furthermore, he proved in [59] that the two umbilic points of a
two-sheeted hyperboloid are poles and that the poles of any elliptic paraboloid
are the two umbilic points. These surfaces are typical examples of a Liouville
surface. A definition of global Liouville surfaces was introduced by Kiyohara
in [44]. See also [40] for poles on noncompact complete Liouville surfaces.

7.1 Properties of geodesics

A surface of revolution means a complete Riemannian manifold (M, g) home-
omorphic to R2 that admits a point p such that the Gaussian curvature of M is
constant on S(p, t) for each positive t . The point p is called the vertex of the
surface of revolution.
Throughout this chapter (M, g) denotes a surface of revolution and p denotes

the vertex of the surface. Note that the vertex is unique unless M has a constant
Gaussian curvature.

Lemma 7.1.1. The vertex p is a pole. Furthermore, for any linear isometry
F on TpM, expp ◦ F ◦ exp−1p :M → M is an isometry.

207
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Proof. Suppose that p is not a pole. Thus we can take a cut point x of p that is
an endpoint of the cut locus of p. Then x is a conjugate point of p along any
minimizing geodesic τ : [0, d(p, x)]→ M joining p to x . Fix such a geodesic
τ . Since M is noncompact and complete, there exists a ray γ : [0,∞) → M
emanating from p. Hence

G(γ (t)) = G(τ (t))

for any t ∈ [0, d(p, x)], since d(p, τ (t)) = d(p, γ (t)) = t on [0, d(p, x)]. Thus
the Jacobi fields along γ |[0,d(p,x)] and τ |[0,d(p,x)] orthogonal to the geodesics
respectively satisfy the same differential equation. Therefore γ (d(p, x)) is con-
jugate to p along γ , which contradicts the fact that γ is a ray. Thus we have
proved that p is a pole. Suppose that F is a linear isometry on TpM . Set
f := expp ◦ F ◦ exp−1p for simplicity. Since it is trivial that d f p is a linear
isometry, we shall show that for any point q distinct from p, d fq is a linear
isometry. This means that f is an isometry on M . Let a point q (�= p) be fixed.
Let γ : [0,∞) → M be the unit-speed geodesic emanating from p = γ (0)
and passing through q = γ (t0); here we put t0 := d(p, q). By definition,
f (γ (t)) = expp t F(γ̇ (0)) holds for any t . Hence

d fq (γ̇ (t0)) = ˙̄γ (t0) (7.1.1)

where γ̄ (t) = expp t F(γ̇ (0)). Let v(θ ) be a unit-speed positively oriented
smooth curve in SpM emanating from v(0) = γ̇ (0). Then we get geodesic
variations

α(t, θ ) := expp tv(θ ) (7.1.2)

and

ᾱ(t, θ ) := f (expp tv(θ )) = expp t F(v(θ )) (7.1.3)

of γ, γ̄ respectively. From the variations above we obtain the Jacobi fields
Y (t) := (∂α/∂θ )(t, 0) and Ȳ (t) := (∂ᾱ/∂θ )(t, 0) along γ and γ̄ respectively.
It is easy to see that

Ȳ (t0) = d fq (Y (t0)) (7.1.4)

and

Y (0) = 0, Y ′(0) = v̇(0),
(7.1.5)

Ȳ (0) = 0, Ȳ ′(0) = F(v̇(0)).

Here Y ′(t) and Ȳ ′(t) denote the covariant derivatives of Y (t) and Ȳ (t) along
γ and γ̄ respectively. However, by the Gauss lemma 1.2.1, Y (t0) and Ȳ (t0)
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are orthogonal to γ̇ (t0) and ˙̄γ (t0) respectively. Since G(γ (t)) = G(γ̄ (t)) for
any t ∈ [0, t0], it follows that Y and Ȳ satisfy the same differential equation.
Therefore

‖Y (t0)‖ = ‖Ȳ (t0)‖. (7.1.6)

Combining (7.1.1), (7.1.4) and (7.1.6), we observe that d fq is a linear isometry.

Definition 7.1.1. For each q ∈ M \{p}, letµq : [0,∞)→ M be the unit-speed
geodesic emanating from p through q = µq (d(p, q)), where µq is called the
meridian through q.

Let µ: [0,∞)→ M be a meridian. Then we can introduce local coordinates
(r, θ ) on M \µ[0,∞), i.e., r (q) := d(p, q) and θ (q) denotes the oriented angle
measured from−µ̇(0) to µ̇q (0). The coordinates (r, θ ) are called geodesic polar
coordinates around p on M . It follows from Lemma 7.1.1 that the function

g

(
∂

∂θ
,
∂

∂θ

)
is constant on S(p, t) for each t > 0. Thus a smooth function m : (0,∞) →
(0,∞) can be defined by

m(r (q)) :=
√
gq

(
∂

∂θ
,
∂

∂θ

)
. (7.1.7)

From the Gauss lemma 1.2.1, we obtain the relation

g = dr2 + m2(r )dθ2. (7.1.8)

Proposition 7.1.1. The functionm isextensible toa smooth odd function around
0 satisfying m ′(0) = 1.

Proof. Let γ :R→ M be a unit-speed geodesic with γ (0) = p and let Y (t) be
the Jacobi field along γ , with Y (0) = 0 and Y ′(0) = v̇(0), where v(θ ) is the
curve defined in the proof of Lemma 7.1.1. Then

Y (t) =
(
∂

∂θ

)
γ (t)

also holds for any positive t . Therefore(
∂

∂θ

)
γ (t)

= g(Y (t), E(t))E(t) (7.1.9)
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also holds for any positive t . Here E(t) denotes the unit parallel vector field
along the geodesic γ with E(0) = Y ′(0) (= v̇(0)), which is orthogonal to γ̇ (t)
for each t . Thus

m(t) = g(Y (t), E(t)) (7.1.10)

holds for any positive t . Let F be the reflection on TpM , with F(γ̇ (0)) = −γ̇ (0).
It is easy to check that

d fγ (t)Y (t) = −Y (−t), d fγ (t)E(t) = E(−t) (7.1.11)

holds for any real t , where f := expp ◦ F ◦exp−1p . Since f is an isometry on M ,

g(Y (t), E(t)) = g(d fγ (t)Y (t), d fγ (t)E(t)) = −g(Y (−t), E(−t)). (7.1.12)

By equations (7.1.10) and (7.1.12), m(t) is extensible to a smooth odd function
and m ′(0) = 1.

Since the Jacobi field Y (t) satisfies (1.4.1), we obtain

Corollary 7.1.1. The function m satisfies the following differential equation:

m ′′ + Gm = 0 (7.1.13)

with initial condition m(0) = 0, m ′(0) = 1.

Lemma 7.1.2. Let f : [a, b] → R be a smooth function. Then there exists a
smooth function h satisfying

f (x) = f (a)+ (x − a)h(x).

Proof. It is trivial, from the following equation:

f (x)− f (a) =
∫ 1

0

d

dt
f (t x + (1− t)a) dt

= (x − a)
∫ 1

0
f ′(t x + (1− t)a) dt.

Lemma 7.1.3. Let f :R → R be a smooth even function. Then the function
F :R2 → R, (x, y) �→ f (

√
x2 + y2), is smooth.

Proof. Let n be any positive fixed integer. Since f is an even function, f (2k−1)

(0) := (d2k−1/dx2k−1) f (0) = 0 for any positive integer k. Thus it follows from
Lemma 7.1.2 that there exists a smooth function Rn(t) such that

f (t) =
n−1∑
k=0

t2k
f (2k)

(2k)!
(0)+ t2n Rn(t)
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By induction on n, it is easily proved that the function

R2 ' (x, y) �→ (x2 + y2)n Rn(
√
x2 + y2) ∈ R

is Cn . Therefore F is Cn for any positive integer n.

The converse of Proposition 7.1.1 is true also.

Theorem 7.1.1. Let m : (0,∞) → (0,∞) be a smooth function that is exten-
sible to a smooth odd function around 0 with m ′(0) = 1. Then the Riemannian
metric g = dr20 +m2(r0) dθ20 onR

2 defines a surface of revolution whose vertex
is the origin ofR2. Here (r0, θ0) denotes geodesic polar coordinates around the
origin for the Euclidean plane (R2, g0).

Proof. Let (x, y) be the canonical coordinates for (R2, g0), i.e., x = r0 cos θ0,
y = r0 sin θ0. Then it follows from direct evaluation that

g

(
∂

∂x
,
∂

∂x

)
= 1+ y2 f (r ),

g

(
∂

∂x
,
∂

∂y

)
= −xy f (r ), (7.1.14)

g

(
∂

∂y
,
∂

∂y

)
= 1+ x2 f (r ),

where r =
√
x2 + y2 and f (r ) = (m2(r )− r2)/r4. From the assumption on

m and from Lemma 7.1.2 there exists a smooth even function k(t) satisfying
m(r ) = r + r3k(r ). Therefore

f (r ) = k(r )(2+ r2k(r ))

is a smooth even function. By Lemma 7.1.3 the function

R2 ' (x, y) �→ f (
√
x2 + y2) ∈ R

is smooth around the origin. It follows from (7.1.14) that g is a smooth
Riemannian metric on R2. Moreover, each geodesic θ0 = constant emanating
from the origin can be defined on 0 ≤ r < ∞. By the Hopf-Rinow–de Rham
theorem 1.7.3, g defines a complete Riemannian metric. Therefore (R2, g) is a
surface of revolution with the origin as its vertex.

In what follows, (r, θ ) denotes a set of geodesic polar coordinates around the
vertex p of a surface of revolution (M, g). Let γ : I → M be a geodesic such
that γ (t) �= p for any t ∈ I , where I denotes an interval. Define

r (t) := r (γ (t)), θ (t) := θ (γ (t)).
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Proposition 7.1.2. Let γ : I → M be a geodesic such that γ (t) �= p for any
t ∈ I . Then γ satisfies the following differential equations:

r ′′ − mm ′(θ ′)2 = 0, (7.1.15)

θ ′′ + 2
m ′r ′θ ′

m
= 0. (7.1.16)

Conversely, any smooth curve (r (s), θ (s)) satisfying (7.1.15) and (7.1.16) is a
geodesic on M.

Proof. In terms of tensor calculus, set

g11 := g

(
∂

∂r
,
∂

∂r

)
,

g12 = g21 := g

(
∂

∂r
,
∂

∂θ

)
,

g22 := g

(
∂

∂θ
,
∂

∂θ

)
.

Then it follows from (7.1.8) that

g11 = 1, g12 = g21 = 0, g22 = m2. (7.1.17)

Thus the Christoffel symbols are

�1
i1 = �1

1i = �2
i i = 0

for i = 1, 2, and

�1
22 = −mm ′, �2

12 = �2
21 =

m ′

m
.

By the differential equation for geodesics (1.2.1), we get (7.1.15) and (7.1.16).
The converse is trivial.

It follows from (7.1.16) that

d

dt
(m2(r (t))θ ′(t)) = 0 (7.1.18)

for any t ∈ I . Therefore there exists a constant ν such that

θ ′(t) = ν

m2(r (t))
(7.1.19)

for any t ∈ I . If ξ (t) denotes the angle made by the geodesic γ (t) and the
parallel through γ (t), i.e., S(p, d(p, γ (t))), then we obtain Clairaut’s relation

m(r (t)) cos ξ (t) = ν
for any t ∈ I . Summing up, we get
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Theorem 7.1.2 (Clairaut). Let γ : I → M be a geodesic such that γ (t) �= p
for any t ∈ I . Then there exists a constant ν such that

m(r (t)) cos ξ (t) = ν (7.1.20)

for any t ∈ I .

Definition 7.1.2. The constant ν in (7.1.20) is called Clairaut’s constant for
the geodesic γ .

Note that Clairaut’s constant is zero iff the geodesic is tangent to a meridian.
Therefore, if Clairaut’s constant for a geodesic is nonzero then the geodesic
does not pass through the vertex.

Lemma 7.1.4. A parallel S(p, t0) is a geodesic iff m ′(t0) = 0.

Proof. Suppose that the parallel S(p, t0) is a geodesic; then S(p, t0) can be
expressed as

r (t) = t0, θ (t) = t. (7.1.21)

By (7.1.15), we get m ′(t0) = 0. Alternatively, the curve defined by (7.1.21)
satisfies (7.1.15) and (7.1.16); therefore S(p, t0) is a geodesic.

Lemma 7.1.5. Let γ : I → M be a geodesic. If γ is not a parallel then the zero
points of r ′ are discrete. Furthermore, if r ′ = 0 for some s0 ∈ I then m ′(r (s0))
is nonzero (see Figure 7.1.1).

Proof. If γ is tangent to a meridian then the claim is trivial. Thus we may
assume that γ (t) �= p for any t ∈ I . Suppose r ′(s0) = 0 for some s0 ∈ I . Then
γ is tangent to the parallel S(p, r (s0)). Since γ is not a parallel, m ′(r (s0)) is not
zero by Lemma 7.1.4. By (7.1.15) and (7.1.19) r ′′(s0) is not zero. Therefore the
zero points of r ′ are discrete. The fact r ′(s0) = 0 implies that γ is tangent to
the parallel S(p, r (s0)). Hence the latter claim is clear from Lemma 7.1.4.

Lemma 7.1.6. Let γ :R → M be a geodesic not tangent to any meridian. If
r ′ = 0 at two distinct parameter values then there exists a rotation T around p
and a nonzero constant b such that

T (γ (t)) = γ (t + b)

for any t ∈ R. In particular γ |[0,∞) is not a ray.

Proof. Suppose r ′ = 0 at t = s0. Thus γ is tangent to the parallel S(p, r (s0)).
Then there exists a reflection f0 on M (i.e., exp−1p ◦ f0 ◦ expp is a reflection
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axis of rotation

points with r′ = 0

p

a parallel with m′ = 0

Figure 7.1.1

on TpM) fixing the meridian through γ (s0) such that f0(γ (t)) = γ (2s0− t) for
any t . Hence if r ′ = 0 at two distinct real numbers s0 and s1 then there exist
two reflections f0, f1 on M such that

f1 ◦ f0(γ (t)) = γ (t + 2s1 − 2s0)

for any t ; furthermore, f1 ◦ f0 is a rotation around p.



7.1 Properties of geodesics 215

with bounded limit
limt→∞ d(p, γ(t))

a geodesic γ(t)

axis of rotation

a parallel
with m′ = 0

p

Figure 7.1.2

Lemma 7.1.7. Let γ : [0,∞)→ M be a geodesic whose Clairaut’s constant
is ν. If r0 := limt→∞ d(p, γ (t)) is bounded then m(r0) = |ν| and m ′(r0) = 0
(see Figure 7.1.2). Hence S(p, r0) is a geodesic.

Proof. From the assumption, Clairaut’s constant ν for γ is nonzero and γ (t) �=
p for any t ∈ [0,∞). If γ is a parallel, the claim is trivial from Lemma 7.1.4.
Thus we can assume that γ is not a parallel. It follows from Lemma 7.1.6 that
there exists a positive constant t0 such that r ′ �= 0 on [t0,∞). Without loss of
generality, we may assume that γ is a unit-speed geodesic. Thus

(r ′(t))2 + m2(r (t))(θ ′)2 = 1

for any t ∈ [0,∞). It follows from (7.1.19) that on [t0,∞) either

r ′ =
√
1− ν2

m2
or r ′ = −

√
1− ν2

m2
.
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If m(r0) �= |ν| then there exists a positive constant δ such that√
1− ν2

m2(r (t))
≥ δ

on [t0,∞). Therefore either r ′ ≥ δ on [t0,∞) or r ′ ≤ −δ on [t0,∞). But this
contradicts the fact that 0 ≤ r0 < ∞. Thus m(r0) = |ν| and, in particular,
limt→∞ r ′(t) = 0. Suppose that m ′(r0) �= 0. Since limt→∞ r (t) = r0, there
exists a constant t1 ≥ t0 such that

|ν|
2
= m(r0)

2
≤ m(r (t)) ≤ 2m(r0) = 2|ν|

|m ′(r0)|
2

≤ |m ′(r (t))| ≤ 2|m ′(r0)|
on [t1,∞). Thus it follows from (7.1.15) and (7.1.19) that

|r ′′| ≥ |m ′(r0)|
16m(r0)

on [t1,∞). This inequality implies that limt→∞ r ′(t)= ±∞. However,
limt→∞ r ′(t) = 0. Therefore we have proved that m ′(r0) = 0. The second
claim is clear from Lemma 7.1.4.

Definition 7.1.3. Let f (r, ν), g(r, ν) be functions on {(r, ν); r > 0, m(r ) >
|ν|} defined by

f (r, ν) := ν

m(r )
√
m2(r )− ν2

, g(r, ν) := m(r )√
m2(r )− ν2

.

(7.1.22)

Proposition 7.1.3. Let γ : [a, b)→M be a unit-speed geodesic whose
Clairaut’s constant ν is nonzero. If r ′(t) is nonzero on [a, b) then the geodesic
γ parameterized by r satisfies

dθ

dr
= ε f (r, ν), (7.1.23)

and moreover

θ (b)− θ (a) ≡ ε
∫ r (b)

r (a)
f (r, ν) dr mod 2π, (7.1.24)

b − a = ε
∫ r (b)

r (a)
g(r, ν) dr, (7.1.25)

where ε denotes the sign of r ′(t), t ∈ [a, b).
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Proof. Since γ is parameterized by arc length,

r ′(t)2 + m2(r (t)) θ ′2 = 1

for any t ∈ [a, b). Thus it follows from (7.1.19) that

r ′(t) = ε

g(r (t), ν)
. (7.1.26)

Therefore

dθ

dr
= θ ′

r ′
= ε f (r, ν).

Suppose that r ′(b) �= 0. It follows from (7.1.23) and (7.1.26) that

b − a =
∫ b

a
dt =

∫ r (b)

r (a)

dr

r ′(t)
= ε

∫ r (b)

r (a)
g(r, ν) dr

θ (b)− θ (a) ≡
∫ b

a

dθ

dr
dr = ε

∫ r (b)

r (a)
f (r, ν) dr mod 2π.

Now suppose that r ′(b) = 0. By taking a strictly monotone increasing sequence
{bi } convergent to b, we get (7.1.24) and (7.1.25). Note that the integrals in
(7.1.24) and (7.1.25) are singular, sincem(r (b)) = |ν|, but both are finite, since
m ′(r (b)) �= 0.

Definition 7.1.4. For each q ∈ M \ {p}, let τq : [0,∞)→ M be the unit-speed
geodesic emanating from q = τq (0) through p = τq (d(p, q)). For each positive
t , let L(t) denote the length of S(p, t), which equals 2πm(t).

Lemma 7.1.8. If lim inft→∞ L(t) = 0 then for any point q distinct from p the
subray µq |[d(p,q),∞) of µq is a unique ray emanating from q.

Proof. Let {ti } be a divergent sequence with limi→∞ L(ti ) = 0. Let q be any
point distinct from p. For simplicity, put

ρ := d(p, q).

It follows from the triangle inequality that

d(q, τq (ti + ρ)) ≤ d(q, µq (ti ))+ d(µq (ti ), τq (ti + ρ))
≤ ti − ρ + 1

2 L(ti ).

Since limi→∞ L(ti ) = 0, d(q, τq (ti + ρ)) < ti for sufficiently large i . This
implies that τq is not a ray. Let γ be a geodesic emanating from q that is not
tangent to any meridian. Since lim inft→∞ L(t) = lim inft→∞ 2πm(t) = 0, it
follows from (7.1.20) that the image of γ is bounded. Hence γ is not a ray.
Thus the geodesic µq |[ρ,∞) is a unique ray emanating from q.
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Lemma 7.1.9. Suppose that
∫∞
1 L−2(t) dt is infinite. Let q be any point distinct

from the vertex. If a geodesic γ emanating from q is not tangent to the meridian
through q then γ is not a ray. In particular, the vertex is a unique pole.

Proof. Since γ : [0,∞)→ M is not tangent to µq , the Clairaut constant ν for
γ is non-zero. By Lemma 7.1.6, we may assume

lim
t→∞ r (t) = +∞

and the existence of a positive number b such that r ′ is positive on [b,∞). It
follows from (7.1.24) that

θ (t)− θ (b) ≡
∫ r (t)

r (b)
f (r, ν) dr mod 2π

for any real t > b. Since L(t) = 2πm(t), |θ (s) − θ (b)| > π for some s > b.
This implies that γ is not a ray. In particular, q is not a pole.

7.2 Jacobi fields

Choose a point q distinct from the vertex and let it be fixed throughout this
section. In order to derive the Jacobi fields along a geodesic emanating from q,
we need some notation. For brevity we put

ρ := d(p, q). (7.2.1)

Let {e1, e2} be an orthonormal basis for TqM such that

e1 :=
(
∂

∂r

)
q

, e2 := 1

m(ρ)

(
∂

∂θ

)
q

. (7.2.2)

For each ν ∈ [−m(ρ),m(ρ)] let βν, γν : [0,∞) → M denote unit-speed
geodesics emanating from q whose velocity vectors at t = 0 are

β̇ν(0) = 1

g(ρ, ν)
e1 + ν

m(ρ)
e2, γ̇ν(0) = − 1

g(ρ, ν)
e1 + ν

m(ρ)
e2.

(7.2.3)

Here g(ρ, ν) is defined in (7.1.22). Then it follows from (7.1.20) that the
Clairaut constant of each βν, γν equals ν. Since βν, γν are parameterized
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by arc length, we get(
∂

∂t
r (βν(t))

)2

+m2(r (βν(t)))
(
∂
∂t θ (βν(t))

)2 = 1(
∂

∂t
r (γν(t))

)2

+m2(r (γν(t)))
(
∂
∂t θ (γν(t))

)2 = 1. (7.2.4)

Since the twogeodesicsβν ,γν bothdepend smoothlyonν ifν ∈ (−m(ρ),m(ρ)),
we obtain the Jacobi fields Xν, Yν :

Xν(t) := ∂

∂ν
(βν(t)), Yν(t) := ∂

∂ν
(γν(t)) (7.2.5)

alongβν, γν respectively. Sinceβν(0) = q = γν(0) for anyν ∈ [−m(ρ),−m(ρ)],
it is trivial that

Xν(0) = Yν(0) = 0. (7.2.6)

If X ′ν, Y
′
ν denote the covariant derivatives along βν, γν respectively, we have

X ′ν(0) = − f (ρ, ν)e1 + 1

m(ρ)
e2, Y ′ν(0) = f (ρ, ν)e1 + 1

m(ρ)
e2, (7.2.7)

where f (ρ, ν) is defined in (7.1.22).

Proposition 7.2.1. Let β: [0, s] → M be a geodesic βc defined by (7.2.3) for
some c ∈ (−m(ρ),m(ρ)) such that p /∈ β[0, s). If r ′(t), i.e., dr (β(t))/dt , is
nonzero on [0, s) then the Jacobi field Xc defined by (7.2.5) is given by

Xc(t) = r ′(t)
∫ r (t)

ρ

m(r )√
m2(r )− c2

3 dr

{
−c

(
∂

∂r

)
β(t)

+ r ′(t)
(
∂

∂θ

)
β(t)

}
(7.2.8)

on [0, s).

Proof. Fix any positive s1 < s. Then it follows from the assumption that there
exists a positive δ such that, for each ν with |ν − c| < δ, the function

∂

∂t
r (βν(t))

is nonzero on [0, s1]. Put r (t, ν) := r (βν(t)) and θ (t, ν) := θ (βν(t)). In partic-
ular, put r (t) := r (t, c) and θ (t) := θ (t, c) for simplicity. Since r ′ is positive
on [0, s1],

∂

∂t
r (t, ν)
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is positive for any t ∈ [0, s1] and any ν with |ν − c| < δ. Thus it follows from
(7.1.19) and (7.2.4) that, for each ν with |ν − c| < δ,

∂

∂t
r (t, ν) = 1

g(r (t, ν), ν)
(7.2.9)

holds on [0, s1]. By (7.1.25),

t =
∫ r (t,ν)

ρ

g(r, ν) dr (7.2.10)

for any t ∈ [0, s1] and any ν with |ν − c| < δ. If we differentiate (7.2.10) with
respect to ν, then we get

∂r

∂ν
(t, c) = −cr ′(t)

∫ r (t)

ρ

m(r )√
m2(r )− c2

3 dr. (7.2.11)

However, it follows from Proposition 7.1.3 that

θ (t, ν) ≡ θ (q)+
∫ r (t,ν)

ρ

f (r, ν) dr mod 2π ; (7.2.12)

hence, by (7.2.11),

∂θ

∂ν
(t, c) = r ′(t)2

∫ r (t)

ρ

m(r )√
m2(r )− c2

3 dr. (7.2.13)

It follows from (7.2.11) and (7.2.13) that for any t ∈ [0, s) we get (7.2.8).

By an argument analogous to that in the proof of Proposition 7.2.1, we
conclude that the following holds:

Proposition 7.2.2. Let γ : [0, s] → M be a geodesic γc defined by (7.2.3) for
some c ∈ (−m(ρ),m(ρ)) such that p /∈ γ [0, s). If r ′(t) (= dr (γ (t))/dt is
nonzero on [0, s) then the Jacobi field Yc defined in (7.2.5) is given by

Yc(t) = −r ′(t)
∫ r (t)

ρ

m(r )√
m2(r )− c2

3 dr

{
−c

(
∂

∂r

)
γ (t)

+ r ′(t)
(
∂

∂θ

)
γ (t)

}
(7.2.14)

on [0, s).

Corollary 7.2.1. Suppose that c �= 0. If r ′(s) is zero then

Yc(s) = c

|c|m ′(r (s))
(
∂

∂r

)
γ (s)

. (7.2.15)

In particular, for each γν with |ν| ∈ (0,m(ρ)), γν |[0,s] has no conjugate points
of q along γν if ∂r (γν(t))/∂t is nonzero on [0, s).
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Remark 7.2.1. It follows from Lemma 7.1.5 that m ′(r (s)) �= 0.

Proof. From the definition of γν , (7.2.3),

r ′(t) = − 1

g(r (t), c)
. (7.2.16)

By l’Hôpital’s theorem,

lim
t→s−0

r ′(t)
∫ r (t)

ρ

m

(m2 − c2)3/2
dr = lim

t→s−0
1

r ′

∫ r (t)

ρ

m
√
m2 − c2

3 dr

= lim
t→s−0

−(r ′)3m(r (t))
r ′′(m2 − c2)3/2

. (7.2.17)

Thus by (7.2.16)

lim
t→s−0

r ′(t)
∫ r (t)

ρ

m

(m2 − c2)3/2
dr = 1

r ′′(s)m2(r (s))
. (7.2.18)

It follows from (7.1.15) and (7.1.19) that

r ′′(t) = c2m ′(r (t))
m3(r (t))

. (7.2.19)

By (7.2.18) and (7.2.19),

lim
t→s−0

r ′(t)
∫ r

ρ

m

(m2 − c2)3/2
dr = m(r (s))

c2m ′(r (s))
. (7.2.20)

It follows from (7.2.16) that m(r (s)) = |c|. Therefore by (7.2.14) and (7.2.20)
we get (7.2.15).

Proposition 7.2.3. Let γ : [0,∞)→ M be a geodesic γc defined by (7.2.3) for
some |c| ∈ (0,m(ρ)). Suppose that there exists a positive point s1 such that
s0 ∈ (0, s1) is a unique zero point of r ′ on [0, s1]. Then the Jacobi field Yc
defined in (7.2.5) is given by

Yc(t) = ∂θ

∂ν
(t, c)

{
−c g(r (t), c)

(
∂

∂r

)
γ (t)

+
(
∂

∂θ

)
γ (t)

}
(7.2.21)

on (s0, s1], where

θ (t, ν) = θ (γν(t)). (7.2.22)

Proof. Since r ′(s0) = 0, it follows that γ is tangent to the parallel S(p, r (s0)).
By Lemma 7.1.4, m ′(r (s0)) is nonzero. Thus by (7.1.15) and (7.1.19)

∂2

∂t2
r (t, c)
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is nonzero at t = s0. Here we have set

r (t, ν) = r (γν(t)). (7.2.23)

It follows from the inverse-function theorem that there exists a smooth function
s on (c − δ, c + δ) for some positive δ with δ < |c| satisfying

s(ν) = min{t > 0; ∂r (t, ν)/∂t = 0}
for each ν ∈ (c − δ, c + δ) and s(c) = s0. By taking a smaller δ if necessary,
we may assume that for each ν ∈ (c − δ, c + δ), s(ν) is the unique zero point
of ∂r (t, ν)/∂t on [0, s1]. It follows from (7.1.24) and (7.1.25) that, for each
ν ∈ (c − δ, c + δ),

θ (t, ν) ≡ θ (q)+
∫ ρ

r (s(ν),ν)
f (r, ν) dr +

∫ r (t,ν)

r (s(ν),ν)
f (r, ν) dr mod 2π

(7.2.24)

and

t =
∫ ρ

r (s(ν),ν)
g(r, ν) dr +

∫ r (t,ν)

r (s(ν),ν)
g(r, ν) dr (7.2.25)

on (s(ν), s1]. Since

g(r, ν) = 1

g(r, ν)
+ ν f (r, ν)

holds, it follows from (7.2.25) that

t =
∫ ρ

r (s(ν),ν)

1

g(r, ν)
dr +

∫ r (t,ν)

r (s(ν),ν)

1

g(r, ν)
dr

+ ν
(∫ ρ

r (s(ν),ν)
f (r, ν) dr +

∫ r (t,ν)

r (s(ν),ν)
f (r, ν) dr

)
. (7.2.26)

If we differentiate equation (7.2.26) with respect to ν, we get

0 = 1

g(r (t, ν), ν)

∂r

∂ν
(t, ν)+ ν ∂θ

∂ν
(t, ν). (7.2.27)

Note that

1

g(r, ν)
=
√
m2(r )− ν2
m(r )

= 0

at r = r (s(ν), ν) and

∂

∂ν

1

g(r, ν)
= − f (r, ν).
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Hence

∂r

∂ν
(t, ν) = −ν g(r (t, ν), ν) ∂θ

∂ν
(t, ν) (7.2.28)

holds for any t ∈ (s(ν), s1] and ν ∈ (c − δ, c + δ). By (7.2.28) we obtain
(7.2.21).

Let a1 be a small positive number such that m ′ is positive on [0, a1]. Note
that m ′(0) = 1 by Proposition 7.1.1. Let k : [0,m(a1)] → R be the inverse
function of m|[0,a1]. By Corollary 7.1.1,

k ′(0) = 1, k ′′(0) = 0.

By Lemma 7.1.2 there exists a smooth function h on [0,m(a1)] satisfying

k ′(t) = 1+ t2h(t). (7.2.29)

Proposition 7.2.4. Let Y0 be the Jacobi field Yν along τq = γν , defined by
(7.2.5), for ν = 0. Then Y0 is given by

Y0(t) =
{
− 2

m(a1)
+ 2m(a1)h(m(a1))− 2

∫ m(a1)

0
th′(t) dt

+
∫ ρ

a1

1

m2
dr +

∫ t−ρ

a1

1

m2
dr

}(
∂

∂θ

)
τq (t)

(7.2.30)

on (ρ,∞).

Proof. Fix an arbitrary number t > ρ. Since Yν depends smoothly on ν, it
follows from Proposition 7.2.3 that

Y0(t) = lim
ν→+0

Yν(t) = lim
ν→+0

∂θ

∂ν
(t, ν)

(
∂

∂θ

)
τq (t)

(7.2.31)

on (ρ,∞). If we set m(r ) = t then it follows from integrating by parts that, for
any sufficiently small positive number ν,∫ a1

r (s(ν),ν)
f (r, ν) dr =

∫ m(a1)

ν

(
arccos

ν

t

)′
+ ν

(√
t2 − ν2

)′
h(t) dt

= arccos
ν

m(a1)
+ ν

√
m(a1)2 − ν2 h(m(a1))

− ν
∫ m(a1)

ν

√
t2 − ν2 h′(t) dt. (7.2.32)
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Thus

lim
ν→+0

∂

∂ν

∫ a1

r (s(ν),ν)
f (r, ν) dr = − 1

m(a1)
+ m(a1) h(m(a1))−

∫ m(a1)

0
th′(t) dt.

(7.2.33)

By (7.2.24),

lim
ν→+0

∂θ

∂ν
(t, ν) = 2 lim

ν→+0
∂

∂ν

∫ a1

r (s(ν),ν)
f (r, ν) dr

+ lim
ν→+0

∂

∂ν

∫ ρ

a1

f (r, ν) dr + lim
ν→+0

∂

∂ν

∫ r (t,ν)

a1

f (r, ν) dr.

(7.2.34)

Therefore, combining (7.2.31), (7.2.33) and (7.2.34), we obtain (7.2.30).

Corollary 7.2.2. If
∫∞
1 L(t)−2 dt is finite then there exists a positive constant δ

such that, for any point q with 0 < d(p, q) ≤ δ, there is no conjugate point of q
along τq . If

∫∞
1 L(t)−2 dt is infinite then, for any point q distinct from p, there

exists a conjugate point of q along τq . Moreover the geodesic µq |[d(p,q),∞) is a
unique ray emanating from q.

Proof. Suppose that ∫ ∞

1

1

L(t)2
dt

is finite. Thus, by the relation L(t) = 2πm(t),∫ ∞

a1

1

m2
dr

is finite also. Choose a small positive number δ satisfying

−
∫ a1

δ

1

m2
dr +

∫ ∞

a1

1

m2
dr − 2

m(a1)

+ 2m(a1)h(m(a1))− 2
∫ m(a1)

0
th′(t) dt < 0. (7.2.35)

Then, for any point q with 0 < d(p, q) ≤ δ and any t > d(p, q), Y0(t) is
nonzero by (7.2.30) and (7.2.35). Since p is a pole, it is trivial that Y0 does not
vanish on (0, ρ]. Therefore, for any point q with 0 < d(p, q) ≤ δ, there is no
conjugate point of q along τq . Suppose that∫ ∞

1

1

L(t)2
dt
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is infinite. Then ∫ ∞

a1

1

m2(r )
dr

is infinite also. Take any point q distinct from p; by (7.2.30) there exists a t1 > ρ
such that Y0(t1) = 0. Therefore there is a conjugate point of q along τq . The
last claim of the corollary is clear from Lemma 7.1.9.

From now on, we will regard

lim inf
t→∞ L(t)

as nonzero. Since L(t) = 2πm(t), by taking a smaller positive number a1, if
necessary, we may assume that

m(t) > m(a1) (7.2.36)

for any t > a1. Suppose that the point q satisfies ρ < a1. Then it follows from
the choice of a1 that, for each ν ∈ (0,m(ρ)), the function

∂r

∂t
(t, ν)

has a unique zero point at t = t(ν), where r (t, ν) is the function defined by
(7.2.23) and t(ν) is the unique solution t > 0 of r (t, ν) = k(ν). Geometrically,
γν is tangent to a unique parallel S(p, k(ν)) at a unique point γν(t(ν)) for each
ν ∈ (0,m(ρ)). By (7.1.25) we have

t(ν) =
∫ ρ

k(ν)
g(r, ν) dr.

Definition 7.2.1. For each positive number ρ < a1, let φρ(r, ν) be a function
on {(r, ν); m(ρ) > ν > 0, r > k(ν)} defined by

φρ(r, ν) =
∫ ρ

k(ν)
f (r, ν) dr +

∫ r

k(ν)
f (r, ν) dr, (7.2.37)

where f (r, ν) is defined in (7.1.22).

Proposition 7.2.5. Let γ : [0,∞)→ M be a geodesic γc defined by (7.2.3) for
some c ∈ (0,m(ρ)). If the number ρ is less than a1 then the Jacobi field Yc
defined in (7.2.5) is given by

Yc(t) = 1

g2(r (t), c)

∂φρ

∂ν
(r (t), c)

{
−cg(r (t), c)

(
∂

∂r

)
γ (t)

+
(
∂

∂θ

)
γ (t)

}
(7.2.38)

on (t(c),∞), where r (t) = r (γ (t)).
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Proof. From (7.2.24) we have

∂θ

∂ν
(t, ν) = ∂φρ

∂ν
(r (t, ν), ν)+ ∂r

∂ν
(t, ν) f (r (t, ν), ν), (7.2.39)

where θ (t, ν), r (t, ν) are functions defined by (7.2.22) and (7.2.23) respectively.
Thus it follows from (7.2.28) that

g2(r (t, ν), ν)
∂θ

∂ν
(t, ν) = ∂φρ

∂ν
(r (t, ν), ν) (7.2.40)

holds on {(t, ν); t > t(ν), 0 < ν < m(ρ)}. From Proposition 7.2.3 we obtain
(7.2.38).

Lemma 7.2.1. The inequality

∂

∂ν

∫ r

k(ν)
f (r, ν) dr

≤ −1√
m2(r )− ν2

(1+ ν2h(m(r )))+ (2m2(a1)+ m(a1))C(m) (7.2.41)

holds on {(r, ν); ν ∈ (0,m(ρ)), k(ν) < r ≤ a1}, where
C(m) := max{|h(t)|, |h′(t)|; 0 ≤ t ≤ m(a1)} (7.2.42)

is a constant depending on m.

Proof. By the same procedure as for equation (7.2.32), we get∫ r

k(ν)
f (r, ν) dr = arccos

ν

m(r )
+ ν

√
m(r )2 − ν2 h(m(r ))

− ν
∫ m(r )

ν

√
t2 − ν2 h′(t) dt. (7.2.43)

Thus
∂

∂ν

∫ r

k(ν)
f (r, ν) dr = −1√

m(r )2 − ν2
(1+ ν2h(m(r )))

+
√
m(r )2 − ν2 h(m(r ))

+
∫ m(r )

ν

(
ν2√

t2 − ν2 −
√
t2 − ν2

)
h′(t) dt. (7.2.44)

Since ∣∣∣∣∫ m(r )

ν

ν2√
t2 − ν2 h

′(t) dt
∣∣∣∣ ≤ C(m) ν

∫ m(r )

ν

t√
t2 − ν2 dt

= C(m) ν
√
m2(r )− ν2,

(7.2.41) follows.
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Lemma 7.2.2. Suppose that

lim inf
t→∞ L(t)

is nonzero and that ∫ ∞

1

1

L2(t)
dt

is finite. Then there exists a positive constant b < a1 such that, for each positive
number ρ ≤ b,

∂φρ

∂ν
(r, ν)

is strictly negative on {(r, ν); r > k(ν), m(ρ) > ν > 0}.
Remark 7.2.2. vonMangoldt [59] proved this lemma for a two-sheeted hyper-
boloid of revolution.

Proof. Choose a positive number b < a1 satisfying

1− m2(b)C(m)

m(b)
> C1(m)+ (2π )2 g(a1,m(b))

3
∫ ∞

a1

1

L2(t)
dt, (7.2.45)

where

C1(m) := 2(2m2(a1)+ m(a1))C(m) (7.2.46)

is a constant depending on m. Note that

m2(b)C(m) < 1 (7.2.47)

because the right-hand side of the inequality (7.2.45) is positive. Suppose that
r ≤ a1. By Lemma 7.2.1,

∂φρ

∂ν
(r, ν) ≤ −1+ ν2 h(m(ρ))√

m2(ρ)− ν2
+ C1(m)− 1+ ν2 h(m(r ))√

m2(r )− ν2
. (7.2.48)

Since

1+ ν2 h(m(r )) ≥ 1− m2(b)C(m) > 0

and

1+ ν2 h(m(ρ)) ≥ 1− m2(b)C(m) > 0,

by (7.2.47), we obtain

∂φρ

∂ν
(r, ν) ≤ −1− m2(b)C(m)

m(b)
+ C1(m). (7.2.49)
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Therefore, again by (7.2.47),

∂φρ

∂ν
(r, ν)

is negative on {(r, ν); 0 < ν < m(ρ), a1 ≥ r > k(ν)} for each positive ρ ≤ b.
Suppose that r > a1. By Lemma 7.2.1,

∂φρ

∂ν
(r, ν) ≤ −1− m2(b)C(m)

m(b)
+ C1(m)+

∫ r

a1

m

(m2 − ν2)3/2 dr.

Since

m(r )

(m2(r )− ν2)3/2 ≤
g3(a1, ν)

m2(r )
<

(2π )2g(a1,m(b))3

L2(r )

on [a1,∞), we get

∂φρ

∂ν
(r, ν) ≤− 1− m2(b)C(m)

m(b)
+ C1(m)

+ (2π )2g(a1,m(b))
3
∫ ∞

a1

1

L2(t)
dt. (7.2.50)

From the choice of b, the right-hand side of (7.2.50) is negative. Therefore we
have proved the lemma.

Lemma 7.2.3. Let M be a surface of revolutionwith vertex p. If a point q (�= p)
is a pole then any point x with d(p, x) ≤ d(p, q) is also a pole. Hence the set
of poles on M forms a closed ball centered at p.

Proof. It follows from Lemma 7.1.1 that any point on S(p, ρ), where ρ =
d(p, q), is a pole. Thus it is sufficient to prove that any point x with 0 <
d(p, x) < d(p, q) is a pole. Take such a point x and fix it. Let Ax be the set of
all unit tangent vectors v such that the geodesic γv(t) := exp tv, t ∈ [0,∞), is a
ray. We shall prove that Ax is open in SxM . Fix any v ∈ Ax . Since γv intersects
S(p, ρ) at a pole y on S(p, ρ), γ−v is a subray of the ray emanating from y
through x . Note that each point on S(p, ρ) is a pole. Hence there exists an open
arc I containing −v of SxM such that, for any w ∈ I , γw intersects S(p, ρ).
This implies that, for any w with −w ∈ I , γw is a subray of a ray emanating
from a point on S(p, ρ). Thus Ax is open in SxM . Since Ax is a nonempty
closed set, it follows from the connectedness of S(p, ρ) that Ax = SxM .

Definition 7.2.2. For a surface of revolution M with vertex p, define a number
r (M) by

r (M) := sup{d(p, q); q is a pole}.
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Theorem 7.2.1. Let M be a surface of revolution with vertex p. Then the set
of poles on M forms the closed ball with radius r (M) centered at p. Moreover,
r (M) is nonzero iff M satisfies∫ ∞

1

1

L2(t)
dt <∞ (7.2.51)

and

lim inf
t→∞ L(t) > 0, (7.2.52)

where L(t) denotes the length of S(p, t).

Proof. The first part of the claim is clear from Lemma 7.2.3. If r (M) is nonzero
then it follows fromLemmas 7.1.8 and 7.1.9 thatweobtain (7.2.51) and (7.2.52).
Suppose that the conditions (7.2.51), (7.2.52) hold. We shall prove that if a
point q is sufficiently close to p then, for any geodesic emanating from q,
there is no conjugate point of q along the geodesic. Note that any geodesic
equals βν, |ν| ≤ m(ρ), or γν, |ν| < m(ρ). If 0 < d(p, q) < a1 then for, each
|ν| ∈ (−m(ρ),m(ρ)),

∂

∂t
r (βν(t))

is nonzero on [0,∞). Therefore it follows from Proposition 7.2.1 that there is
no conjugate point of q along βν . If ν = ±m(ρ) then

∂

∂t
r (βν(t))

is zero at t = 0 but positive on (0,∞). Take any positive t1. Ifwe applyCorollary
7.2.1 to the reversed geodesic of βν |[0,t1] emanating from βν(t1) then q is not
conjugate to βν(t1) along βν . Since t1 is arbitrary, there is no conjugate point
of q along βν , in the case ν = ±m(ρ). It follows from Corollaries 7.2.1 and
7.2.2, Proposition 7.2.5 and Lemma 7.2.2 that if d(p, q) is sufficiently small
then for each ν ∈ [0,m(ρ)) there is no conjugate point of q along γν . Therefore,
by Lemma 7.1.1, for each ν ∈ (−m(ρ),m(ρ)) there is no conjugate point of q
along γν , if d(p, q) is sufficiently small. Thus the proof is complete.

Corollary 7.2.3. Let M be a surface of revolution admitting a total curvature
c(M). If c(M) is less than 2π then the set of poles on M forms a closed ball
centered at the vertex of M, which does not consist of a single pole.

Proof. It follows from Theorem 5.2.1 that

lim
t→∞

L(t)

t
= 2π − c(M).
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Thus the function L(t) satisfies the conditions (7.2.51) and (7.2.52).ByTheorem
7.2.1 the claim is clear.

7.3 The cut loci of a von Mangoldt surface

Definition 7.3.1. A surface of revolution M is called a von Mangoldt surface
if G(x) is not greater than G(y), for the Gaussian curvatures G(x), G(y) of
any two points x, y on M with d(p, x) ≥ d(p, y), where p denotes the vertex
of M .

Lemma 7.3.1. Let M be a von Mangoldt surface with vertex p. If on the
geodesic τq emanating from a point q there is no conjugate point of q then
q is a pole.

Remark 7.3.1. The lemma above was proved by vonMangoldt [59] in the case
where M is a two-sheeted hyperboloid of revolution.

Proof. Suppose that q is not a pole. Take an endpoint x of the cut locus of q.
Since the cut point x admits a unique sector, q is conjugate to x along any
minimal geodesic joiningq to x . Let τ : [0, d(q, x)]→ M be aminimal geodesic
joining q to x . Since p is a pole,

d(p, τq (t)) = | d(p, q)− d(q, τ (t)) |

on [0, d(q, x)]. Thus it follows from the triangle inequality that

d(p, τq (t)) ≤ d(p, τ (t))

on [0, d(q, x)]. This inequality implies that

G(τq (t)) ≥ G(τ (t))

on [0, d(q, x)], since M is a von Mangoldt surface. By the Sturm comparison
theorem (Lemma 4.2.4), there exists a conjugate point of q along τq . This
contradicts the assumption on τq .

Lemma 7.3.2. Let M be a surface of revolution with vertex at p and let q be
any point distinct from p. Let (r, θ ) be geodesic polar coordinates around p
such that θ (q) = 0. If two points q1, q2 satisfy

r (q1) = r (q2), 0 ≤ θ (q1) < θ (q2) ≤ π

then d(q, q1) < d(q, q2).
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B(q1, ε) µq1

q1 c(t1)

α

β

τqµq

q = τq(0) p = τq(d(p, q))

Figure 7.3.1

Proof. We may assume that

0 < θ (q1) < θ (q2) < π, (7.3.1)

because the remaining case reduces to this one. Let c : [0, d(q, q2)]→ M be
a minimizing geodesic joining q to q2. By the assumption (7.3.1), c intersects
µq1 at a unique point x . Then it is trivial that

d(q, x)+ d(x, q2) = d(q, q2). (7.3.2)

It follows from the assumption r (q1) = r (q2) and the triangle inequality that

d(x, q1) < d(x, q2). (7.3.3)

Hence it follows from the triangle inequality that

d(q, q1) ≤ d(q, x)+ d(x, q1) < d(q, x)+ d(x, q2) = d(q, q2).

Thus the proof is complete.

Theorem 7.3.1. If M is a von Mangoldt surface with vertex p then, for any
point q ∈ M \ {p}, the cut locus Cq of q equals τq [t0,∞), where τq (t0) denotes
the first conjugate point of q along τq .

Proof. First, we will prove that Cq ⊂ τq (d(p, q),∞). Supposing the existence
of a cut point q1 of q such that q1 /∈ τq (d(p, q),∞), we shall obtain a contra-
diction. If we note that p is a pole, there exists an endpoint q1 of Cq such that
q1 /∈ τq [d(p, q),∞) ∪ µq [0,∞) (see Figure 7.3.1). Since q1 admits a unique
sector  ε(q1), it is conjugate to q along any minimal geodesic joining q to q1.
Since any minimizing geodesics joining q and q1 do not intersect the meridian
µq1 within its interior, the inner angle of  ε(q1) at q1 is also greater than π .
Let c : [0, 1]→ Cq be a Jordan arc emanating from q1 = c(0) and for each

t ∈ (0, 1) let  +ε (c(t)) be the unique sector at c(t) containing c(t, 1]. Since the
inner angle of  ε(q1) at q1 is also greater than π , for any sufficiently small
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positive t , that of +ε (c(t)) at c(t) is also greater than π . Therefore the function
[0, 1] ' t �→ d(q, c(t)) is strictly monotone increasing on [0, t1] for some
positive t1. Thus there exists a unit-speed geodesic β : [0, d(q, c(t1))] → M
joining q to c(t1) such that the angle determined by τ̇q (0) and β̇(0) is less than
that between τ̇q (0) and α̇(0), where α : [0, d(q, q1)]→ M denotes a unit-speed
minimal geodesic joining q to q1. It follows from the first variation formula that
β is longer than α. Moreover, for each s ∈ (0, L(α)), where L(α) denotes the
length of α, there exists a unique parameter value t(s) of β satisfying

θ (α(s)) = θ (β(t(s))).
Note that both the functions θ ◦ α, θ ◦ β are strictly monotone increasing.
Here we assume the geodesic polar coordinates (r, θ ) are chosen in such a way
that θ (q) = 0 < θ (q1) < π . Fix s ∈ (0, L(α)). Let (a, b) be the connected
component containing t(s) of the set {t ∈ (0, L(β)); d(p, β(t)) < d(p, α(s))}.
If a = 0 (resp. b ≥ L(α)) then s > a (resp. s < b). Hence we may assume
that a > 0 (resp. b < L(α)) in order to prove s > a (resp. s < b). From the
definition of (a, b) we have

d(p, α(s)) = d(p, β(a)) = d(p, β(b)).

Since 0 < θ (β(a)) < θ (α(s)) = θ (β(t(s))) < θ (β(b)) < π , it follows from
Lemma 7.3.2 that

a = d(q, β(a)) < s = d(q, α(s)) < d(q, β(b)) = b,

which implies that d(p, β(s)) < d(p, α(s)) for any s ∈ (0, L(α)). Since M is a
von Mangoldt surface,

G(α(s)) ≤ G(β(s))

for any s ∈ [0, L(α)]. As noted above, q is conjugate to q1 along α. Thus,
by the Sturm comparison theorem, q is conjugate to β(s1) along β for some
s1 ∈ (0, L(α)] ⊂ (0, L(β)). This is a contradiction. Thus Cq is contained in
τq (d(p, q),∞). IfCq is nonempty then it follows fromLemma7.3.1 that the first
conjugate point of q along τq is τq (t0). For any t > t0, τq |[0,t] is not aminimizing
geodesic. Thus there exist at least two minimizing geodesics joining q to τq (t),
each of which is distinct from τq . Hence τq (t) is a cut point of q for any t > t0.
Thus we have proved that if Cq is nonempty then

τq [t0,∞) ⊂ Cq .

Suppose that τq |[0,t0] is not minimizing. Then there exists a cut point τq (t1)
of q with 0 < t1 < t0 such that τq |[0,t1] is minimizing. Since τq (t1) is not
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conjugate to q along τq , there exists a minimizing geodesic γ joining q to τq (t1)
that is distinct from τq . Then the two minimizing geodesics τq |[0,t1] and γ |[0,t1]
bound a relatively compact domain D. Take any geodesic c : [0,∞) → M
emanating from q such that c|[0,t] lies in D for sufficiently small positive t . If
the geodesic c does not meet γ or τq except at q then the geodesic is a ray. Note
that Cq ⊂ τq (d(p, q),∞). But this is a contradiction, since the image of c is
bounded. Thus c meets γ or τq again. Since γ |[0,t1], τq |[0,t1] are minimizing, c
meets them at γ (t1) = τq (t1). This fact means that τq (t1) is conjugate to q along
τq . This is a contradiction. Therefore we have proved that Cq = τq [t0,∞).

Proposition 7.3.1. Let q be a point on a vonMangoldt surface M. Suppose that
there exist two distinct unit-speed minimizing geodesics α, β emanating from
q that meet at τq (s0) for some positive s0. If the relatively compact domain D
bounded by α, β does not contain the vertex of M then the Gaussian curvature
G of M is constant on the set {x ∈ M ; r1 ≤ d(p, x) ≤ r2}, where

r1 := min{d(p, α(t)), d(p, β(t)); 0 ≤ t ≤ L(α) = L(β)}
and

r2 := max{d(p, α(t)), d(p, β(t)); 0 ≤ t ≤ L(α) = L(β)}.
Proof. Without loss of generality, we may assume that for each t ∈ (0, L(α)),
the subarc µα(t)|[0,d(p,α(t))] of the meridian µα(t) meets β. Then, by the proof of
Theorem 7.3.1, the inequalities

d(p, β(t)) ≤ d(p, α(t)), G(α(t)) ≤ G(β(t))

hold on [0, L(α)]. Furthermore, it follows from Theorem 7.3.1 that there is no
cut point of q in the domain D. Therefore q is conjugate to τq (s0) along α and
β respectively. It follows from the Sturm comparison theorem that

G(α(t)) = G(β(t))

for any t ∈ [0, L(α)]. SinceM is a vonMangoldt surface, theGaussian curvature
of M is constant on the set

A(t) := {x ∈ M ; d(p, β(t)) ≤ d(p, x) ≤ d(p, α(t))}
for each t ∈ (0, L(α)). Since two sets A(t1), A(t2) have a commonpoint if |t1−t2|
is sufficiently small, G is constant on the set {x ∈ M ; r1 ≤ d(p, x) ≤ r2}.
Definition 7.3.2. For each smooth function f : [0,∞)→ R that is extensible
to a smooth even function around 0, let M( f ) denote the surface of revo-
lution in the three-dimensional Euclidean space E3 defined by the equation
z = f (

√
x2 + y2).
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Note that the Gaussian curvature of the surface M( f ) at a point (x, y,
f (
√
x2 + y2)), x > 0, is given by

f ′ f ′′

x (1+ f ′(x)2)2

and at the vertex it is f ′′(0)2.

Remark 7.3.2. It follows fromLemma7.1.3 thatM( f ) is a smoothRiemannian
manifold. Such an M( f ) that is also a von Mangoldt surface was called a
flattening surface by Elerath. Theorem 7.3.1 was proved for a flattening surface
by him in [22].

Example 7.3.1. Let f1 be the function defined by

f1(x) := a
√
x2 + b,

where a, b are positive constants. Then the surface M( f1) is a two-sheeted
hyperboloid of revolution. Moreover the surface is a von Mangoldt surface,
since the Gaussian curvature at (x, y, f1(

√
x2 + y2)) equals

a2 b

((1+ a2) x2 + b)2
.

Let x = x1(t) : [0,∞)→ R be the inverse function of

t =
∫ x

0

√
1+ f ′1(x)2 dx .

Thus

x ′1(t) =
1√

1+ f ′1(x(t))2
. (7.3.4)

If L(t) denotes the length of the parallel on M( f1) with radius t then

L(t) = 2πx1(t). (7.3.5)

By l’Hôpital’s theorem and (7.3.4), we get

lim
t→∞

L(t)

t
= 2π lim

t→∞ x ′1(t) =
2π√
a2 + 1

. (7.3.6)

Therefore it follows from Theorem 7.2.1 that the set of poles on M( f1) forms
a nontrivial closed ball centered at the vertex of M( f1).

Example 7.3.2. Let f2 be the smooth function defined by f2(x) = ax2, where
a is a positive constant. Then M( f2) is a paraboloid of revolution and a von
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Mangoldt surface. Let x = x2(t) : [0,∞)→ R be the inverse function of

t =
∫ x

0

√
1+ f ′2(x)2 dx .

If L(t) denotes the length of the parallel on M( f2) with radius t then we get∫ ∞

1

1

L2(t)
dt = 1

(2π )2

∫ ∞

1

1

x2(t)2
dt = 1

(2π )2

∫ ∞

x2(1)

1

x2

√
1+ f ′2(x)2 dx .

(7.3.7)

Thus ∫ ∞

1

1

L2(t)
dt ≥ a

2π2

∫ ∞

x2(1)

1

x
dx = ∞. (7.3.8)

This inequality implies that the vertex is a unique pole on M( f2), by Theorem
7.2.1.

Example 7.3.3. Let φ : [0,∞)→ [0, 1] be a smoothmonotone nondecreasing
function such that φ ≡ 0 on [0, 2] and φ ≡ 1 on [4,∞). Then the function
f3 : [0,∞)→ R is defined by

f ′′3 (x) = 2(1− φ(x))+ φ(x)
x
,

with f3 = f ′3 = 0 at x = 0. In order to check that the surface M( f3) is a von
Mangoldt surface, we shall introduce a function k defined by

k(t) = t

(1+ t2)2
.

Sincethefunctionk ismonotonedecreasingon [1/
√
3,∞), the function k( f ′3(x))

is monotone nonincreasing on [1/2
√
3,∞). Thus on this interval the function

f ′3 f ′′3
x (1+ f ′3

2)2
= f ′′3 k( f

′
3(x))

x

is also monotone nonincreasing. Since f3(x) = x2 on [0, 2],

f ′3 f ′′3
x (1+ f ′3

2)2
= 4

1+ 4x2

is monotone decreasing on [0, 2]. Thus M( f3) is a von Mangoldt surface. It is
easy to check that the conditions (7.2.51) and (7.2.52) hold and that

lim
t→∞

L(t)

t
= 0

for the surface M( f3). Thus the total curvature of the surface is 2π and the set
of poles on the surface forms a nontrivial closed ball.
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In [56], Maeda found an upper bound for the diameter of the set of poles on
a nonnegatively curved Riemannian manifold M , as follows. Let p be a point
on M . For each positive t , let D(t) denote the diameter of Sp(t). Then he and
Sugahara proved in [100]:

Theorem 7.3.2. Let M be a complete connected Riemannian manifold with
nonnegative sectional curvature. Then the number

d0(M) := lim sup
t→∞

D(t)2

t

is independent of the choice of the point p, and the diameter of the set of poles
on M is not greater than than d0(M)/8.

As a remark on this theorem the following lemma implies that the vertex of a
surface of revolution M with nonnegative Gaussian curvature is a unique pole
if d0(M) is finite.

Lemma 7.3.3. Let (M, g) be a surface of revolution with vertex p. If the
Gaussian curvature of M is nonnegative then limt→∞ D(t)/L(t) is positive.

Proof. Since the claim is trivial in the case where the Gaussian curvature is
identically zero, we omit this case. Let γ :R → M be a unit-speed geodesic
with γ (0) = p. Then, by Lemma 7.3.2,

D(t) = d(γ (t), γ (−t))

holds on [0,∞). Since D(t) is Lipschitz continuous, its derivative exists almost
everywhere, and

D(t) =
∫ t

0
D′(t) dt (7.3.9)

holds for any positive t . By (2.2.5), if D(t) is differentiable at t > 0 then there
exists a unique minimizing geodesic αt joining γ (t) and γ (−t) in each closed
half-plane cut off by γ , and

D′(t) = cos θ (t)+ cos θ (−t) (7.3.10)

holds, where θ (t) and θ (−t) denote the inner angles at γ (t) and γ (−t) of the
domains bounded by αt and γ |[−t,t] respectively. Note that θ (t) = θ (−t) by the
symmetry of M . Since the Gaussian curvature of M is not identically zero, γ is
not a straight line. Thus, for sufficiently large t , the geodesic αt and that given
by the reflection with respect to γ bound a compact domain �(t). It follows
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from the Gauss–Bonnet theorem and Theorem 2.2.1 that

c(�(t)) = 4θ (t), c(M) ≤ 2π. (7.3.11)

Since the Gaussian curvature of M is nonnegative, it follows from (7.3.11) that
θ (t) ≤ π/2 for almost all t . Therefore D(t) is monotone nondecreasing by
(7.3.9) and (7.3.10). Let B(t) denote the open ball with center p and radius t .
Since L(t) = 2πm(t),

L ′(t) = 2π − c(B(t))

for any positive t . Therefore L(t) is also monotone nondecreasing, since the
Gaussian curvature of M is nonnegative. If L(t) is bounded then it is trivial that

lim
t→∞

D(t)

L(t)

is positive. By the Gauss–Bonnet theorem,

D′(t) = 2 cos
c(�(t))

4
≥ sin

(
π

2
− c(B(t))

4

)
(7.3.12)

holds for almost all sufficiently large t . By l’Hôpital’s theorem, we get

lim
t→∞

L(t)

t
= lim

t→∞ L ′(t) = 2π − c(M),

lim
t→∞

D(t)

t
= lim

t→∞ D′(t) = 2 cos
c(M)

4
. (7.3.13)

Hence, if the total curvature c(M) is less than 2π then

lim
t→∞

D(t)

L(t)
= 2 cos 1

4c(M)

2π − c(M)
(7.3.14)

holds. On the one hand, if c(M) equals 2π and limt→∞ L(t) = ∞ then by
Lemma 5.2.1 we get

lim inf
t→∞

D(t)

L(t)
≥ lim inf

t→∞
D′(t)
L ′(t)

≥ lim
t→∞

sin t

2t
= 1

2
. (7.3.15)

On the other hand, the inequality

lim sup
t→∞

D(t)

L(t)
≤ 1

2
(7.3.16)

holds, since 2D(t) ≤ L(t) for any positive t . By (7.3.15) and (7.3.16), we have
limt→∞ D(t)/L(t) = 1/2.

For a von Mangoldt surface M , let us calculate the number r (M) (see
Definition 7.2.2).
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Theorem 7.3.3. Let M be a von Mangoldt surface with∫ ∞

1

1

L2(t)
dt <∞.

If the bounded number c(L) defined by

c(L) := 4
∫ ∞

0

L(t)− t L ′(t)
L3(t)

dt (7.3.17)

is nonpositive then r (M) = ∞, and if c(L) is positive then r (M) equals the
unique zero point of the function F : (0,∞)→ R defined by

F(r ) := c(L)−
∫ ∞

r

1

L2(t)
dt. (7.3.18)

Proof. Let q be a point distinct from the vertex of M . It follows from (7.2.30)
that the Jacobi field Y0 along τq is given by

Y0(t) =
(
− 2

m(a1)
+ 2m(a1)h(m(a1))− 2

∫ m(a1)

0
th′(t) dt

+ 2
∫ ∞

a1

1

m2(r )
dr −

∫ ∞

ρ

1

m2(r )
dr

−
∫ ∞

t−ρ

1

m2(r )
dr

)(
∂

∂θ

)
τq (t)

(7.3.19)

on (ρ,∞). Since Y0(t) is independent of the choice of a1,

C := − 2

m(s)
+ 2m(s)h(m(s))− 2

∫ m(s)

0
th′(t) dt + 2

∫ ∞

s

1

m2(r )
dr

(7.3.20)

is constant on (0, a1]. It follows from integrating by parts that

4
∫ ∞

t

m − rm ′

m3
dr = 2

∫ ∞

t

1

m2
dr − 2t

m2(t)
(7.3.21)

holds for any positive t . Thus we have

C = 4
∫ ∞

s

m − rm ′

m3
dr + 2s

m2(s)
− 2

m(s)

+ 2m(s)h(m(s))− 2
∫ m(s)

0
th′(t) dt,

for any s ∈ (0, a1]. From l’Hôpital’s theorem and Corollary 7.1.1,

lim
s→+0

(
s

m2(s)
− 1

m(s)

)
= lim

s→+0
s − m(s)

m2(s)
= 0.
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Since C is independent of s, we get

C = lim
s→+0

C = 4
∫ ∞

0

m − rm ′

m3
dr = (2π )2c(L). (7.3.22)

From (7.3.19) and (7.3.22),

Y0(t) = (2π )2
{
F(ρ)−

∫ ∞

t−ρ

1

L(r )2
dr

}(
∂

∂θ

)
τq (t)

(7.3.23)

for any t > ρ. If c(L) is nonpositive then Y0(t) is nonzero for any t > ρ. This
implies that there is no conjugate point of q along τq . Hence by Lemma 7.3.1 q
is a pole. Since q is arbitrary, r (M) = ∞. Suppose that c(L) is positive. Let s0
be the unique zero point of the function F . Then it is trivial that if ρ is greater
(resp. less) than s0 then Y0(t) has a zero point (resp. no zero point) in (ρ,∞).
Hence r (M) is equal to the zero point of F by Lemma 7.3.1.

As an application of Theorem7.3.3, wewill construct a vonMangoldt surface
that has a positive constant Gaussian curvature around the vertex, but each
point of which is a pole. That is, we will construct a Riemannian manifold with
sectional curvature of both signs but without conjugate points. Such a manifold
was first constructed by R. Gulliver in [33]. Let m0 : (0,∞) → (0,∞) be a
smooth function defined by

m0(r ) = (1− φ(r )) sin r + φ(r )(r − c + tan 2c), (7.3.24)

where c is a positive constant less than π/4 and φ:R → R denotes a smooth
nondecreasing function such that φ(r ) = 0 for r ≤ c and φ(r ) = 1 for r ≥ 2c.

Lemma 7.3.4. The value ∫ ∞

0

m0(r )− rm ′0(r )
m3

0(r )
dr

is negative.

Proof. Fix a positive constant ε (< c). Then, integrating by parts, we have∫ ∞

ε

m0(r )− rm ′0(r )
m3

0(r )
dr =

∫ ∞

ε

1

m2
0

dr + 1

2

∫ ∞

ε

r

(
1

m2
0

)′
dr

= 1

2

∫ ∞

ε

1

m2
0

dr − ε

2 sin2 ε
. (7.3.25)
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Since m0(r ) ≥ sin r on [c, 2c],∫ ∞

ε

1

m2
0

dr ≤
∫ 2c

ε

1

sin2 r
dr +

∫ ∞

2c

dr

(r − c + tan 2c)2

= −cot 2c + cot ε + 1

c + tan 2c
. (7.3.26)

By l’Hôpital’s theorem,

lim
ε→+0

(
cot ε − ε

sin2 ε

)
= lim
ε→+0

sin ε cos ε − ε
sin2 ε

= 0.

It follows from (7.3.25) and (7.3.26) that∫ ∞

0

m0(r )− rm ′0(r )
m3

0(r )
dr ≤ −cot 2c

2
+ 1

2(c + tan 2c)
< 0. (7.3.27)

By (7.2.22), it is clear that −m ′′0/m0 ≡ 1 on (0, c) and −m ′′0/m0 ≡ 0 on
(2c,∞). Thus there exists a smooth nonincreasing function K : [0,∞)→ R
such that K ≤ −m ′′0/m0 on (0,∞), K ≡ 1 on [0, c] and K ≡ constant on
[2c,∞). If m denotes the solution of the following differential equation,

m ′′ + Km = 0,

with initial conditions m(0) = 0, m ′(0) = 1 then m(r ) is not less than m0(r )
for any nonnegative r , by the Sturm comparison theorem. If (r0, θ0) denotes
geodesic polar coordinates around the origin for the Euclidean plane (R2, g0)
then it follows from Corollary 7.1.1 and Theorem 7.1.1 that (R2, dr20 +m(r0)2

dθ20 ) is a von Mangoldt surface whose vertex is the origin and whose Gaussian
curvature equals the function K .

Theorem 7.3.4. The von Mangoldt surface constructed above has a posi-
tive constant Gaussian curvature around the vertex (and a negative constant
Gaussian curvature outside a compact subset) but no conjugate points.

Proof. Since m(r ) ≥ m0(r ) on [0,∞), it follows from (7.3.25) that∫ ∞

0

m − rm ′

m3
dr ≤

∫ ∞

0

m0 − rm ′0
m3

0

dr.

Therefore, from Theorem 7.3.3 and Lemma 7.3.4, each point on the surface
(R2, dr20 +m2(r0)dθ20 ) is a pole and, in particular, has no conjugate points. The
claim regarding the Gaussian curvature is clear from the property of K , since
the Gaussian curvature equals the function.
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Weshall nowprove the twoanalytic inequalities below ((7.3.28) and (7.3.29)).

Proposition 7.3.2. Let f : (0, π/2] → (0,∞) be a smooth function that is
extensible to a smooth odd function around 0 with f ′(0) = 1. Suppose that the
function f ′′/ f is monotone nondecreasing on (0, π/2] and that π/2 is the least
positive zero point of the function f ′. Then the following inequalities,

f
(π
2

)
≤ 1, (7.3.28)

4
∫ π/2

0

f (t)− t f ′(t)
f 3(t)

dt ≥ π

f 2(π/2)
, (7.3.29)

hold and each equality holds iff f (t) = sin t .

Proof. Extend the function f to a smooth positive-valued function F on (0,∞).
Let G : [0,∞) → R be a smooth monotone nonincreasing function such
that G ≤ −F ′′/F on (0,∞) and G ≡ −F ′′/F on (0, π/2]. Let m be the
solution of the differential equation m ′′ + Gm = 0 with initial conditions
m(0) = 0, m ′(0) = 1. Then, by the Sturm comparison theorem, m ≥ F > 0
on (0,∞). Thus it follows from Corollary 7.1.1 and Theorem 7.1.1 that we
arrive at a von Mangoldt surface (M, g) := (R2, dr2+m2(r )dθ2), where (r, θ )
denotes geodesic polar coordinates around the origin for the Euclidean plane
(R2, g0). It follows from Lemma 7.1.4 that the parallel Sp(π/2) is a geodesic,
where p denotes the vertex of M . Let q be any point on Sp(π/2). By Theorem
7.3.1, the semicircle of Sp(π/2) emanating from q is minimizing. Thus the
length of the semicircle is not greater than that of the geodesic segment τq |[0,π ].
Since the length of the semicircle is πm(π/2), we obtain (7.2.35). By (7.2.30),
the Jacobi field Y0(t) along τq is given by

Y0(t) =
(
− 2

m(a1)
+ 2m(a1)h(m(a1))− 2

∫ m(a1)

0
th′(t) dt

+2
∫ π/2

a1

1

m2
dr +

∫ t−π/2

π/2

1

m2
dr

)(
∂

∂θ

)
τq (t)

(7.3.30)

on (π/2,∞). Since Y0(t) is independent of a1,

C := − 2

m(s)
+ 2m(s)h(m(s))− 2

∫ m(s)

0
th′(t) dt + 2

∫ π/2

s

1

m2
dr (7.3.31)

is constant on (0, a1]. It follows from integrating by parts that

4
∫ π/2

s

m − rm ′

m3
dr = 2

∫ π/2

s

1

m2
dr + π

m2(π/2)
− 2s

m2(s)
(7.3.32)
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Thus by (7.3.31)

C = − 2

m(s)
+ 2m(s)h(m(s))− 2

∫ m(s)

0
th′(t) dt + 2s

m2(s)

− π

m2(π/2)
+ 4

∫ π/2

s

m − rm ′

m3
dr (7.3.33)

holds for any s ∈ (0, a1]. It follows from l’Hôpital’s theorem and Corollary
7.1.1 that

lim
s→+0

(
s

m2(s)
− 1

m(s)

)
= 0.

Thus from (7.3.33) we get

C = lim
s→+0

C = 4
∫ π/2

0

m − rm ′

m3
dr − π

m2(π/2)
. (7.3.34)

By (7.3.30),

Y0(t) =
{
4
∫ π/2

0

m − rm ′

m3
dr − π

m2(π/2)
+
∫ t−π/2

π/2

1

m2
dr

}(
∂

∂θ

)
τq (t)

(7.3.35)

for any t ∈ (π/2,∞). Since τq (π ) is a cut point of q, it follows from
Theorem 7.3.1 that there exists a t0 ∈ (π/2, π ] such that Y0(t0) = 0. By
(7.3.35),

4
∫ π/2

0

m − rm ′

m3
dr − π

m2(π/2)
=
∫ π/2

t0−π/2

1

m2
dr ≥ 0.

Therefore we get (7.3.29). Suppose that the equality in (7.3.28) or in (7.3.29)
holds. Then τq |[0,π ] is alsominimizing. It follows fromProposition 7.3.1 that the
Gaussian curvature of M is constant on the closed ball B(p, π/2). Therefore,
by Corollary 7.1.1, f (t) = m(t) = sin t on [0, π/2]. Conversely, if f (t) = sin t
then the Gaussian curvature ofM is constant on the closed ball B(p, π/2). Thus
it is trivial that the equalities hold.
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The behavior of geodesics

In this chapter, we shall discuss the behavior of geodesics in Riemannian planes
admitting a total curvature. Our main purpose is to study the global topological
shapes of complete geodesics sufficiently close to infinity, originally studied
in [93] and [95]. In particular, we give some explicit estimates of the Whitney
rotation number and, in some cases, even the number of self-intersections of
such geodesics in terms of the curvature at infinity (or the total curvature). Also,
the existence of such a geodesic is discussed.

8.1 The shape of plane curves

In this section we introduce some preliminary notions needed in order to state
the main theorems of this chapter.
Let M be a two-dimensional differentiable manifold without boundary.

Definition 8.1.1 (Transversal immersion). A C∞-map α : I → M for an in-
terval I ⊂ R is said to be a weakly transversal immersion (resp. transversal
immersion) if it satisfies the following conditions, (1) and (2) (resp. (1), (2)
and (3)).

(1) (Immersibility condition) α̇(t) �= 0 for any t ∈ I .
(2) (Source transversality condition) Whenever α(a) = α(b) =: p for

a �= b, the tangent vectors α̇(a) and α̇(b) are linearly independent in TpM .
(3) (Target transversality requirement) The mapping α has no triple points,

i.e., there exist no different a, b, c∈ I such that α(a) = α(b) = α(c).

Note that in the case where α is a geodesic in a Riemannian manifold, α is
weakly transversal iff it is nonclosed.

243
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Lemma 8.1.1. If α : I → M is a proper weakly transversal immersion then
the set of crossing points of α is a discrete subset of M. In particular, if I is
compact then α has at most finitely many double points.

Proof. Suppose that the set of crossing points of a proper weakly transversal
immersion α : I→M is not discrete. Then there is a sequence of crossing
points pi = α(ai ) = β(bi ), i = 1, 2 . . . , converging to a point p ∈M . Since
α is proper, there are subsequences a j(i), b j(i) of ai , bi tending respectively to
some numbers a, b ∈ I . Then it follows that p = α(a) = β(b). Recall now
that for α : I→M to be differentiable we require that α can be differentiably
extended on an open interval containing I . The differentiability of α shows that
there exists an ε > 0 such that α|(t−a,t+a) has no self-intersection points, so that
we have a �= b. Moreover, α(a j(i)) = β(b j(i)) implies that α̇(a) = ±β̇(b). This
contradicts the source transversality condition of α.

Assume from now on that M is diffeomorphic to R2 and that an orientation
of M is fixed.

Definition 8.1.2 (Rotation number). Let α : I → M be a proper weakly trans-
versal immersion of a closed interval I ⊂ R. A double point p = α(a) = α(b),
a < b, of α is said to have a positive sign (sgn p := 1) if the basis (α̇(a), α̇(b))
has positive orientation and a negative sign (sgn p := −1) otherwise. Here, any
n-ple point p = α(a1) = · · · = α(an) such that ai �= a j for i �= j is interpreted
as consisting of

(n
2

)
different double points α(ai ) = α(a j ) for all i �= j . When

I is a compact interval, the rotation number rot α of α is defined by

rot α := | n+ − n− |,
where n+ (resp. n−) is the number of positive (resp. negative) double points of
α. When I = R, the rotation number of α is defined by

rot α := lim sup
s→−∞
t→+∞

rot α|[s,t] (∈ {0, 1, . . . ,∞}).

The maximal subrotation number maxrot α of a proper weakly transversal
immersion α : R→ M is defined by

maxrotα := sup{rot α̂; α̂ is a subarc of α}.
It is clear that rotα ≤ maxrotα. Note that rotα is an invariant of the com-

pactly supported regular homotopy class of α. Here, two proper transversal
immersions α, β :R→ M are said to be compact supported regular homotopic
if there exist two numbers a < b such that α(t) = β(t) for any t ∈ (−∞, a] ∪
[b,+∞) and such that there exists a regular homotopy between α|[a,b] and
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β|[a,b] fixing α̇(a) and β̇(b). However, the maximal subrotation number is not
an invariant up to a compactly supported regular homotopy.

Definition 8.1.3 (Semi-regular curves). A proper transversal immersion α :
R → M is called a semi-regular curve if there exists a (finite or infinite)
sequence of numbers · · · < a2< a1< b1< b2< · · · such that α(ai ) = α(bi )
for all i = 1, 2, . . . , are the double points of α. A semi-regular arc is defined
to be a subarc of some semi-regular curve.

In order to describe semi-regular curves we now classify loops and biangles
up to diffeomorphisms.
Recall that a loop inM is a curveα : [a, b]→ M such thatα(a) = α(b) =: p,

where p is called the base point of the loop α. A loop α : [a, b]→M is said to
be simple if α|[a,b) has no crossing point. Since M is diffeomorphic to R2, any
simple loop α bounds a compact disk domain �(α) in M . In the absence of a
Riemannian structure on M , we cannot measure the inner angle θ of�(α) at the
base point; nevertheless, for any Riemannian metric on M , we can distinguish
(independently of the given Riemannian metric) which of the relations θ < π ,
θ = π , θ > π holds. The disk domain �(α) is called a teardrop if θ < π and
a tomato if θ > π (see Figure 8.1.1).
A biangle in M is defined to be the union of two curves α : [a, a′]→ M and

β : [b, b′]→ M such that α(a) = β(b) and α(a′) = β(b′). A biangle α ∪ β is
said to be simple if the join of the two curves α and β, which forms a piecewise-
closed curve, is simple. Any simple biangle α ∪β in M bounds a compact disk
domain�(α ∪ β) in M . When the two inner angles θ1 and θ2 of such a domain
�(α ∪ β) are both not equal to π , one of the three following possibilities holds
(see Figure 8.1.2).
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  lemon   heart   apple

Figure 8.1.2

(1) θ1, θ2 < π , in which case �(α ∪ β) is called a lemon.
(2) θi < π and θī > π for some i = 1, 2 (where ī denotes the number in

{1, 2} different from i), in which case �(α ∪ β) is called a heart.
(3) θ1, θ2 > π , in which case �(α ∪ β) is called an apple.
Let α be a nonsimple semi-regular curve and let pi = α(ai ) = α(bi ), i =

1, 2, . . . , be the double points of α such that · · · < a2 < a1 < b1 < b2 < · · · .
The subarcα|[a1,b1] is a simple loop bounding a disk domain, say B1, thatmust be
a teardrop because α is proper. The union of the two subarcs α|[ai ,ai−1]∪α|[bi−1,bi ]
is a simple biangle bounding a disk domain, say Bi , that satisfies one of the two
sets of equivalent conditions:

(1) sgn pi−1 �= sgn pi ⇐⇒ Bi ∩
⋃i−1

j=1 Bj = {pi } ⇐⇒ Bi is a lemon.

(2) sgn pi−1 = sgn pi ⇐⇒ Bi ∪ {pi } ⊃
⋃i−1

j=1 Bj ⇐⇒ Bi is a heart.

Definition 8.1.4 (Semi-regularity index). The semi-regularity index (or sim-
ply index) ind α ∈ {0, 1, 2, . . . ,∞} of a semi-regular curve α in M is de-
fined to be the number of disks Bi associated with α that are not lemons (see
Figure 8.1.3).

The following proposition is easily proved.

Proposition 8.1.1. For a semi-regular curve α we have:

(1) rot α ≤ maxrot α ≤ ind α ≤ #{pi };
(2) α is simple iff ind α = 0.

Proposition 8.1.2. Let α be a semi-regular curve in M and f : N ∪ {0} → Z
a recursive function defined as follows:

f (0) := 0;
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Figure 8.1.3 A semi-regular curve of index 3.

for i ≥ 1,

f (i) :=
{
1+ f (i − 1) if Bi is not a lemon,
1− f (i − 1) otherwise;

for i ≥ #{pi },

f (i) := f (i − 1).

Then

rot α = lim sup
i→∞

| f (i)|.

Proof. Eliminate the lemons by using compactly supported regular homotopies.

Definition 8.1.5 (Regular and almost regular curve). A semi-regular curve α
is said to be almost regular if the largest heart (if any) contains no lemons. A
semi-regular curve α is said to be regular if it has no lemons.

Define a sequence of integers k( j) for j = 0, 1, . . . , ind α associated with a
semi-regular curve α by the following:

k(0) := 0;

k(1) := 1 if α is nonsimple;

k( j + 1) := min{i ∈ N; i ≥ k( j)+ 1 and Bi is a heart}.

The following are obvious.
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Proposition 8.1.3

(1) If α is a regular curve then rot α = maxrot α = ind α = #{pi }.
Given that a semi-regular curve α has a finite index, we have:

(2) α is regular iff ind α = #{pi };
(3) α is almost regular iff ind α = k(ind α);
(4) if α is almost regular, then

rot α =
{
ind α − 1 if #{pi } − ind α is odd,

ind α if #{pi } − ind α is even or infinite.

Proposition 8.1.4. Let K be a compact disk domain in M, and let α be a semi-
regular curve in M outside K such that K ⊂ int B1 if α is nonsimple. Then any
lift α̃ of α to the universal covering space Ñ of N := M \ K is a semi-regular
curve in the differentiable plane Ñ \ ∂ Ñ . Moreover, if α is almost regular then
the lift α̃ is simple.

Exercise 8.1.1. Prove Propositions 8.1.3 and 8.1.4.

Exercise 8.1.2. Apoint p in aRiemannianmanifoldM is called a pole if the ex-
ponential map expp : TpM → M is a local diffeomorphism. In particular, if M
is simply connected, this condition is equivalent to the condition that the expo-
nential map expp : TpM → M is a diffeomorphism. Prove that in a Riemannian
plane admitting a pole any semi-regular complete geodesic becomes regular.

Definition 8.1.6 (Reverse semi-regular arc). A reverse semi-regular arc in M
is defined to be a transversal immersion α of a compact interval I ⊂ R into M
satisfying the following condition: there exists a diffeomorphism ϕ :M → C
such that 0 /∈ ϕ◦α(I ) and the curve I ' t �→ 1/ϕ◦α(t) ∈ C (whereC is the com-
plex plane) is a semi-regular arc with an associated teardrop containing 0 ∈ C.

8.2 Main theorems and examples

In this section we shall present the main results of this chapter; proofs will be
given in the later sections.
Riemannian planes M admitting a total curvature are classified into three

classes, contracting Riemannian planes, expanding Riemannian planes and
building Riemannian planes (see Figure 8.2.1 and Definition 8.3.1 below).
For example, if c(M) < 2π then M is expanding (see Proposition 8.3.2).

The positive (resp. negative) curvature locus M+ (resp. M−) of M is defined
to be the subset of M where the Gaussian curvature is positive (resp. negative).



8.2 Main theorems and examples 249

contracting
Riemannian plane

expanding
Riemannian plane

building
Riemannian plane

Figure 8.2.1

In the case c(M) = 2π , if M+ is bounded and M− is unbounded then M is
contracting; if M+ is unbounded and M− is bounded then M is expanding; if M
is flat outside a compact subset then M is building. It holds that M is building
iff arbitrarily close enough to infinity there exists a simple closed geodesic (see
Proposition 8.3.1 below).

Theorem 8.2.1. If M isanexpandingRiemannianplane, any complete geodesic
in M close enough to infinity is semi-regular.

Under the more strict assumption that c(M) < 2π , we have the (almost)
regularity of a complete geodesic and the control of its index. Let us first see
the following simple (but typical) example.

Example 8.2.1

(1) In a flat cone C := cone S1(θ/2π ), θ > 0, any geodesic γ (not passing
through the vertex o) is regular. Let C̃ be the universal covering space of
C \ {o}, and let γ̃ be a lift of γ (see Figure 8.2.2). There is a ray σ in C
from the vertex such that a lift σ̃ of σ is parallel to γ̃ . The index of γ
coincides with the number of all lifts of σ intersecting γ , which is equal to
n(θ ) := max{k ∈ Z; kθ < π}.

(2) Let M be a Riemannian plane that contains a compact subset K outside
which the Gaussian curvature is zero. Then there is a compact disk
domain K ′ of M containing K such that M\K ′ is isometrically embedded
into the cone over S1(λ∞(M)/2π ). Therefore, any complete geodesic
γ in M close enough to infinity is regular and with index
ind γ = n(λ∞(M)).
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In a general Riemannian plane M with c(M) < 2π , all geodesics close
enough to infinity almost behave as in the above examples. Indeed, we have:

Theorem 8.2.2. Let M beaRiemannianplanewithλ∞(M) > 0 such that either
λ∞(M) = +∞ or π/λ∞(M) is not an integer. Then any complete geodesic
sufficiently close to infinity is regular and its index is [π/λ∞(M)].

In particular, if c(M) < π , the above theorem implies that any complete
geodesic sufficiently close to infinity is proper and simple.

Theorem 8.2.3. Let M beaRiemannianplane such thatπ/λ∞(M) is an integer.
For a complete geodesic γ , consider the following three conditions:

(i) γ is regular and

ind γ = π/λ∞(M)− 1;

(ii) γ is regular and

ind γ =
{
π/λ∞(M) if c(M) �= π,
0 or 1 if c(M) = π ;

(iii) γ is not regular but almost regular (with possibly infinitely many double
points) and

ind γ = π/λ∞(M).

Then, for a complete geodesic γ sufficiently close to infinity we have:

(1) if M− is bounded then all γ satisfy condition (i);
(2) if M− is unbounded and M+ is bounded then all γ satisfy condition (ii);
(3) if both M+ and M− are unbounded then all γ satisfy (i), (ii) or (iii).
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Figure 8.2.3

Remark 8.2.1. As shownby the next example, the conditionM− is unbounded,
M+ is bounded and c(M) = π does not determine the index of a complete
geodesic γ inM suffciently close to infinity; the indexmay then satisfy ind γ =
0 or 1. Nevertheless, if there is a compact subset of M outside which M is
negatively curved then any such geodesic γ satisfies ind γ = 1.

Example 8.2.2. Let f : [0,+∞) → R be a unique continuous function such
that f (t) := 1/(t − ln t) for all t ∈ (0,+∞), and set A := {(x, y) ∈ R2; x ≥
0, y ≤ f (x)}; see Figure 8.2.3. The curve c := ∂A is the image of a smooth
proper curve defined on R containing the negative y-axis, asymptotic to the
positive x-axis and with only one inflection point, pa := (a, f (a)), 1 < a < 2.
Therefore, considered as a function with values in [0,+∞), the radius of cur-
vature of c is bounded away from 0 by a positive number r0.
For any p = (xp, yp) ∈ R2 let

Bp := {(x, y, z) ∈ R3; |z| ≤ 1/2,

(x − xp)
2 + (y − yp)

2 ≤ (ε ln 4)2g(z)2},
where 0 < ε < r0 and where g : [−1/2, 1/2]→ R is a unique continuous func-
tion such that g(t) := (ln(1/4− t2))−1 for all t ∈ (−1/2, 1/2). Note that Bp is a
smooth revolution ball of axis {p} ×R with north pole (xp, yp, 1/2) and south
pole (xp, yp,−1/2). The boundary M := ∂B of B := ⋃

p∈A Bp is a smooth
Riemannian plane embedded in R3 with c(M) = π . The surface M is flat on
(A×{1/2,−1/2}) ∪D, where D := {(x, y, z) ∈ M ; x ≤ 0, y ≤ 0}. Note that
the meridian µp := M ∩ Bp for any p ∈ c is a geodesic arc of M and satisfies⋃

p∈c µp = M \ int (A×{−1/2, 1/2}). Decompose c−{pa} into three subarcs,
c0, c+ and c−, where c0 is the closed negative y-axis, c+ is the open bounded
subarc between the origin and pa and c− is the open unbounded subarc starting
at pa asymptotic to the positive x-axis. Now, it follows that D = ⋃

p∈c0 µp,
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M+ = ⋃
p∈c+ µ

′
p and M− = ⋃

p∈c− µ
′
p, where µ

′
p := µp − {poles} and M±

is the positive or negative curvature locus of M . Let ĉ := M ∩ (R2 × {0}),
and let ĉ∗, with ∗ = 0,+,−, be the image of the mapping of c∗ into ĉ by the
normal projection from c to ĉ. Among all complete geodesics of M , it is easily
verified that those which orthogonally intersect ĉ0 are simple and those which
orthogonally intersect ĉ− are regular and of index unity with their double points
on ĉ0. Arbitrary close to infinity there exist complete geodesics in M of these
two types.

Theorem 8.2.4. In a Riemannian plane M with
∫
M G+ dM < 2π , any com-

plete geodesic is semi-regular and

ind γ <
π

2π − ∫M G+ dM
.

Theorem 8.2.5. Let M be a Riemannian plane with c(M) = 2π . For any n ≥ 1
there exists a compact subset Kn of M such that any proper complete geodesic
in M outside Kn satisfies

maxrot γ ≥ n.

The following corollary is a direct consequence of Theorems 8.2.1 and 8.2.5.

Corollary 8.2.1. Let M be an expanding Riemannian plane with c(M) = 2π .
Then for any n ≥ 1 there exists a compact subset Kn of M such that any
complete geodesic γ in M outside Kn is semi-regular and of index ind γ ≥ n.

Regarding the existence of a complete geodesic arbitrarily close to infinity,
we have:

Theorem 8.2.6

(1) If M is a contracting Riemannian plane then there exists a compact subset
of M having an intersection with any complete geodesic in M.

(2) If M is an expanding Riemannian plane then for any subset K of M there
exists a complete geodesic in M not intersecting K .

8.3 The semi-regularity of geodesics

Throughout this section, letM be aRiemannian plane forwhich a total curvature
exists. The purpose of this section is to prove the semi-regularity of geodesics
(see Theorem 8.3.3 below).
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Lemma 8.3.1. For any compact subset K of M there exists a compact disk
domain C in M containing K and which is either locally convex or locally
concave.

Proof. To prove the lemma, it may be assumed that K is a compact disk do-
main. Let {pi } be a sequence of points in M \ K such that d(pi , K ) tends to
+∞ as i → ∞. Among all loops in M \ K with base point pi that are not
homotopic to zero, we can find a minimal loop ci for each i . Then each ci is
a simple closed curve bounding a compact disk domain Di containing K that
is locally convex except possibly at pi . If ci0 for an i0 does not intersect K
then it must be a geodesic loop, and consequently Di0 =: C is either locally
convex or locally concave (in fact, Di0 is a teardrop, a tomato or a disk do-
main bounded by a simple closed geodesic). Assume that every ci intersects
K . Find lifts p̃i of pi for all i in a common fundamental domain D(σ 0, σ 1)
of the universal covering space Ũ of U := M \ K , where σ is a ray in M
from K . For each i , there exist different two subarcs αi and βi of pr−1(ci )
connecting p̃i to ∂Ũ , both of which are contained in D(σ−1, σ 2) because of
the minimal property of ci . Applying Lemma 3.2.2 yields that the inner an-
gle of Di at pi tends to zero, so that Di is locally convex for sufficiently
large i .

Definition 8.3.1 (Classification of Riemannian planes). A locally convex (resp.
concave) filling of M is defined to be a family F of compact locally convex
(resp. concave) contractible subsets of M such that for any compact subset K
of M there exists a C ∈ F with K ⊂ C . By Lemma 8.3.1, Riemannian planes
are classified into the following three cases.

(1) (Contracting case) M has a locally concave filling and no locally convex
filling, in which case it is said to be contracting.

(2) (Expanding case) M has a locally convex filling and no locally concave
filling, in which case it is said to be expanding.

(3) (Building case) M has both a locally concave filling and a locally
convex filling, in which case it is said to be building.

Proposition 8.3.1. The Riemannian plane M is building iff M has a sequence
{γi } of simple closed geodesics such that d(p, γi )→+∞ as i →∞ for a fixed
point p ∈ M.

Proof. Assume that M is building. Then there exists a monotone increasing
sequence {Ci } of locally concave disk domains in M with

⋃
i Ci = M . For

each i , we can find a locally concave disk domain C ′i ⊃ Ci . Since each C ′i \Ci

is locally convex and homotopy-equivalent to S1, if we can find a minimal
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closed curve γi in C ′i \Ci not homotopic to zero, we see that it must be a simple
closed geodesic. It is clear that d(p, γi )→+∞.
Let us prove the converse. Assume that there exists such a sequence {γi }

of simple closed geodesics. Each γi surrounds a compact disk domain �(γi ).
Choosing any compact disk domain K in such a way that

∫
M\K G+ dM < 2π ,

we can exclude the case where Di ∩ K = ∅, because c(Di ) = 2π . If i is
sufficiently large then we have γi ∩ K = ∅, so that �(γi ) must contain K .
The arbitrariness of K shows that F := {�(γi )} is a locally convex and locally
concave filling.

For a compact subset K of M let

δ(K ) := 2π −
∫
M\K

G+ dM −max{0, c(K )}

= min

{
2π −

∫
M\K

G+ dM, 2π −
∫
M
G+ dM +

∫
K
G− dM

}
.

It follows that

δ(K ) = min

{
2π −

∫
M\K

G+ dM, λ∞(M)−
∫
M\K

G− dM
}

provided c(M) > −∞.
We observe the following easy lemma.

Lemma 8.3.2. Let K and K ′ be two compact subsets of M.

(1) If K ⊂ K ′ then δ(K ) ≤ δ(K ′).
(2) If either K ⊂ K ′ or K ∩ K ′ = ∅ holds then 2π − c(K ′) ≥ δ(K ).
(3) As K tends to M, δ(K ) tends to λ∞(M).
(4) δ(∅) = 2π − ∫M G+ dM.

Proposition 8.3.2. If c(M) < 2π then M is expanding.

Proof. Since λ∞(M) > 0, Lemma 8.3.2(3) implies that there exists a con-
tractable compact subset K of M such that δ(K ) > 0. By Lemma 8.3.2(2) and
the Gauss–Bonnet theorem, any compact contractable subset K ′ of M contain-
ing K is not locally concave, which implies that M is expanding.

Let A be aRiemannianmanifold diffeomorphic to the annulus S1×[0, 1], and
let An , Aw be the two connected components of ∂A. For an arc α in A, denote by
�(α) the union of α and of all connected components of A\α not intersecting
Aw . Let ι∗ : (A, A∗)→ (D2, ∂D2), with ∗ = n,w , be an embedding; D2 is the
two-dimensional unit disk.
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Lemma 8.3.3. Let γ be a geodesic arc in int A such that

(1) if γ is nonsimple, it has a subarc that is a simple geodesic loop not
homotopic to zero;

(2) for any subarc γ̂ of γ , the region �(γ̂ ) is not locally concave.

Then, ιw ◦ γ and ιn ◦ γ are respectively semi-regular and reverse semi-regular
arcs in D2.

Proof. Let γ : [a, b]→ A be a geodesic arc. The lemma is trivial if γ is simple,
sowewill assume that γ is nonsimple. Then, we can find a subarc γ |[a1,b1] that is
a simple geodesic loop. It follows from condition (2) that � p1�(γ |[a1,b1]) < π ,
where p1 := γ (a1) = γ (b1), and hence ιw ◦ γ |[a1,b1] is semi-regular. Assume
now that a subarc ιw ◦ γ |[ak ,bk ] is semi-regular and that γ (ai ) = γ (bi ) =: pi for
i = 1, . . . , k are the double points of γ |[ak ,bk ], where ak < · · · < a1 < b1 <
· · · < bk . Since γ has at most a finite number of crossing points, it suffices to
prove that if there is a self-intersection point of γ other than p1, . . . , pk then
we can find a double point pk+1 = γ (ak+1) = γ (bk+1) such that ak+1 < ak ,
bk < bk+1 and such that ιw ◦ γ |[ak+1,bk+1] is semi-regular. Let us prove the
following:

Sublemma 8.3.1. The subarc γ |(bk ,b] does not intersect γ |[ak ,bk ] and has no
self-intersection points.

Proof. Suppose the contrary and let

t0 := inf {t ∈ (bk, b]; γ (t) ∈ γ [ak, t)};
see Figure 8.3.1. We will show that D0 := �(γ |[ak ,t0]) is locally concave, which
is contrary to condition (2). Note in general that for a geodesic arc σ in A,�(σ )
is locally concave iff for any p ∈ ∂�(σ ) there exist v ∈ SpM and ε > 0 such
that expp tv ∈ �(σ ) for any t ∈ R with |t | < ε. Since �(γ |[ak ,bk ]) is locally
concave except at pk , it suffices to verify that D0 is locally concave at pk and
γ (t0). Since γ (bk − ε, bk + ε) ⊂ D0 for a sufficiently small ε > 0, the region
D0 is locally concave at pk . Moreover, we can find a number s0 ∈ (ak, t0) such
that γ (s0) = γ (t0). Then we have γ (s0−ε, s0+ε) ⊂ D0 for a sufficiently small
ε > 0. Thus D0 is locally concave, which leads to a contradiction.

As well as Sublemma 8.3.1, we have that γ |[a,ak ) does not intersect γ |[ak ,bk ]
and has no self-intersection points. Suppose that there exists a self-intersection
point of γ other than p1, . . . , pk . Then γ [a, ak) ∩ γ (bk, b] is nonempty, and
hence there exist ak+1 ∈ [a, ak) and bk+1 ∈ (bk, b] such that γ (ak+1) = γ (bk+1)
and γ (ak+1, ak) ∩ γ (bk, bk+1) = ∅. Since, by condition (2), �(γ |[ak+1,bk+1]) is
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not locally concave, it must be convex at pk+1. Therefore ιw ◦ γ |[ak+1,bk+1] is a
semi-regular arc, which completes the proof of Lemma 8.3.3.

Theorem 8.3.1 (Semi-regularity of geodesic arcs). ForaRiemannianplane M
we have the following.

(1) If M is expanding, any geodesic arc in M close enough to infinity is
semi-regular.

(2) If M is contracting, any geodesic arc in M close enough to infinity is
reverse semi-regular.

(3) If
∫
M G+ dM ≤ 2π , any nonclosed geodesic arc is semi-regular.

Proof. (1), (2): Let M be a Riemannian plane that is either expanding or con-
tracting. Then there exists a compact disk domain K with smooth boundary
such that

(i)
∫
M\K G+ dM ≤ π ;

(ii) if M is expanding (resp. contracting), there are no contractible compact
locally concave (resp. convex) subsets containing K .

Let γ be a geodesic arc in M outside K and find a compact disk domain K ′ in
M , with smooth boundary, such that γ ∪ K ⊂ int K ′. Set A := K ′ \ K and

An := ∂K , Aw := ∂K ′ if M is expanding,

An := ∂K ′, Aw := ∂K if M is contracting.
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To verify condition (1) of Lemma 8.3.3, we suppose that there is a subarc of γ
that is a simple geodesic loop homotopic to zero; then it bounds a disk domain
whose total curvature is> π by the Gauss–Bonnet theorem, which contradicts
(i). Condition (2) of Lemma 8.3.3 is implied by (ii). Note that the definition of
�(γ̂ ) in Lemma 8.3.3 depends on which side of the components of ∂K An lies.
The lemma leads to (1) and (2) of the theorem.
(3): Let γ be a nonsimple and nonclosed geodesic arc inM with

∫
M G+ dM ≤

2π . Then there exists a subarc γ |[a1,b1] that is a simple geodesic loop. Find two
compact disk domains K and K ′ in M with smooth boundary in such a way
that K ⊂ int �(γ |[a1,b1]) and γ ∪ K ⊂ int K ′. We apply Lemma 8.3.3 to
A := K ′ \ K , An := ∂K , Aw := ∂K ′ and γ , where condition (1) of Lemma
8.3.3 is trivial, and, with regard to condition (2), the Gauss–Bonnet theorem
and

∫
M G+ dM ≤ 2π together show that any locally concave domain must be

bounded by a simple closed geodesic; this implies condition (2), on recalling
that γ is nonsimple.

Remark 8.3.1. Let γ be a geodesic in M such that any subarc of γ is semi-
regular. Then, we cannot conclude that γ is semi-regular if γ is improper, and
Theorem 8.3.1 does not directly imply Theorem 8.2.1. Nevertheless there exists
a sequence · · · < a2 < a1 < b1 < b2 · · · such that γ (ai ) = γ (bi ), i = 1, 2, . . . ,
are the double points of γ .

Proposition 8.3.3. For a Riemannian plane M we have the following.

(1) If
∫
M G+ dM ≤ 2π , any closed geodesic is simple.

(2) If
∫
M G+ dM < 2π , there exist no closed geodesics in M.

Proof. Apply the Gauss–Bonnet theorem to the region �(γ ) for any closed
geodesic γ .

Exercise 8.3.1. For a contractible compact subset K of M , prove the follow-
ing.

(1) If δ(K ) ≥ 0 then
(i) any closed geodesic in M outside K is simple;
(ii) any nonclosed geodesic arc γ in M outside K is semi-regular.

(2) If δ(K ) > 0, there exist no closed geodesics in M outside K .

Lemma 8.3.4

(1) Let K be a compact disk domain in M such that
K ρ := {x ∈ K ; d(x, ∂K ) ≥ ρ} for some ρ > 0 is contractible and
δ(K ρ) > 0. Then any half-geodesic in M outside K is proper.

(2) If
∫
M G+ dM < 2π , any half-geodesic in M is proper.
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Note that the disk domain K as defined in (1) necessarily exists if c(M) < 2π .

Proof. Let K be the empty set if
∫
M G+ dM < 2π and let it be as defined in (1)

otherwise.We set ρ := +∞ if K = ∅. In either casewe have δ(K ) > 0. In order
to prove (1) and (2), it suffices to show that any half-geodesic γ with γ ∩K = ∅
is proper. Suppose there exists an improper half-geodesic γ : [0,+∞) → M
such that γ ∩K = ∅. Then there is a sequence ti ↗ +∞ such that γ̇ (ti ) tends to
some nonzero vector v ∈ TpM , p ∈ M \ K . For r := min{ρ, conv p}/2, there
exists an i0 such that γ (ti ) ∈ B(p, r ) and ti +4r < ti+1 for any i ≥ i0. For each
i ≥ i0, we can find a unique geodesic segment σi : [0, si ] → B(p, 2r ) from
γ (ti+1) to γ (ti +r ) whose image is different from that of γi := γ |[ti+r,ti+1]. Each
�(γi ∪ σi ) has at most two positive exterior angles, possibly at γ (ti + r ) and
γ (ti+1), both tending to zero as i →+∞.Hence, by theGauss–Bonnet theorem,

lim inf
i→∞

c(�(γi ∪ σi )) ≥ 2π.

No geodesic σi , for i ≥ i0, intersects K ρ and neither does γi ∪ σi , where we
agree that K ρ = ∅ if K = ∅. Since �(γi ∪ σi ) either contains K or does not
intersect K , Lemma 8.3.2(2) implies that

c(�(γi ∪ σi )) ≤ 2π − δ(K ρ) for any i ≥ i0,

which is a contradiction.

The following simple lemma will be used frequently later in the chapter.

Lemma 8.3.5. If K ⊂ D ⊂ M then

c(M)−
∫
M\K

G+ dM ≤ c(D) ≤ c(M)+
∫
M\K

G− dM.

Proof. The lemma follows from

c(D) = c(M)− c(M\D),

−
∫
M\K

G− dM ≤ c(M\D) ≤
∫
M\K

G+ dM.

Lemma 8.3.6. Assume that a contractible subset K of M satisfies
∫
M\K G+ dM

< c(M)−π . Then M contains no simple proper complete geodesic outside K .

Note that such a K exists if c(M) > π .

Proof. Suppose there exists a simple proper complete geodesic in M outside
K . Such a geodesic will splitM into two Riemannian half-planes, one of which,
say H , contains K . The Cohn-Vossen theorem implies that c(H ) ≤ π . On the
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γ(t − r) γ(t) = σ(0)

γ(t′ + r) γ(t′) = σ(l)

σ

Figure 8.3.2

contrary, however, by Lemma 8.3.5

c(H ) ≥ c(M)−
∫
M\K

G+ dM > π.

Lemma 8.3.7. Assume that c(M) = 2π and that there exists a compact disk
domain K in M such that M\K contains no simple closed geodesic, K ρ for
some ρ > 0 is contractible and

∫
M\K ρ G+ dM < π . Then any simple half-

geodesic outside K is proper.

Note that if M is either contracting or expanding then such a K exists.

Proof. For a compact subset C of M , a number 0 < δ < min{ρ, r} with
r := conv C and a simple geodesic arc γ : [t − r, t ′ + r ] → M outside K ,
t < t ′, we consider the following condition:

(i) γ (t), γ (t ′) ∈ C , t ′ − t > r , d(γ (t), γ (t ′)) < δ.

Under condition (i), for a unique minimal geodesic σ : [0, �]→ M from γ (t)
to γ (t ′) we describe the second condition:

(ii) The two bases (γ̇ (t), σ̇ (0)) and (γ̇ (t ′), σ̇ (�)) have orientations opposite to
each other (see Figure 8.3.2).

Sublemma 8.3.2. For any compact subset C of M there exists a number 0 <
δ < min{ρ, r} such that no simple geodesic arc γ : [t−r, t ′+r ]→ M outside
K satisfies conditions (i) and (ii) simultaneously.

Proof. Suppose the contrary, that there exist a compact subsetC of M and sim-
ple geodesic arcs γδ : [tδ − r, t ′δ + r ]→ M outside K for all δ ∈ (0,min{ρ, r})
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that satisfy conditions (i) and (ii). Taking a subarc of γδ for each δ if necessary,
we may assume that γδ intersects σδ only at γδ(tδ) = σδ(0) and γδ(t ′δ) = σδ(�),
where σδ is as in condition (ii), so that γδ|[tδ ,t ′δ ]∪σδ forms a simple closed curve.
Since γδ is simple, an easy discussion using the triangle comparison theorem
(Theorem 1.7.4) implies that

d(γδ(tδ − s), γδ(t
′
δ + s)) < ω(δ) for any s ∈ [−r/2, r/2],

where ω(δ) is a function tending to zero as δ→ 0 and depending only on r and
the supremum on C of the absolute value of the Gaussian curvature of M . By
using the triangle comparison theorem (Theorem 1.7.4) together with condition
(ii), it can be proved easily that

| � (γ̇δ(tδ), σ̇δ(0))− � (−γ̇δ(t ′δ), σ̇δ(�)) | < ω(δ).

Denote by Dδ the disk domain bounded by γ |[tδ ,t ′δ ] ∪ σ . The above inequality
and the Gauss–Bonnet theorem imply that

| c(Dδ)− π | < ω(δ).

Note that ∂Dδ = γδ|[tδ ,t ′δ ] ∪ σδ possibly intersects K but does not intersect K ρ .
If Dδ contains K ρ , we have 2π − c(Dδ) = c(M \ Dδ) ≤

∫
M\K ρ G+ dM , which

together with the above inequality implies that 0 < π−∫M\K ρ G+ dM < ω(δ);

this is contrary to the arbitrariness of δ. Hence Dδ is contained in M \ K ρ and
so c(Dδ) ≤

∫
M\K ρ G+ dM , which leads to a contradiction.

To prove Lemma 8.3.7, we suppose that there exists an improper and simple
half-geodesic γ outside K . Then there exists a sequence ai →+∞ of numbers
such that γ̇ (ai ) tends to a vector v ∈ TpM , p ∈ M \ K . Let {Ci }i=1,2,..., be a
monotone increasing sequence of compact subsets of M such that

⋃
i Ci = M

and p ∈ int C1, and let δi be associated with Ci as in Sublemma 8.3.2. For a
vectorw ∈ TpM perpendicular to vwe define a geodesic σ : (−δ/2, δ/2)→ M
by σ (t) := expp tw , t ∈ (−δ/2, δ/2), where δ is a small number such that
δ ≤ δ1 and σ ⊂ C1. Let s, s ′, t and t ′ be any four numbers such that s �= s ′,
t �= t ′, σ (s) = γ (t) and σ (s ′) = γ (t ′) and such that σs,s ′ := σ |(min{s,s ′}, max{s,s ′})
does not intersect γt,t ′ := γ |(min{t,t ′}, max{t,t ′}) (see Figure 8.3.3). Sublemma 8.3.2
shows that both (σ̇ (s), γ̇ (t)) and (σ̇ (s ′), γ̇ (t ′)) induce the same orientation of
M and that γ − γt,t ′ does not intersect σs,s ′ . Therefore, the intersection points
of σ and γ are expressed as σ (s j ) = γ (t j ), j = 1, 2, . . . , where s j → 0
and t j ↗ +∞ are monotone sequences. By reversing the parameter of σ if
necessary, it may be assumed that {s j } is monotone increasing. We obtain:
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σ(s) = γ(t)

σs,s′ ⊂ σ

σ(s′) = γ(t′)

p v

w

γt,t′ ⊂ γ

Figure 8.3.3

Sublemma 8.3.3. For any i , j , t and t ′ such that t j ≤ t < t ′ ≤ t j+1,
d(γ (t), γ (t ′)) < δi and γ (t), γ (t ′) ∈ Ci , we have

min {t ′ − t, t − t j + t j+1 − t ′ − (s j+1 − s j )} < δi .

Proof. Observe that σ |[s j ,s j+1] ∪ γ |[t j ,t j+1] forms a simple closed curve with two
break points and apply Sublemma 8.3.2 to γ |[t j ,t j+1].
We denote by Dj the disk domain bounded by σ |[s j ,s j+1] ∪ γ |[t j ,t j+1]. Note

that {Dj } is a monotone sequence. If γ is bounded, then by Sublemma 8.3.3
the limit set D∞ := lim j D j is a disk domain and its boundary is the simple
closed geodesic γ∞ := lim j γ |[t j ,t j+1], which does not intersect int K . The
existence of the closed geodesic γ∞ contradicts the assumption, so that γ is
unbounded. Thus, {Dj } is monotone increasing and the limit set D∞ =

⋃
j D j

is bounded by the limit γ∞ = lim j γ |[t j ,t j+1], which consists of disjoint simple
complete geodesics not intersecting int K . Now, by Lemma 8.3.6, any simple
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complete geodesic in M outside int K is not proper, so that in particular each
component τ :R → M of γ∞ is not proper. Therefore there exists a sequence
{bk} with |bk | → +∞ such that τ (bk) tends to a point q ∈ M . Taking an i0
with q ∈ int Ci0 and a small number r ∈ (0, δi0 ] such that B(q, r ) ⊂ intCi0 , we
obtain that the number of components of B(q, r ) ∩ γ |[t j ,t j+1] tends to +∞ as
j →+∞, because a subarc of γ |[t j ,t j+1] tends to τ . This contradicts Sublemma
8.3.3, and the proof of Lemma 8.3.7 is now complete.

Theorem 8.3.2. If M is either contracting or expanding, then any geodesic in
M sufficiently close to infinity is proper.

Proof. When c(M) < 2π , the theorem follows from Lemma 8.3.4(1). When
c(M) = 2π , Theorem 8.3.1 (see also Remark 8.3.1) implies that any half-
geodesic sufficiently close to infinity contains a simple sub-half-geodesic,which
is proper by Lemma 8.3.7.

The following theorem includes Theorem 8.2.1.

Theorem 8.3.3 (Semi-regularity of complete geodesics).

(1) If M is expanding, any complete geodesic in M sufficiently close to
infinity is semi-regular.

(2) If
∫
M G+ dM < 2π , any complete geodesic in M is semi-regular.

Proof. (1) follows from Theorems 8.3.1(1) and 8.3.2.
(2) follows from Theorem 8.3.1(3) and Lemma 8.3.4(2) (see also the proof

of Theorem 8.3.2).

8.4 Almost-regularity of geodesics;
estimate of index

Let γ : R→ M be a semi-regular geodesic in a Riemannian plane M . With the
notation of Section 8.1, let {Bi } be the sequence of disk domains inM associated
with γ , and set Dj := Bk( j)∪· · ·∪Bk( j+1)−1 for j = 1, . . . , indα−1.Moreover,
when ind α <∞, set Dind α := Bk(ind α). Set θ0 := π , θ j := � pk( j+1)−1Bk( j+1)−1
and ϕ j := � pk( j)Bk( j), for j = 1, . . . , ind γ − 1. When ind γ < ∞, set also
ϕind γ := θind γ := � pk(ind γ )Dind γ .

Lemma 8.4.1. If there exists a constant c < 2π such that c(Dj ) ≤ c for each
j = 1, . . . , ind γ then

ind γ <
π

2π − c
.
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Proof. Applying the Gauss–Bonnet theorem to each Dj yields

2π + θ j − θ j−1 ≤ c(Dj ) ≤ c.

Adding up this for j = 1, . . . , ind γ completes the proof.

Proof of Theorem 8.2.4. By Theorem 8.3.3(2), any complete geodesic γ in M
is semi-regular. For c := ∫

M G+ dM we apply Lemma 8.4.1 and obtain an
estimate of the index of γ .

Lemma 8.4.2. Let γ be a semi-regular geodesic for which k( j) = j for some
j ≥ 1. If there exists a constant c′ such that c(Bi ) ≥ c′ for each i = 1, . . . , j
then

ϕ j ≥ π − j(2π − c′),

and if in addition c(Bi ) > c′ for some i = 1, . . . , j then

ϕ j > π − j(2π − c′).

Proof. The Gauss–Bonnet theorem implies that

2π + ϕi − ϕi−1 = c(Bi ) for each i = 1, . . . , j,

which leads to the lemma.

Let us here demonstrate a method of proving the regularity of a geodesic and
of estimating its index (see Theorems 8.2.2 and 8.2.3). Assume that −∞ <

c(M) < 2π . Choose a sufficiently large compact disk domain K in M . Let γ be
a complete geodesic in M outside K , which is semi-regular by Theorem 8.3.3,
and let j0 be the maximal number of j-values for which k( j) = j . Then, since
each Di contains K , each c(Di ) is nearly equal to c(M). Assume for simplicity
that c(Di ) = c(M) for any i = 1, . . . , j0. By Lemma 8.4.1, we have an upper
estimate of the index of γ . If a := π − j0(2π − c(M)) > 0 then Lemma
8.4.2 implies that ϕ j0 ≥ a, and we can assume that

∫
M\K G+ dM < a, so that if

Bj0+1 exists and is a lemon then
∫
M\K G+ dM ≥ c(Bj0+1) ≥ ϕ j0 ≥ a, which is a

contradiction. In this way we obtain the almost-regularity of γ . Finally, we will
prove that ϕind γ is so small that the inequality ϕind γ ≥ π − ind γ (2π − c(M))
implies the lower estimate of the index.

Lemma 8.4.3. Let K be a compact contractible subset of M such that δ(K ) >
π . Then any geodesic outside K is simple.

Note that, by Lemma 8.3.2(3), if c(M) < π then a sufficiently large compact
subset K of M satisfies δ(K ) > π .
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Proof. Suppose that a nonsimple geodesic outside K exists. Then it has a subarc
that is a simple geodesic loop. The disk domain bounded by this geodesic loop,
say D, satisfies c(D) > π by the Gauss–Bonnet theorem. If D ∩ K = ∅ then
π < c(D) ≤ ∫

M\K G+ dM ≤ 2π − δ(K ), contrary to δ(K ) > π . If D ⊃ K
then π ≥ π − ∫M\D G+ dM = δ(D) ≥ δ(K ).
For θ > 0, we set

n(θ ) := max{k ∈ Z; kθ < π}, n′(θ ) := [π/θ ],

ε+(θ ) := π − n(θ ) θ

n′(θ )+ 1
, ε−(θ ) := (n′(θ )+ 1) θ − π

n′(θ )+ 1
.

It follows that

n′(θ )− n(θ ) =
{
0 if π/θ /∈ Z,
1 if π/θ ∈ Z,

π − n(θ ) = min{π − kθ ; k ∈ Z, 0 ≤ kθ < π},
(n′(θ )+ 1) θ − π = min{kθ − π ; k ∈ Z, kθ > π}

and in particular that ε±(θ ) are positive for any θ > 0.
From now on, assume that −∞ < c(M) < 2π and that a compact con-

tractible subset K of M satisfies∫
M\K

G+ dM < ε+(λ∞(M)),
∫
M\K

G− dM < ε−(λ∞(M)).

Note that such a K exists and satisfies δ(K ) > 0. For simplicity we set

ε± := ε±(λ∞(M)), n := n(λ∞(M)), n′ := n′(λ∞(M)).

Proposition 8.4.1 (Upper estimate of the index). For any semi-regular comp-
lete geodesic γ in M outside K , the index satisfies

ind γ ≤ n′,

and if M− ⊂ K then

ind γ ≤ n.

Proof. Let c := c(M)+ ∫M\K G− dM . It follows that 0 < δ(K ) ≤ 2π − c and
hence c < 2π . By Lemma 8.3.5, we have c(Dj ) ≤ c for any j = 1, . . . , ind γ .
Applying Lemma 8.4.1 yields

ind γ <
π

λ∞(M)− ∫M\K G− dM
<

π

λ∞(M)− ε− = n′ + 1.
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If M− ⊂ K , since
∫
M\K G− dM = 0 we have ind γ < π/λ∞(M), which

means that ind γ ≤ n.

Lemma 8.4.4 (Almost-regularity of complete geodesics). If γ is a complete
geodesic in M outside K that is semi-regular but not regular then π/λ∞(M) is
an integer ≥ 1 and γ is almost regular with index ind γ = n′ = n + 1.

Proof. Let j0 be the smallest integer j such that the disk domain Bj+1 associated
with γ is a lemon, in other words, the greatest integer j such that k( j) = j .
Let c′ := c(M) − ∫M\K G+ dM . Since c(Dj ) ≥ c′ for any j = 1, . . . , j0 (see
Lemma 8.3.5), applying Lemma 8.4.2 yields

ϕ j0 ≥ π − j0

(
λ∞(M)+

∫
M\K

G+ dM
)
.

By theGauss–Bonnet theorem,we haveϕ j0 < c(Bj0+1) ≤
∫
M\K G+ dM , which

together with the above implies that

π − j0 λ∞(M) ≤ ( j0 + 1)
∫
M\K

G+ dM < ( j0 + 1) ε+.

Proposition 8.4.1 implies that j0 ≤ ind γ ≤ n′ and hence that

( j0 + 1) ε+ ≤ (n′ + 1) ε+ = π − nλ∞(M).

Therefore, we obtain

n + 1 ≤ j0 ≤ n′,

which completes the proof.

Proposition 8.4.2. If M+ ⊂ K, any semi-regular geodesic outside K is regular.

Proof. TheGauss–Bonnettheoremprovesthenonexistenceofassociatedlemons.

Proposition 8.4.3 (Lower estimate of the index). If γ is a regular complete
geodesic in M outside K then

ind γ ≥ n.

Proof. When n = 0, the lemma is trivial. Assume that n ≥ 1 or equivalently
c(M) > π . Since

∫
M\K G+ dM < ε+ ≤ π − λ∞(M) = c(M) − π , Lemma

8.3.6 implies that γ is nonsimple. With the notation of Section 8.1, let Dind γ+1
denote the Riemannian half-plane bounded by γ (−∞, aind γ ]∪ γ [bind γ ,+∞)
and containing Bind γ = Dind γ (where ind γ is finite, by Proposition 8.4.1).
Note that Dind γ+1 has a unique inner angle equal to 2π−θind γ . It follows from
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the Cohn-Vossen theorem that c(Dind γ+1) ≤ 2π − θind γ , which together with
c(Dind γ+1) ≥ c(M)− ∫M\K G+ dM (see Lemma 8.3.5) implies that

θind γ ≤ λ∞(M)+
∫
M\K

G+ dM. (8.4.1)

However, applying Lemma 8.4.1 to c′ := c(M)− ∫M\K G+ dM yields

θind γ ≥ π − ind γ

(
λ∞(M)+

∫
M\K

G+ dM
)
.

Therefore

ind γ + 1 ≥ π

λ∞(M)+ ∫M\K G+ dM
>

π

λ∞(M)+ ε+ ≥ n(M).

Lemma 8.4.5. Assume that M+ is bounded, M− is unbounded and π/λ∞(M)
is an integer ≥ 2. If M+ ⊂ K then the index of any regular complete geodesic
γ in M outside K satisfies

ind γ ≥ n′ = n + 1.

Proof. Since π/λ∞(M) ≥ 2 we have c(M) ≥ 3π/2 > π , so that by Lemma
8.3.6, γ is nonsimple. Since M− is unbounded and M+ ⊂ K ⊂ B1, we have
0 > c(M \ B1) = c(M)− c(B1) and so c(B1) < c′ := c(M). Applying Lemma
8.4.1 yields

θind γ > π − ind γ λ∞(M).

However, remarking that
∫
M\K G+ dM = 0 and using (8.4.1) we have θind γ ≤

λ∞(M). Thus

ind γ >
π

λ∞(M)
− 1 = n′ − 1 = n.

Proof of Theorems 8.2.2 and 8.2.3. Theorems 8.2.2 and 8.2.3 (1), (3) follow
from Propositions 8.4.1 and 8.4.3 and Lemma 8.4.4.
(2) of Theorem 8.2.3 follows from Propositions 8.4.1, 8.4.3 and 8.4.2 and

Lemma 8.4.5.

8.5 The rotation numbers of proper complete geodesics

The purpose of this section is to prove Theorem 8.2.5.

Proof of Theorem 8.2.5. For an arbitrarily given number n ≥ 1 we take a
compact disk domain C in M with smooth boundary in such a way that
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∫
M\C |G| dM < 1/(100n). Moreover, we can find such a C that will satisfy
also

λabs(∂C) ≤
∫
M\C

|G| dM. (8.5.1)

In fact, we can find a sufficiently large compact disk domain that is either locally
convex or locally concave (see Lemma 8.3.1) and deform its boundary to obtain
a smooth compact disk C that is also either locally convex or locally concave.
Since |λ(∂C)| = |2π − c(C)| = |c(M\C)| ≤ ∫

M\C |G| dM , this C is the one
desired.
Theorem 6.1.3 implies the nonexistence of a critical point in M\B(C, R) of

the distance function toC for large R > 0. Hence, by Lemma 4.4.3, for any two
numbers r1 and r2 with R ≤ r1 < r2 the annulus A(C, r1, r2) is homeomorphic
to S1 × [r1, r2]. Set Kn := B(C, R) and N := M \ C and let pr : Ñ → N be
the universal covering. Find any proper complete geodesic γ in M outside Kn

and a lift γ̃ of γ in Ñ . Since γ is proper, the function R ' t �→ d(γ (t),C) =
d(γ̃ (t), ∂ Ñ ) attains its minimum at some number tmin. Let σ be a ray in M from
C (i.e., d(σ (s),C) = s for any s > 0) and let σ i for i ∈ Z be the lifts in Ñ
of σ such that · · · < σ−1 < σ 0 < σ 1 < · · · and γ̃ (tmin) ∈ D(σ 0, σ 1), where
D(σ i , σ j ) for i < j denotes the Riemannian half-plane in Ñ bounded by σ i ,
σ j and the subarc of ∂ Ñ from σ i (0) to σ j (0). For t ∈ R denote by σt a minimal
segment from ∂ Ñ to γ̃ (t). Let ∂ Ñ : R → ∂ Ñ be a positive parameterization
relative to the orientation of Ñ and let s(t) := ∂ Ñ−1(σt (0)). It follows from the
first variation formula that

� (σ̇t (0), ∂ ˙̃N (s(t))) = � (σ̇tmin (L(σtmin )), γ̇ (tmin)) =
π

2

for any t ∈ R, where L(·) denotes the length of a curve; note that s(t) is strictly
monotonic in t near tmin. We then assume that s(t) is monotone increasing in t
near tmin, reversing the parameterization of γ if necessary. Define two minimal
segments σ−t and σ+t from ∂ Ñ to γ̃ (t) as follows:

σ−t (0) = ∂ Ñ (min{s ∈ R; ∂ Ñ (s) is a foot point on ∂ Ñ of γ̃ (t)})

and

σ+t (0) = ∂ Ñ (max{s ∈ R; ∂ Ñ (s) is a foot point on ∂ Ñ of γ̃ (t)}).
Let It be the subarc of ∂ Ñ from σ−t (0) to σ

+
t (0) and let Dt be the region bounded

by σ−t , σ
+
t and It (see Figure 8.5.1). The Gauss–Bonnet theorem implies that

c(Dt ) = �
γ̃ (t)Dt − λ(It ).
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γ̃(t)

σ−
t Dt σ+

t

N∂ ˜ It

γ̃(tmin)

σtmin

Figure 8.5.1

Since Dt is contained in D(σ i , σ i+1) for some i , and since by (8.5.1), we have
|c(Dt )|, |λ(It )| ≤

∫
M\C |G| dM . Hence

�
γ̃ (t)Dt ≤ 2

∫
M\C

|G| dM <
1

50
. (8.5.2)

Denote by Jt the subarc of ∂ Ñ joining σtmin (0) to σt (0). In the casewhere γ̃ |[ tmin,t)
does not intersect σt for some t > tmin, the four arcs σtmin , Jt , σt and γ̃ |[ tmin,t ]
together bound a disk domain Et . Note that if t is close enough to tmin then Et

is defined. For any t > tmin such that Et is defined, we have

c(Et ) = �
γ̃ (t)Et − π

2
− λ(Jt ),

and hence, if Et is contained in D(σ 0, σ n),∣∣∣ � γ̃ (t)Et − π
2

∣∣∣ ≤ 2n
∫
M\C

|G| dM <
1

50
. (8.5.3)

We will prove the following:

Sublemma 8.5.1. If γ̃ |[ tmin,t) for some t > tmin is entirely contained in
D(σ 0, σ n) then γ̃ |[ tmin,t) does not intersect σt .
Proof. Suppose the contrary. Then, setting

t0 := inf { t > tmin; γ̃ |[ tmin,t) ⊂ D(σ 0, σ n), γ̃ |[ tmin,t) ∩ σt �= ∅ },
we have tmin < t0 < +∞. It follows from (8.5.2) and (8.5.3) that s(t) is strictly
monotone increasing in t ∈ [ tmin, t0). Since σt does not intersect γ̃ |[ tmin,t) for
any t ∈ (tmin, t0), it follows that σ−t0 = limt↗t0 σt does not intersect γ̃ |[ tmin,t0).
However, there exists a sequence {ti ↘ t0}i≥1 such that γ̃ |[ tmin,ti ) intersects σti
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γ

H

σn
γ̃(tmin)

σtmin

N∂ ˜

˜

Figure 8.5.2

for any i ≥ 1. Since any sequence {si } with γ̃ (si ) ∈ σti and si ∈ [ tmin, ti ) does
not accumulate at t0, a limiting minimal geodesic τ of {σti } intersects γ̃ |[ tmin,t0)
and satisfies ∂ Ñ−1(σ−t0 (0)) < ∂ Ñ

−1(τ (0)). Let γ̃ (a), tmin ≤ a < t0, be a point
in τ ∩ γ̃ |[ tmin,t0). Then we must have s(a) = ∂ Ñ−1(τ (0)), which contradicts the
monotonicity of [ tmin, t0) ' t �→ s(t). This completes the proof of Sublemma
8.5.1.

Let t+ := sup{ t > tmin; γ̃ |[ tmin,t) ⊂ D(σ 0, σ n) }. Sublemma 8.5.1 implies
that [ tmin, t+) ' t �→ s(t) is a strictly monotone increasing function and in
particular that γ̃ |[ tmin,t+) is simple. We next prove the following:

Sublemma 8.5.2. γ̃ |[ tmin,+∞) intersects σ n.

Proof. Suppose the contrary, that γ̃ |[ tmin,+∞) is contained in D(σ 0, σ n). We
denote by H the Riemannian half-plane bounded by γ̃ |[ tmin,+∞), σtmin , the subarc
of ∂ Ñ from σtmin (0) to σ

n(0) and σ n (see Figure 8.5.2). Since H ⊂ D(σ 0, σ n),
we have c(H ) ≥ −n ∫M\C |G| dM . However, it follows that

λ(∂H ) ≥ 3π

2
− n λabs(∂C),

which together with λ∞(H ) ≥ 0 implies that

c(H ) = π − λ∞(H )− λ(∂H ) ≤ −π
2
+ n

∫
M\C

|G| dM.

This is a contradiction.

In the same way as above, we can prove that γ̃ |(−∞,tmin ] intersects σ−n−1. Set
t− := inf{ t < tmin; γ̃ |(t,tmin ] ⊂ D(σ−n−1, σ 1) } and let tmax beoneof the t-values
for which the function [ t−, t+ ] ' t �→ d(γ̃ (t), ∂ Ñ ) attains its maximum. Set
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rmin := d(γ (tmin),C) and rmax := d(γ (tmax),C). By remarking that A(C, rmax,
rmin) is homeomorphic to S1 × [ rmax, rmin ], we deduce that if tmax ≤ tmin then
the number of intersection points of γ |[ tmin,t+ ] and γ |[ tmax,tmin ] is at least n, and
rot(γ |[ t−,t+ ]) ≥ n. When tmax > tmin, we also have rot(γ |[ t−,t+ ]) ≥ n.

8.6 The existence of complete geodesics
arbitrarily close to infinity

Proof of Theorem 8.2.6(1). Suppose that there is a sequence {γi } of complete
geodesics tending to infinity. By Theorem 8.3.3, for every sufficiently large
i we have that γi is semi-regular. Since the family of teardrops associated
with the semi-regular geodesics γi is a locally convex filling, M cannot be
contracting.

A main purpose of this section is to prove Theorem 8.2.6(2).

Lemma 8.6.1. If c(M) > π then for any compact subset K of M there exists
a simple geodesic loop that bounds a disk domain containing K .

Proof. Let ε be a fixed positive number such that 5ε < c(M)−π and ε < π/2.
Find a core Cε of M such that

∫
M\Cε |G| dM ≤ ε and Cε contains a given

compact subset K of M . Then, for a ray σ from Cε , we have λ∞(D(σ 0, σ 1)) =
2π − c(M) < π − 5ε. Applying Lemma 3.7.2 yields that there exist a number
T > 0 and a minimal segment γT in D(σ 0, σ 1) joining σ 0(T ) to σ 1(T ) that
does not intersect ∂Cε (in particular, γT is a geodesic segment). The projection
of γT into M \ Cε is a simple geodesic loop with base point σ (T ) that bounds
a disk domain containing K .

The following lemma is part of Theorem 8.2.6(2).

Lemma 8.6.2. If M is expanding and c(M) > π then for any compact subset
K of M there exists a complete geodesic in M outside K .

Proof. Let K be a given compact subset of M . Since M is expanding and,
by Theorem 8.3.1(1), there exists a compact contractible subset K ′ of M such
that the interior int K ′ of K ′ contains K and any geodesic arc outside int K
is semi-regular. By Lemma 8.6.1, there exists a simple geodesic loop γ that
bounds a disk domain D containing K ′. Since D is not locally concave, it is a
teardrop. Let γ ′ be the geodesic that is maximal, so that γ ⊂ γ ′ ⊂ M \ int K ′.
Then, since γ ′ is semi-regular, γ ′ \γ cannot intersect D, so that γ ′ is a complete
geodesic in M not intersecting K .
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Definition 8.6.1 (Visual image and diameter). For a point p ∈ M and a subset
A ⊂ M , let

�+p (A) := {v ∈ SpM ; expp tv ∈ A for some t ≥ 0}.
We call �+p (A) the visual image of A at p. The visual diameter of A at p is
defined to be the diameter of�p(A) with respect to the canonical angle–distance
function on SpM .

If A is a fixed closed subset of M then the visual diameter diam�+p (K ) is
upper semicontinuous in p ∈ M .

Theorem 8.6.1. Let M beafinitely connected completeRiemannian2-manifold
possibly with boundary, and let C be a core of M. If a component V of M \ C
satisfies λ∞(V ) > 0 then the visual diameter diam�+p (C) tends to zero as
p ∈ V tends to the end corresponding to V .

Proof. Since C is compact, so is the visual image �p(C). Hence there are two
vectors u p, vp ∈ �p(C) such that � (u p, vp) = diam�p(C). We can find lifts
ũ p, ṽ p ∈ Sp̃ Ṽ , p̃ ∈ D(σ 0, σ 1) for a ray σ from C . Applying Lemma 3.3.2
to any geodesic segment γ emanating from p̃ yields that γ is contained in
D(σ n, σm) \ (σ n ∪ σm) for some m< 0 and n> 1 independent of p and γ .
Thus, the two geodesics αp and βp emanating from p̃ and respectively hav-
ing directions u p̃ and v p̃ are both contained in D(σm, σ n) and connect p̃
to I (σm, σ n) = ∂ Ṽ ∩ D(σm, σ n), because u, v ∈ �p(C). As in the proof
of Proposition 3.2.3, we can find two curves α′p and β ′p connecting a point
p̃′ ∈ ∂�(αp ∪ βp) to I (σm, σ n). Lemma 3.2.2 shows that if p is close enough
to infinity then p̃′ = p̃ and the angle � (u p, vp) tends to zero as p tends to
infinity.

Theorem 8.6.1 implies the following:

Corollary 8.6.1. Let M be a Riemannian plane with c(M) < 2π . Then for any
compact subset K of M there exists a number R> 0 such that through any point
p ∈ M \ B(K , R) there passes a complete geodesic outside K .
Proof of Theorem 8.2.6(2). The theorem now follows from Lemma 8.6.2 and
Corollary 8.6.1.

Let � denote the set of unit-speed geodesics γ :R → M . Recall that there
exists the canonical Lebesgue measure on the unit tangent bundle SM with
Sasaki metric (see Example 1.3.2). The bijective map from the unit tangent
bundle SM to � that assigns γv ∈ � to each v ∈ SM , where γv(t) := exp tv,
t ∈ R, induces a measurem on�. LetC be a compact subset of M with nonzero
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volume. On the set �C := { γ ∈ �; γ (0) ∈ C }, the probability measure prob�C
is defined naturally by

prob�C A := m(A)

m(�C )
for measurable A ⊂ �C .

For a measurable subset K of M let

E(K ) := {γ ∈ �; γ ∩ K �= ∅}.
Then E(K ) ∩ �C is a probability event with respect to the probability space
(�C , prob�C ). We define �+C , prob�+C and E

+(K ) in the same manner, replacing
� with the set �+ of half-geodesics γ : [ 0,+∞)→ M .

Corollary 8.6.2. Let M be a Riemannian plane with c(M) < 2π , let K be a
compact subset of M and let {Ci } be a sequence of compact subsets of M with
nonzero volume such that

⋃
i Ci = M. Setting �i := �Ci and �

+
i := �+Ci

, we
have

lim
i→∞

prob�i (E(K ) ∩ �i ) = lim
i→∞

prob�+i
(
E+(K ) ∩ �+i

) = 0.

Proof. Let ε > 0 be fixed. By Theorem 8.6.1, there exists a compact subset Cε
of M such that diam�+p (K ) < ε for any p ∈ M \ Cε . Therefore

prob�+i
(
E+(K ) ∩ �+i \ �+Cε

)
<

ε

2π
for each i .

It follows that

prob�+i (E
+(K ) ∩ �+i ) =

m
(
�+Cε

)
m
(
�+i
) prob�+i (E+(K ) ∩ �+i ∩ �+Cε )

+ m
(
�+i \ �+Cε

)
m
(
�+i
) prob�+i

(
E+(K ) ∩ �+i \ �+Cε

)
.

Theorem 5.2.1 implies that M has infinite volume and hence that m(�+i ) tends
to infinity as i →∞. Consequently, we have

lim
i→∞

prob�+i
(
E+(K ) ∩ �+i

) = lim
i→∞

prob�+i
(
E+(K ) ∩ �+i \ �+Cε

) ≤ ε

2π
,

which completes the proof.

Conjecture 8.6.1. Let M be a Riemannian plane with c(M) = 2π . Then we
have

lim inf
M'p→∞

µ
(
�+p (K )

) ≥ π,
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where µ denotes the canonical Lebesgue measure on SpM and M ' p→∞
means that the distance between p ∈M and a fixed point in M tends to infinity.
In addition, if M is expanding then

lim
p→∞µ

(
�+p (K )

) = π.
If the conjecture were true we would obtain the following statements in the

same way, as in the proof of Corollary 8.6.2. With the same notation as in
Corollary 8.6.2, if M is a Riemannian plane with c(M) = 2π then

lim
i→∞

prob�i (E(K ) ∩ �i ) = 1,

lim inf
i→∞

prob�+i
(
E+(K ) ∩ �+i

) ≥ 1

2
.

In addition, if M is expanding, then

lim
i→∞

prob�+i
(
E+(K ) ∩ �+i

) = 1

2
.
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offenen volständigen Flächenstücken, Recueil Math. Moscow 43 (1936), 139–
163.

[21] P. Eberlein and B. O’Neill, Visibility manifolds, Pacific J. Math. 46 (1973),
45–109.

[22] D. Elerath, An improved Toponogov comparison theorem for non-negatively
curved manifolds, J. Differential Geom. 15 (1980), 187–216.

[23] L. C. Evans and R. F. Gariepy,Measure Theory and Fine Properties of Functions,
Studies in Advanced Math., CRC Press, Boca Raton, FL, 1992.

[24] K. J. Falconer, The Geometry of Fractal Sets, New York, New Rochelle,
Melbourne, Sydney, 1985.

[25] H. Federer, Geometric Measure Theory, Springer, Berlin, 1969.
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Index

Ap , 189
Ap(intUi ), 199
Ap(Ui ), 199
A(t) (area of the t-ball of C), 170
αn , 91
angle, 2
� x R (inner angle of R at x), 84
apple, 246
arc
Jordan, 139
reverse semi-regular, 248
semi-regular, see curve, semi-regular

B(p, r ) (metric ball at p of radius r ), 29
βν , 218
biangle, 245
branch point, 156
Busemann function, 124

c(M) (total curvature of M), 134
c(�) (total curvature of a domain �), 34
C(C) (cut locus of C), 134
C (smooth Jordan curve), 133
CH , order relation ≤ on, 80
CM , 79
curves cross in, 79
near infinity, 79

parallel relation between curves in,
85

pseudo-distance function on, 81
C-segment, 134
Christoffel symbols, 3
Clairaut’s constant, 213
Clairaut’s theorem, 13, 212, 213
compactification of M , 95
canonical topology of, 95

Gauss–Bonnet theorem for, 104
piecewise-smooth curve in, 96

concave, locally, 56
cone, 111
vertex of, 111

cone X (cone over X ), 111
conjugate point, 21
conv p (convexity radius at p), 29
convex, 29
locally, 29
totally, 66

coray, 85
core, 42
covariant derivative, 9
curvature
at infinity, 75
Gaussian, 17
geodesic
total, 34, 42–43

negative, 248
positive, 248
principal, 28
Ricci, 17
sectional, 17
total geodesic, 34, 42–3,

curvature locus
curvature tensor, 11
curve
almost regular, 247, 262
associated integers k( j), 247

divergent, 43
Jordan, 139
locally minimizing property of, 3
maximal subrotation number of, 244
parallel, 10
proper, 43
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curve (cont.)
proper convergence of, 84
regular, 247
rotation number of, 244
semi-regular, 245
semi-regularity index Bi , 246
variation along, 4

cut locus, 134
cut point, 133, 140
anormal, 143
degenerate, 143
normal, 142
order of, 156
totally nondegenerate, 143

d∞ (pseudo-distance function on CM ), 80
d∞ (Tits metric on ideal boundary), 95
D(α, β), 79
D(u, v), 194
Dp(K ), 199
δ(K ), 254
�(A), 87
�ABC (triangle), 105
distance function
critical point of, 160
inner, 47
interior, 87

double point
sign of, 244

E(α), 79
E0, 149
E1, 149
E (set of exceptional values), 156
ε±(θ ), 264
ε-approximation, 111
ε-sector, 141
end, 42
equation
Codazzi, 16
Gauss, 16
Ricci, 17

exponential map, 5

f (r, ν), 216
filling
locally concave, 253
locally convex, 253

filtration, 176
fine boundary, 38
flattening surface, 234

focal point
first negative, 134
first positive, 134

formula
first variation, 18
second variation, 18

function
convex, 29
variation of, 135

g(r, ν), 216
G (Gaussian curvature), 17
γν , 218
γs (t), 134
γu (t) (geodesic from p tangent to u), 194
�(x) (the set of all C-segments from x) 141
�+p (A) (visual image of set A at point p), 271
geodesics, 3
almost-regularity of, 262
complete, 55
minimal, 29
minimizing, 29, 32
semi-regularity of, 252

geodesic polar coordinates, 14, 209
geodesic curvature, 10
geodesic curvature vector, 10
Gromov–Hausdorff convergence, 111
Gromov–Hausdorff topology, 111

H (α, β), 202
heart, 246

I (α, β), 80
ideal boundary, 94–95
Tits distance on, 95

index form, 25

Jacobi field, 20
Jordan curve, 133
cut locus of, 134

k(s) (geodesic curvature vector), 10
k(t), 211
K ρ , 257
κ(s) (geodesic curvature), 10
Kronecker delta, 3

L(t) (length of t-circle of C), 170
λ, as a Radon measure, 76
λabs, 76
λ∞(M) (curvature at infinity of M), 76
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λ−, 76
λ+, 76
!h (Lebesgue–Stieltjes measure),

134
left tangent, 147
lemma
Gauss, 6
Sard, 137

lemon, 246
length-decreasing deformation, 33
line element, 3
loop, 245

C-, 145
geodesic, 55
maximal, 70

M( f ) (surface of revolution generated
by f ), 233

M(∞) (ideal boundary of M), 94–5
M
∞
(compactification of M), 95

manifold
finite connectivity of, 41
finitely connected, 41
infinitely connected, 41

maxrotα (maximal subrotation
number of α), 244

meridian, 209
µ (Lebesgue measure on SpM), 189
µq (meridian through a point q), 209

n(θ ), 249, 264
NC (normal bundle of C), 134
Ñ (∞), 99
N (s), 134
ν (distance functions of cut locus),

140
ν (Gauss normal map), 43
normal bundle, 15, 134
normal connection, 15
normal field, 15

ω(·) (Landau’s symbol), 105

Pr (:= min P, r ), 149
P , 55
pr : Ñ → N , 99

pr ∞ : Ñ
∞ → N

∞
, 99

pr∞ : Ñ (∞)→ N (∞), 99
π : NC → C (projection of the normal

bundle NC), 134
&C : M \ C → M(∞), 98

parallel field, 10
pole, 55, 248

r (M), 229
ρ (distance function of the cut locus),

140
ρc , 47
ρr (:= min(ρ, r )), 149
radius
convexity, 29
injectivity, 7

ray, 47, 165
asymptotic, 85
from a compact set, 47
ρH -, 47

Riemannian curvature tensor, 11
Riemannian manifold, 2
complete, 30

Riemannian metric, 1
Riemannian plane, 52, 55
building, 253
classification of, 253
contracting, 253
expanding, 253

right tangent, 147
rotα (rotation number of α), 244

s(γ ), 188
S(p, r ) (metric sphere at p of radius r ),

125
SpM (unit tangent sphere at p), 189
S0, 55
S1, 55
 ε (x) (ε-sector at x), 141
Sasaki metric, 13
sector, 141
segment in H , 47
sgn p (sign of double point p),

244
shape operator, 15
short-cut principle, 31
simple point, 55
straight line, 47
ρH -, 47

surface of revolution, 12, 207
vertex of, 207

t(γ ), 188
t-value
anormal, 152
exceptional, 152
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t-value (cont.)
non-exceptional, 152
normal, 152

τq , 217
teardrop, 245
theorem
Clairaut’s, 13
Gauss–Bonnet, 34–35, 38
for the compactification of M ,
104

generalized l’Hôpital’s, 169
Huber’s, 46
Sturm comparison, 172
triangle comparison, 31

Tits distance, 95
tomato, 245
transversal immersion, 243
weak, 243

tree, 145
endpoint of, 145
local, 145

triangle
ε-almost-flat, 105

tube, 42

V ( f ) (total variation of a
function ( f )), 151

variation, 4
proper, 18, 27

vector field, 15
visual diameter, 271
visual image, 271
volume element, 2
von Mangoldt surface, 230

Xν , 219
ξK (p), 199

Yν , 219
Ys (t), 134

z0 (curve preserving C), 133
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